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Summary. This paper presents some results concerning the structural analysis of
sequential proceses cooperating via message passing through a set of buffers. Both
functional — boundedness, deadlock-freeness, liveness, existence of home states —
and performance — marking ergodicity, computation of visit ratios and insensitive
throughput bounds — properties are considered.

1. Introduction

The design of distributed systems is usually a complex task, compelling the
use of formal methods. A major trend in the modelling of concurrent and
distributed systems is the use of a single formalism during the entire design
and analysis process [9, 16]. Such formalism should provide:

— Basic modelling features like: simple primitives for the modelling of se-
quence, choice, and synchronisation; hierarchical and modular modelling
methodologies; the possibility of parametrisation of models. . .

— A well founded logical theory providing the definition of functional prop-
erties like deadlock-freeness or the absence of (buffer) overflows, and vali-
dation algorithms for them.

— A natural representation of time and the possibility of qualitative and
quantitative analysis of performance properties.

At present, two modelling paradigms satisfying these requirements are
that based on programming language constructs, like CCS [11] or CSP [10],
and that based on graphical constructs, like Petri nets [12], both extended
with the corresponding time representations. In this paper we consider the
latter and, in particular, we concentrate on systems obtained by the applica-
tion of a simple modular design principle: several sequential processes execute
concurrently and cooperate using asynchronous communication by message
passing through a set of buffers. The restrictions imposed to the connectivity
of buffers aim at preventing competition. The possible information contained
in messages can be disregarded, paying attention to the control flow only. In
other words, messages can be considered as authorisations. Application do-
mains where this class of systems appear are computer networks, information
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systems, operating systems, real-time systems, nonsequential programming
languages, and discrete part manufacturing systems, among others.

Several works exist concerning functional and performance analysis of
systems of sequential processes communicating through buffers modelled with
Petri nets. Various aspects of modelling and functional analysis can be found
in [15, 17]. A first approach to efficient (with polynomial time complexity
on the net size) performance analysis was presented in [6], stressing both
functional and performance aspects. In this paper we bridge qualitative and
quantitative aspects of Deterministic Systems of Sequential Processes, with
the goal of obtaining benefits in both the validation of functional properties
and the evaluation of performance indices of such net systems. The present
paper is an updated version of [5]; some conjectures from [5] were proven
n [14], from which we incorporated also some denotations.

The paper is organised as follows: in Section 2. the class of Deterministic
Systems of Sequential Processes is defined. Section 3. deals with functional
analysis, and Section 4. considers performance properties.

2. Deterministic Systems of Sequential Processes

The class that we consider in this paper is an extension of that introduced
in [17], although we keep the same name. In that work, sequential processes
are modelled with safe State Machines while the communication among them
is described by their connection through particular places called buffers. Their
buffers are private in the sense that each of them has only one input and only
one output sequential process. Our extension allows that several sequential
processes deposit messages (tokens) in a buffer.

2.1 Basic Definitions and Notations of Petri Nets

Let us recall some definitions and notations about Petri nets (see [12] for a
more comprehensive presentation).

A P/T netis a 4-tuple N = (P, T, Pre, Post), where P and T are disjoint
sets of places and transitions (|P| =n, |T'| =m), and Pre and Post are the
incidence functions representing the input and output arcs: Pre, Post: P X
T — IN ={0,1,2,...}, which are usually represented in matrix form. The
incidence matriz of the net is defined as C = Post — Pre. The incidence
function of a given arc is called weight or multiplicity. When all weights are 0
or 1 the net is called oridinary. A net can be seen as a bipartite directed graph
in which places and transitions are the two kinds of nodes. The conventional
dot-notation is used for pre- and post-sets of (a set of) nodes. Flows are integer
annullers of C. Semiflows are semipositive flows. Right and left annullers
are called T- and P-(semi)flows respectively. Flows are important because
they induce certain invariant relations which are useful for reasoning on the
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behaviour. Several structural properties are based on them. For instance, a
net is consistent when it has a positive T-semiflow, and conservative when it
has a positive P-semiflow.

A function M: P — IN, usually represented in vector form, is called mark-
ing. A P/T system, or marked Petri net, (N, Mp), is a P/T net N with an
initial marking My. A transition ¢ € T' is enabled at marking M iff Vp € P:
M (p) > Pre(p,t). A transition ¢ enabled at M can fire yielding a new mark-
ing M' (reached marking) defined by M'(p) = M (p) — Pre(p,t) + Post(p,t)

(it is denoted by M—t)M’) A sequence of transitions o = tity...t, is a
firing sequence in (N, Mp) iff there exists a sequence of markings such that

MOL>M1 i>M2 . t—")Mn In this case, marking M), is said to be reachable
from My by firing o, and this is denoted by Mo—sM,,. The reachability set
R(N, My) is the set of all markings reachable from the initial marking. The
function o:T — IN, usually represented in vector form, is the firing count
vector of o. If My—=sM, then M = My + C - ¢, which is referred to as the
linear state equation of the net. A marking M is said to be potentially reach-
able iff 30 € IN™ such that M = My + C - & > 0. Denoting by PR(N, My)
the set of all potentially reachable markings, PR(N', My) 2 R(N, My).

A place p € P is said to be k-bounded iff VM € R(N, M), M(p) <
k. A P/T system is said to be (marking) k-bounded iff every place is k—
bounded, and bounded iff there exists some k for which it is k~bounded. A
P/T system is live when every transition can ultimately occur from every
reachable marking, and it is deadlock-free when at least one transition is
enabled at every reachable marking. M is a home state in (N, Mp) iff it is
reachable from every reachable marking, and (N, My) is reversible iff My
is a home state. Boundedness is necessary whenever the system is to be
implemented, while liveness is often required, specially in reactive systems.
A net N is structurally bounded when (N, M) is bounded for every My,
and it is structurally live when there ewists an My such that (N, Mp) is live.
Consequently, if a net N is structurally bounded and structurally live there
exists some marking My such that (N, M) is bounded and live, and we say
it is well-formed.

Let &£ be the set of Equal Conflict sets of a net AV, i.e., the quotient set
of the Equal Conflict relation, which is “being the same transition or having
the same non-null pre-incidence function”. A general necessary condition for
well-formedness of polynomial time complexity is:

Theorem 2.1 ([21]). Let N be a P/T net.
If N is well-formed, then it is conservative, consistent, and rank(C) < |£].

2.2 Deterministic Systems of Sequential Processes, and Other
Subclasses

State Machines are ordinary Petri nets such that every transition has only
one input and only one output place (V¢ € T': |*t| = [t*| = 1). State Machines
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allow the modelling of sequences, decisions (or conflicts), and re-entrancy
(when they are marked with more than one token) but not synchronisation.
Some trivial properties of State Machines are:

— The rank of their incidence matrix equals their number of places minus
one.

— They are conservative (thus, structurally bounded).

— Structural liveness is equivalent to strong connectedness, which is equiva-
lent to consistency.

— Liveness is equivalent to strong connecteness and being marked.

— Provided liveness, k—boundedness is equivalent to containing k tokens.

Regarding the timing, it is assumed that every cycle in a State Machine
contains at least one timed transition. Topologically speaking, strongly con-
nected State Machines are the Petri net counterpart of classical closed mon-
oclass queueing networks. In closed networks, no customer leaves the system
or arrives from the outside, hence the population is preserved. The corre-
sponding property in Petri nets terminology is conservativeness, which leads
to global token conservation laws for any initial marking.

Deterministic Systems of Sequential Processes are used for the modelling
and analysis of distributed systems composed by sequential processes com-
municating through output-private buffers. Each sequential process (SP) is
modelled by a safe (1-bounded) State Machine. The communication among
them is described by buffers (places) which contain products/messages (to-
kens), which are produced by some processes and consumed by others. Each
buffer is output-private in the sense that it is an input place of only one SP
(see Figure 2.1, where shaded places are the buffers).

Definition 2.1. A P/T system (N, M) is a Deterministic System of Se-
quential Processes (DSSP) iff P=P,U...UP,UB and T =T, U...UT,
are such that:

1. Yi,j€{1,...,q},i #j: P, NP =0, T;NT; =0, R,NB=0.

2. Vie{l,...,q}: (SP;, Mo;) = (P;,T;, Pre;, Post;, My;) is a safe strongly
connected State Machine (where Pre;,Post;, and My; are the restrictions
of Pre, Post, and My to P; and T;).

3. Vbe B:
a) |°b] > 1 and |b°| > 1.
b) die{1,...,q}, such that b* C T;.
¢) Vpe PLU...UPF,:t,t' € p® = Pre(b,t) = Pre(b,t").

The first two items of the previous definition state that a DSSP is com-
posed by a set of SP’s (SP;,i = 1,...,¢q) and a set of buffers (B). By item
3.a, buffers are neither source nor sink places. The output-private condition
is expressed by condition &.b. This, together with 3.c¢ which forbids that a
buffer affects the resolution of conflicts in an SP, prevents competition. This
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Fig. 2.1. A bounded and live Deterministic System of Sequential Processes.

definition generalises the class of DSSP’s defined in [17], where buffers are re-
quired to have not only a single output SP (output-private) but also a single
input one (input-private). From a queueing network perspective, DSSP’s are
a mild generalisation of Fork-Join Queuing Networks with Blocking where
servers are complex (safe State Machines with a rich connectivity to buffers).
Another interesting subclass of P/T nets are Equal Conflict nets [20]:

Definition 2.2. A P/T net N is an Equal Conflict (EC) net iff Vi, ¢ €
T:*tN°*t' # 0 = Vp € P: Pre(p,t) = Pre(p,t').

EC nets generalise the ordinary subclass of Extended Free Choice nets. Many
nice results from the Free Choice theory have been recently extended to EC
net systems:

— [20] The potential reachability graph of a live EC system is directed. Thus,
live EC systems do not have killing spurious solutions (spurious solutions
that do not enable any transition), and live and bounded EC systems have
home states. Since a bounded strongly connected EC system is live iff it is
deadlock-free, liveness of a bounded system can be determined by checking
absence of integer solution to some linear equation system [19].

— [21] The possibility of marking boundedly and lively a given EC net can
be determined in polynomial time: A is well-formed iff it is consistent,
conservative, and rank(C') = || — 1. Moreover, if N is well-formed, it
can be decomposed in a meaningful way, similarly to the decomposition of
a Free Choice net into State Machines and/or Marked Graphs. Liveness
of the whole system can be compositionally characterised in terms of the
liveness of the analogues to State Machine components.
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Observe that, in a DSSP, all the private conflicts of the SP’s are Equal
Conflict sets, by the assumption that buffers do not disturb choices. All the
remaining transitions are elementary Equal Conflict sets. Neither DSSP’s are
a subclass of EC nets nor the converse. Nevertheless, if it happens that all
buffers of a DSSP have exactly one output Equal Conflict set (Vb € B:b® € £),
that is, if they are strictly output-private, then obviously they are EC, and
they are called Equal Conflict DSSP (DSSP/EC). Naturally, DSSP/EC’s
inherit all the nice properties of EC net systems. In fact, by means of several
transformations preserving, among other properties, boundedness, liveness
and the existence of home states (see [5]), the results that are valid for the
DSSP/EC subclass can be extended to many non EC nets, although not all
DSSP’s can be transformed into EC. As an example, we can transform the
net of Figure 2.1 into a DSSP/EC by pre-fusion of ¢? and 3 into t2, [3].
The new transition has by with weight 3 and p? as inputs and by and p2 as
outputs. Place p3 has been removed.

2.3 Time Representation

One of the advantages of Petri net models for the design and analysis of
concurrent and distributed systems is that they can be naturally extended
by time attributes in order to evaluate the system performance. We consider
net systems with timed transitions. Marking and time independent Coxian
random variables associated to the firing of transitions define their service
time. The mean values of these variables are denoted s; for each transition ¢;
of the net.

For the modelling of conflicts we use immediate transitions with the addi-
tion of (marking and time independent) routing rates [1]. In other words, for
the subset of immediate transitions {¢,...,tt} C T being in conflict at each
reachable marking, we assume that the constants r1,...,r, € QT are explic-
itly defined in the system interpretation in such a way that when #q,..., ¢
are simultaneously enabled, transition ¢;, 2 = 1,...,k, fires with relative rate
i/ (Z?Zl r;j). Consequently, routing is completely decoupled from duration
of activities. The only restriction that this decoupling imposes to the sys-
tem is that preemption cannot be modelled with two timed transitions (in
conflict) competing for the tokens. (In other words, a race policy cannot be
modelled. Our constraint is equivalent to the use of a preselection policy for
the resolution of conflicts among timed transitions.)

Assuming the above described time interpretation, the timed model has
almost surely the fair progress property, that is, no transition can be perma-
nently enabled without firing. Additionally, it has the local fairness property,
that is, all output transitions of a shared place simultaneously enabled at in-
finitely many markings will fire infinitely often. (In other words, all possible
outcomes of any conflict have a non-null probability of firing.)

The wisit ratio of transition ¢; with respect to ¢, Ul(] ), is the average num-
ber of times ¢; is visited (fired) for each visit to (firing of) the reference tran-
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sition ¢;. The computation of visit ratios is interesting for the performance
analysis of formal models. For example, it is well-known that the steady-state
probability of a state in a product-form queueing network with single-server
semantics [8] depends on the average service demands of customers from
station ¢, defined as:

DY YD g i=1,...m (2.1)

(3

The computation of average service demands is also very important in the
performance analysis of stochastic Petri net models. In Section 4., applying
the theory presented in [7], we use these values to compute upper and lower
bounds for the throughput of transitions, i.e. the average number of service
completions (firings) per time unit, in a bounded and live DSSP.

3. Functional Analysis of DSSP’s

One of the benefits of using restricted subclasses of nets is the availabil-
ity of results that facilitate the analysis. In the case of DSSP’s, we have
a polynomial time characterisation of well-formedness, and a simple alge-
braic sufficient condition for liveness, based on the equivalence of liveness
and deadlock-freeness, which is also proven to be necessary for DSSP/EC.

3.1 The Coarse net of a DSSP

In order to concentrate on the interconnection level of the net, we want to
obviate the details regarding the inner structure of the SP’s, while keeping
relevant information concerning the effect on the buffers. A first approach
could be substituting a (coarse) tramsition for each SP, keeping the inter-
connection with buffers. This is the coarse structure proposed in [15], which
is not enough for analytical purposes (see [14]). To keep more information
on the effect of buffer interconnections, we give symbolic relative rates to
conflicting transitions (e.g., r3,ri to t3,¢L in the example net of Figure 2.1),
which are assumed to be normalised (e.g., 73 + ri = 1), and take them into
account when computing the coarse model. The idea is to replace each SP
by a transition whose effect on the buffers is the same as that of the original
SP in the long term when respecting the given rates. This is done using the
unique minimal T-semiflow of each SP respecting those rates (see [14]). We
call the obtained coarse model coarse net, even if it is not a net in a strict
sense, because arc weights may not be natural numbers. We even speak of
strong connectedness, conservativeness, or consistency: we would say, for in-
stance, that the “net” in Figure 3.1, which is the coarse net of the DSSP of
Figure 2.1, is strongly connected, conservative (Y - C' = 0 for ¥ = [1 11]),
and consistent (C' - X =0 for X = [1r} 2ri]).
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I3 b2 b3

Fig. 3.1. The coarse net of the DSSP of Fig. 2.1.

With the aid of the structure theory of Choice-free nets [18], and using the
fact that the coarse net is obtained by linear combinations of the transitions
of the DSSP, the following properties of the coarse net are proven in [14]:

Proposition 3.1 ([14]). Let N be the net of a DSSP.
If N is conservative and consistent, then:

1. The coarse net of N is strongly connected, conservative and Choice-free.
If N is well-formed, then its coarse net is also consistent.
2. rank(C) < |€].

Observe that, in the example, the coarse net is a conservative and consistent
Choice-free net for all (positive) rates. It is also interesting to observe that
the complete T-semiflow structure of N is somehow represented in the coarse
net thanks to the parametric weighting.

3.2 Well-Formedness and Liveness

The first important fact concerning liveness analysis of DSSP’s is that live-
ness and deadlock-freeness are equivalent, assuming boundedness and strong
connectedness.

Theorem 3.1 ([5]). Let (N, M) be a bounded strongly connected DSSP.
(N, My) is live iff it s deadlock-free.

Combining Proposition 3.1.2 with Theorem 2.1, and also making extensive
use of the T-semiflow structure of DSSP’s and of Theorem 3.1, the following
characterisation of well-formedness is obtained in [14]:

Theorem 3.2 ([14]). Let N be the net of a DSSP.
N is well-formed iff it is conservative, consistent, and rank(C) = || — 1.
Moreover, there exists My such that (N, My) is a bounded and live DSSP.

If AV is not well-formed, for which we have given a polynomial time char-
acterisation, then for every bounded initial marking the system deadlocks.
In performance terms, the system presents null throughput for any initial
configuration of resources/customers due to a problem that is rooted on the
net structure, so this should be checked prior to any other — more complex
— analysis.
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In case N is well-formed, the problem is determining whether the initial
marking makes the system live or not. To achieve this, Theorem 3.1 can be
used, so only deadlock-freeness needs to be proven, instead of liveness. In [19]
a general sufficient condition for deadlock-freeness in terms of the solvability
over the naturals of a set of linear equation systems is given. The basic
idea is to ask for absence of potentially reachable deadlock markings. In the
particular case of DSSP’s, among other subclasses, such algebraic condition
can be expressed as a single linear equation system (use the rules presented
in [19] plus the particular transformation shown in Figure 3.2, that preserves
deadlock-freeness — actually it preserves the language modulo a projection
— thanks to the output-private and the State Machines’ safeness hypothesis).

Fig. 3.2. A transformation preserving deadlock-freeness. (Place p must not be a
choice place.)

As an example, the sufficient condition for liveness of the net of Fig-
ure 2.1 — which is well-formed — is absence of natural solutions to the
linear equation system below. The first line defines the set of potentially
reachable markings (i.e., it is the state equation). The following three lines
express disabledness of “private” transitions of the three State Machines
(i.e. transitions whose only input is a State Machine place), and the last
four express disabledness of the transitions having some buffer as input
(SB(b) denotes the structural (marking) bound of buffer b, that is defined
as max{M(b)| M € PR(N,My)}; the structural bound of State Machine
places is obviously one).



10 Teruel et al.

M=My+C o

M(pi) = M(p3) = M(p3) = M(p3) =0

M(p3) =0

M(p?) = M(p3) = M(pj) = M(p3) = M(p§) =0
SB(bl) . M(p%) + M(bl) < SB(bl) +1

SB(b1) - M(p3) + M(b1) < SB(b1)

SB(by) - M(pk) + M(b:) < SB(by)

SB(bs) - M(p3) + M(bs) < SB(bs)

This general sufficient condition is also necessary in the case of EC sys-
tems [20]. (We conjecture that it is so also for DSSP’s; safeness of the SP’s is
necessary here, because there are examples of DSSP nets with a 2-bounded
SP having killing spurious solutions.) In the example net, if we pre-fuse t?
and t3, as described above, to get a DSSP/EC, we have to replace the two
conditions involving b; by:

SB(by) - M(p?) + M(b) < SB(by) + 2

and now absence of natural solutions is equivalent to liveness.

4. Performance Analysis of DSSP’s

4.1 Home States and Ergodicity

It is well-known that under (possibly marking-dependent) exponentially dis-
tributed random variables associated to the firing of transitions and Bernouilli
trials for the succesive resolutions of each conflict, the underlying Continu-
ous Time Markov Chain (CTMC) is isomorphous to the reachability graph
of the untimed net model [2]. Thus, the existence of home states leads to
ergodicity of the marking process for bounded net systems with exponential
firing times.

Theorem 4.1 ([5]). Let (N, My) be a live and bounded DSSP/EC with Coz-
ian random variables associated to the firing of transitions and Bernouilli
trials for the succesive resolutions of each conflict.

The underlying CTMC of (N, My) is ergodic.

Although the property is stated for DSSP/EC, again the result can be
extended to many non EC nets by the corresponding net transformations
preserving the existence of home states. We conjecture that DSSP’s have
home states too, that is, that the ergodicity result holds for the entire DSSP
class.
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4.2 Computation of Visit Ratios

The computation of the average service demands of tokens from transitions,
Equation (2.1), is useful for the performance analysis of timed systems. As-
suming that the average service times of transitions, s;, are known, then it is

necessary to compute the vector of visit ratios to transitions, E(J).
If NV is consistent, the visit ratio vector normalised for ¢;, B(j), should be
a T-semiflow of N. Otherwise stated (observe that Ul(] ) >0 by definition):

¢ =0 (4.1)

The conflicts in the SP’s of a DSSP are free, because the buffers do not
condition the conflict resolution. Structurally speaking, these conflicts corre-
spond to Equal Conflicts at the net level. On the sequel, for easy presentation,
Equal Conflict sets will be supposed to have at most two transitions; other-
wise serialise choices into binary ones. Let t, and ¢, be in Equal Conflict
relation. The corresponding visit ratios should verify the following equation:

ry v —rq -0l = (4.2)

An equation like (4.2) holds for every (binary) Equal Conflict. Rewritten
()

in vector form: rqp - U = 0, which for the set of all Equal Conflicts leads to:

r-3" =0 (4.3)

where R is a matrix with m — |€| (number of binary Equal Conflicts) rows
and m columns. In other words, m — |£| is the number of independent linear
relations fixed by the routing rates at (binary) Equal Conflicts, so rank(R) =
m — |E|. Using this together with Theorem 3.2, it follows that:

Theorem 4.2 ([5]). Let N be a well-formed DSSP net.
The system of equations:

c =(J) j
(R)-UJZO’U‘?):I (44)

has only one solution (i.e., the vector of visit ratios depends neither on the
marking, provided it allows infinite behaviours, nor on the service times).

4.3 Performance Bounds

This section is devoted to present some insensitive (i.e., holding for any
probability distribution function for the firing times) performance bounds.
Basically, throughput upper bounds are computed by finding the slowest
isolated subnet among those generated by P-semiflows of the net, and are
presented in the next theorem.
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Theorem 4.3 ([7]). For a DSSP, (N, My), a lower bound for the mean in-
terfiring time T'U) of transition t; (or its inverse an upper bound for the
throughput U;) can be computed by solving the following linear programming
problem:

. = (4)
'Y > maximise Y -Pre-D !
subject to Y -C =0 (LPP1)
Y -My=1

Y >0

= () . . iy
where D is the vector of average service demands for transitions.

We remark that the computation of the above bound has polynomial time
. . . . - () .
complexity on the net size. This is because the computation of vector D is

polynomial and because linear programming problems can also be solved in
polynomial time.

If the solution of (LPP1) is unbounded and since it is a lower bound for
the mean interfiring time of transition ¢;, the non-liveness can be assured
(infinite interfiring time). If the visit ratios of all transitions are non-null,
the unboundedness of the problem (LPP1) implies that a total deadlock is
reached by the net. This result has the following interpretation: if (LPP1)
is unbounded then there exists an unmarked P-semiflow, and the system is
non-live.

Concerning throughput lower bounds, provided the net system is live, they
can be derived by summing up the service time of all transitions, weighted
by the visit ratios. This computation implies a complete sequentialisation of
all the activities represented in the model.

Theorem 4.4 ([7]). Fora bounded and live DSSP, (N, My), an upper bound
for the mean interfiring time T'9) of transition tj (or its inverse a lower bound
for the throughput) is:

m m
r < ZS‘ Ul(]) = ZDZ(]) (4.5)
=1 =1
where s;, vz(j), and Dz(j) are the mean service time, visit ratio, and average
service demand, respectively, for transition t;, i =1,...,m.

We remark that the above bound, provided the system is bounded and
live, can also be computed in polynomial time, since the vector of visit ratios
can be computed with such complexity.

Bounds for other performance indices can be computed using classical
formulas in Queuing Networks theory such as Little’s formula.

The number of tokens in a place defines the lenght of the represented
queue (including the customers in service!). Thus it may be important to
known bounds on average marking of places.
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As an example, in [4] it has been shown that the following are lower and
upper bounds for the average marking, M:

— b
M~ =Pre-S-o* (4.6)

M (p) = max{M(p)|B-M=B-My, M>M"} (LPP2)

)
where S = diag (s;), o* is the vector of throughput lower bounds, and the
rows of B are the basis of left annullers of the incidence matrix of the net.
As an interesting remark, the reader may check that a structural absolute
bound for the marking of a place is given for conservative nets (i.e., 3 > 0,
Y - C = 0) by the following expression:

SB(p) = max{M(p) | B-M=B -My, M >0} (LPP3)

The constraint in (LPP3) being weaker than that in (LPP2) (M > M

is transformed into M > 0), it is obvious that 37" < SB(p).

In [13], additional results on the approximate throughput computation for
DSSP’s have been derived, based on iterative response time approximation
algorithms.
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