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Abstract

In this paper we present the Local Optimality �LO�
property for Discrete Event Dynamic Systems modeled
using Petri Nets �PN�s�� If a system is divided into
independent subsystems and if the optimal behaviour
of these subsystems guarantees the optimal behaviour
of whole system� then this system possesses the LO
property� The main advantage of this approach is that
we can �nd an optimal schedule for this class of sys�
tems in less time� because we are determining the op�
timal behaviour of small problems� A characterization
of systems exhibiting the LO property is given� as well
as one procedure to divide them into subsystems�

� Introduction
The scheduling problem deals with the allocation

of resources and starting operation times� In Discrete
Event Dynamic Systems �DEDS�� there are sched�
ules that optimize di�erent criteria� for example some
schedules are of minimum executing time� others are
of minimum stock inventories� etc� In this paper� we
are interested in schedules with minimum execution
time� these schedules and their properties are studied
in Scheduling Theory� One of the main challenges in
this 	eld is the tractability problem� it appears because
there are too many permutations of the possible states
of DEDS� This problem is NP�complete�

Petri Nets �PN
s� are a well known tool to model
DEDS� They are capable of capturing most of the fea�
tures of DEDS in a simple manner ��
� ���� For exam�
ple they capture precedence� synchronization and real
concurrence of DEDS� PN
s are a formal tool to de�
scribe DEDS� so they apport mathematical analysis�
however there does not exist a general purpose algo�
rithm to solve the scheduling problem in this 	eld�

Many approaches have been proposed� and for spe�
cial systems there exist exact solutions� For exam�
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ple� the Shortest Processing Time �SPT� rule mini�
mizes the average �ow�time on a single deterministic
machine� the Johnson rule minimizes the maximum
makespan on a tandem of two machines� and so on
���� There are other kinds of rules �dispatching� that
help us make good decisions� but they do not guaran�
tee obtaining an optimal schedule ����� There are also
some mathematical approaches� Lagrange multipliers
or integer programming have been used� but they have
the same problem� time�

The scheduling problem has been studied in di�er�
ent 	elds� Operations Research ��� ��� ���� Arti	cial
Intelligence ���� ��� ���� Computing Sciences� and Op�
timal Control� But all of them solve particular systems
or give good� but not optimal� schedules�

Herein� we are proposing to take advantage of PN
s
to 	nd new classes of systems in which we are capable
to compute an optimal schedule in a reasonable time�
In particular we present the Local Optimality �LO�
property as well as independent subsystems� which are
called cuts� These cuts do not correspond with real
subsystems� but they provide one mechanism to help
us to determines when a PN exhibits the LO property�

This approach has the advantage that solving small
problems is quite fast� For example� if the solution
is obtained in �N nanoseconds �where N is the data
number�� then for N � ��� the solution will be ob�
tained in ��� days� but if the problem is divided in
	ve subproblems of ten elements each one� then the
solution will be found in �� microseconds� Also� it is
possible to 	nd better heuristics for small problems�
so the computing time could be smaller�

This paper is organized as follows� Section � brie�y
presents the PN de	nition and subsystems� Section
� presents some previous results related with optimal
scheduling and the the LO property in PN
s� Section �
presents the PN
s having the LO property and� 	nally�
section � presents an illustrative example�



� Petri Nets and Cuts

Although some basic concepts of PN
s are presented
in this section� we assume that the reader is familiar�
ized with such models�

��� Petri Nets

An ordinary PN is a bipartite directed graph rep�
resented by the ��tuple N � �P� T� Pre� Post�� where�
P � fp�� � � � � png is a set of elements called places�
T � ft�� � � � � tmg is a set of elements called transitions�
P �T � �� P �T �� �� Pre �Post� is the pre �post� in�
cidence function representing the input �output� arcs
to transitions� Pre� Post � P � T � f�� �g�

Places are drawn as circles while transitions are de�
picted as bars or boxes�

The incidence matrix C � �cij �� i � �� � � � � n� j �
�� � � � �m� is de	ned by cij � Post�pi� tj��Pre�pi� tj��
Similarly� Pre and Post can be represented by matri�
ces�

A Marked Graph �MG� is an ordinary PN with
j�pj � jp�j � ��	p 
 P � A State Machine �SM� is
an ordinary PN with j�tj � jt�j � ��	t 
 T � A Free
Choice �FC� net is an ordinary PN such that for all
p 
 P with jp�j � � then ��p�� � fpg�

A function M � P � f�� �� � � �g �usually represented
in vector form� is called marking� Markings represent
�distributed� states� A marked PN hN�M�i is a PN
N with an initial marking M��

��� Net Dynamics

A transition t 
 T is enabled at marking M i� 	p 

P � M�p� � Pre�p� t�� An enabled transition can be
�red� If transition t is 	red� the marking changes to
M � where M ��p� �M�p�� Pre�p� t� � Post�p� t��

The fact that M � is obtained from M 	ring t
is represented by M �tiM �� A sequence of tran�
sitions � � t�t� � � � tn is a 	ring sequence of
hN�M�i i� there exists a sequence of markings such
that M��t�iM��t�i � � � �tniMn� it can be written as
M���iMn� and Mn is said to be reachable from M��

The reachability set R�N�M�� is the set of all
reachable markings from M�� L�N�M�� is the set of
all 	ring sequences� L�N�M�� � f�jM���iM � M 

R�N�M��g�

A marked net hN�M�i is safe i� M�p� � ��	p 

P�	M 
 R�N�M���

All vectors X such that CX � �� X � � are called
T�semi	ows� all vectors Y such that Y TC � �� Y � �
are called P�semi	ows�

Timed Petri Nets� A Timed Petri Net �TPN� is�
TPN � �PN���� where� PN is a marked PN and
� � T � 
 assigns one real number� representing the
	ring time� to each transition�

Through this paper we will work with determinis�
tically timed� live and safe PN
s� In order to avoid
the coupling between resolution of con�icts and dura�
tion of activities� we suppose that transitions in con�
�ict are immediate� Decisions for these con�icts are
taken according to routing rates associated with im�
mediate transitions in con�ict� The routing rate im�
poses more constrains to the system� these constrains
must be taken into account to 	nd the optimal sched�
ule�

��� De�nition of Cuts

We are going to derive optimal scheduling of the
whole net from the concatenation of the optimal
scheduling of some particular subsystems� so we will
introduce the concept of �cut�� The cut is a subnet�
with special properties� In our case the cuts belong to
any PN class� so a broad kind of PN can be analyzed
with this approach� One kind of cut will be presented�
it is a Place�Place Cut �PPC�� i�e�� this cut has only
one input place and only one output place� Formally�
Place�Place Cut �PPC�

A subnet N � � �P �� T �� P re�� P ost�� of a net N �
�P� T� Pre� Post� �i�e�� P � � P � T � � T � Pre� �
PrejP �

�T � � Post� � PostjP �
�T �� is a PPC i��

� �t y t� 
 P �

� �j psource 
 P � s�t� �psource � �T n T �� �� � and it
veri	es that �psource � T n T ��

� �j psink 
 P � s�t� p�sink � �T n T �� �� � and it
veri	es that p�sink � T n T ��

� if xi 
 P � � T � then there exists a Pre� � Post�

directed path from psource to xi and another one
from xi to psink �

� 	t 
 T �� �p 
� t� Y � � s�t� Y TC � �� Y �p� �
Y �psource� � Y �psink� � �

Figure � shows a PPC� We describe only PPC cuts�
but if we have other kinds of single input and sin�
gle output cuts �place�transition� transition�place� or
transition�transition� they can be transformed into a
PPC one� It is necessary to expand the border tran�
sition in two transitions with one place in the middle�
See 	gure �� A cut is denoted by X�X�C� where X�

is the input element to the cut and X� is the output
element�

� Optimal Scheduling for Petri Net

Models
��� Fundamental Concepts

Feasible Schedule� It is a sequence of ordered pairs
of �ik� �k�� k � �� where � � ti� ti� � � � tik � � � is a 	ring
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Figure �� A Place�Place Cut
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Figure �� Expanding a Transition

sequence of the considered marked PN that is compat�
ible with the routing rates associated with immediate
transitions in con�ict and �k is the starting 	ring time
of transition tik in ��
Throughput� For a transition� it is the average num�
ber of transition 	res per time unit� in the limit� The
cycle time is the inverse of the throughput�
Optimal Schedule� It is a feasible schedule that pro�
duces the optimal behaviour of the net� i�e�� perform�
ing this schedule� the throughput of the net is maxi�
mum�

��� Previous Results

In the literature of PN
s there are some works deal�
ing with the scheduling problem� Earlier works are
related with bounds and cycle time of PN
s� ���� ���
developed these bounds� Specially� Ramamoorthy and
Ho proved that for MG
s the bound is reachable� and
the proof of this fact gives an algorithm to obtain the
starting 	ring time of each transition� Later� ��� ��
proved that for MG
s� the rule �re transitions as soon
as they are enabled obtains an optimal schedule for

this kind of nets� There are several approaches com�
bining arti	cial intelligence and PN
s� �
� uses PN
s
and an expert system to decide which priority rule to
apply� ���� proposes a method to model a special class
of systems using PN� then a modi	ed beam�search al�
gorithm and an expert system are used to perform the
search� ���� uses a PN model to generate the reachabil�
ity graph� one A� like search algorithm is used and a
comparison between four heuristic functions is given�
��� uses PN
s to model Kanban systems and later ap�
ply JIT politics� ���� gives an algorithm to 	nd out a
good schedule for all kinds of PN� it is based on Sifakis
bound and uses the state equation as a continuous one�
��� derives an algorithm to 	nd out the optimal cycle
time for a special class of PN� ��� generalizes the cycle
time bounds for more general PN
s and ��� gives an
algorithm to 	nd out an optimal marking for an MG
when the cycle time is known�

Although there are some more works� these are the
most representative in the scheduling 	eld using PN
models�
Marked Graphs� In MG
s an optimal schedule can
be found in polynomial time� The reason is that in
MG there are no decisions� so it is enough to �re each
transition as soon as it is enabled� Using this heuristic
we obtain one optimal schedule �there could be more
than one��
State Machines� In SM
s there are con�icts� and
some local policies are given to solve them� Using
these policies it is possible to 	nd a �visit ratio� vector
solving the following equation system ����

�
C
R

�
v � � ���

where R re�ects the policies taken in the net con�icts�
The optimal schedule is any that preserves the visit
ratio vector� One solution could be taken probabilis�
tically�
Free Choice Nets� For FC nets �and more general
nets� there are no results� Furthermore� 	nding out
the optimal throughput �maximum� seems to be an
NP�Complete problem �����

��� Local Optimality Property

In this work each PPC will be used as a subsys�
tem or subnet� it can be any type of net� The opti�
mal schedule for the cut can be obtained using enu�
merative techniques or some heuristics� Given that
the number of possible schedules to analyze is lower
than in the original net� the time consumed to solve
the problem decreases� Cuts are reduce to two places
�p�source� p

�

sink� and one transition between these places
�tc��
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Figure �� Strongly connected cuts

Local Optimality Property� When a system can
be divided into independent subsystems� if the optimal
behaviour of these subsystems guarantees the optimal
behaviour of the whole system� then this system has
the Local Optimality property�

� Nets Having LO Property

If a net has LO property� it can be split into simple
cuts and each cut optimized separately� This proce�
dure saves a lot of computation time� the problem
to solve herein is to determine when the net has this
property�

The analysis of isolated cuts is performed adding
one transition ta from psink to psource in a PPC� see
	gure ��

With the added element� the cut becomes strongly
connected� Furthermore we can perform some com�
putations such as the Sifakis bound� the visit ratio
vector and to obtain an optimal schedule� If the cut is
quite simple �e�g�� an MG� then the optimal schedule
is easy to obtain� but if the cut is a general net� then
enumerative techniques should be used �with or with�
out heuristics�� but any way this cut has less elements�
so the consumed time should be less than the original
net�

��� Results

Not all nets have LO property� but some of them
exhibit it� the characteristics of nets exhibiting this
property will be presented�

Property ��� If a State Machine is obtained when all
cuts are reduced� then this net has the local optimality
property�

Proof� For the proof we compute PPC� Reduced Net
and Global Net visit ratios� then all feasible schedules
for PPC and Global Net are computed� We prove that
the optimal schedule for the Global Net is obtained
when individual schedules of PPC are optimized� un�
der assumption that the Reduced Net is a state ma�
chine� We denote GN the whole net� by SM the re�
duced net� i�e� when PPC are reduced�

� SM has vsm as visit ratio vector� Also each cut
has its own visit ratio vector vci� The visit ratio vector
is any one verifying ��� of minimum norm with all its
components integers�

In a cut Ci� qci is the entry in vci for ta� The visit
ratio vector v for the global net can be computed by�
v� � �qci � vsm for transitions belonging to SM�v� �
��qci � vsm��qci for transitions belonging to Ci and
v � v��k� where k is the maximum common divisor of
v� elements�

It is true because in the incidence matrix C� the
cuts are isolated blocks of information� so they have no
relationship with each other� They are communicated
with the reduced net by two columns� and this value
is � or ��� so the result is exactly scaled by the visit
ratio of added transition�

� Several possible schedules exist for cut ci� Some
of them must be performed to ful	ll the visit ratio
vector� Suppose that the set�

Si � fsi
�
� si

�
� � � � � sikg

contains all feasible schedules of cut ci� �according
to the visit ratio and net dynamics�� In each schedule�

sij � ta �PPC� appears qci times because it has to ful�

	ll visit ratio constraints� Each feasible sequence sij is
decomposable into several concatenated subsequences�

sij � sij� � ta � sij� � ta � � � � � sijki � ta �� means
concatenation��

Suppose that the optimal schedule for this cut is�

si�j � si�j� � ta � si�j� � ta � � � �� si�jki � ta
� In the GN� the cut schedules are interleaved be�

cause ta does not exist� and the cuts must be executed
in sequence� For example� a GN sequence could be�

sij� � tx � sik� � ty � � � �

It indicates that cut ci starts to 	re� when it 	nishes
tx starts to 	re �it belongs to no cut� it is free�� then
cut ck is 	red and so on until all cut schedules and
free transitions are 	red according to the visit ratio
constraints�

The cycle time of GN is a sum of individual schedule
time�

� � 	�sij� � � 	�tx� � 	�sik� � � 	�ty� � � � �

where 	�x� means consumed time by schedule x�
Since cut executions do not overlap� we conclude that�



If we optimize each cut separately� we have the sum
of minimum value terms� and the sum result is mini�
mum�

Each cut can be optimized separately to obtain a
global minimum and this result holds for any sequence
permutation� so the LO property follows�

Q�E�D�
Observing the proof� there are two basic reasons

why the LO property holds� There are no min or max
operations� and the sum is the same for each permu�
tation�

Property ��	 If the net has only PPC�s that have
one T�semi	ow� with all its elements equal to one �for
example a marked graph or a marked graph with mon�
itors�


�� When these cuts are reduced and the resulting net
is a state machine� then it has the LO property�

�� When these cuts are reduced and the net is a
marked graph� then it has LO property�

Proof� Using property ��� the part ��� is proved�
Part ���� as the cut has only one T�semi	ow with

its elements equal to one� if the input transition
�tentry� is 	red one time then the output transition
�toutput� and each cut transition is 	red one time� This
means that the cut is executed completely by each
tentry 	re� The behaviour of this cut is not a�ected
by other cuts �it only has two border elements and
all transitions are executed in one step�� so it can be
optimized separately� given a global optimal schedule�
and the LO property follows� Q�E�D�

� Example
Figure � shows an assembly cell layout� It is

composed by one input store� and three subcells
C�� C�� C��

C� is composed of two twin machine stations� one
disassembly section and one assembly section�

The disassembly section splits the arriving parts
into two separate parts� Each one of these parts is
loaded into one machine station� Inside of the ma�
chine station� the part can be routed to machine M�

or machine M� �it depends on local policies��
Machine M� produces two parts� one called part A�

and the other is a non�terminal part� This last part
is loaded into machine M�� Machine M� produces
one terminal part called B� and one non terminal part
which is loaded into machine M�� M� produces part
B and M� produces part A� Finally product A and B
are assembled to obtain the 	nal product�

INPUT STORE

CELL 1

CELL 2

CELL 3

M6

M7 M8

M9

M10 M11

M12

M3 M4

M5

ASS1 ASS2 ASS3

M1 M2

Figure �� The layout of the assembly cell

In subcell C�� the ending products of C� are pro�
cessed� This cell has three machines� one product can
be processed by any machine�

Cell C� is a sequence of machines� One machine is
shared by two di�erent operations�

The net which models this assembly cell is shown in
	gure �� The numbers depicted near of transitions are
the processing times of the respective machines� The
dashed boxes show the di�erent cuts� When these cuts
are reduced the net becomes a state machine� so the
net exhibits the LO property� For Cut A �CA� the
visit ratio of taA is� vaA � �� for CB � vaB � � and
for CC � vaC � �� Transitions not belonging to any
cut have � � � � � visit ratio� belonging to CA� �vCA �
belonging to CB � �vCB � and belonging to CC � �vCC �

The global net� and the cuts are optimized using
the algorithm reported in ���� running on a SPARC
processor� This algorithm is an enumerative one us�
ing some heuristics to reduce the complexity of the
problem� The results are shown in table ��



Net Time
Global ��
� min
C� ���
 sec
C� ��
 sec
C� ��� sec

Reduced ��
� sec

Table �� Time consumed by di�erent cuts and whole
net
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0 0 0 0
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0
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Cut C
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Figure �� A Petri Net exhibiting LO property

Using cuts the consumed time is ����� sec� This
analysis is faster than the global net analysis ���
�
min��� The schedule is not the same� but both of them
are optimal�

� Conclusions

In this paper we presented the Local Optimality
property for DEDS� which guarantees that a system
has an optimal behaviour when its subsystems have
an optimal behaviour� If one system has this property
then it is possible to obtain an optimal schedule by
optimizing its subsystems� The most important char�
acteristic of this property is that the number of the

input data is lower and the computing time is also
lower�

Although it is a good improvement� there is much
work to do� For example� if the cut has too many
reachable states� then the computing time is still too
high� One way to eliminate this problem is to 	nd new
heuristics for these cuts� The new heuristics should be
easier to obtain because the cuts have special charac�
teristics� Up to now we have some heuristics for PPC
with one safe and live Free Choice net in the middle
of its border transitions�

In any situation� the computation time is lower be�
cause the number of possible combinations of reach�
able states is lower�
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