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ABSTRACT

Approximate throughput computation of a class of dis�
crete event systems �DES� modelled with stochastic
weighted T�systems is considered� Stochastic weighted
T�systems are the weighted extension of well known
stochastic marked graphs Petri net subclass and are usu�
ally presented as a useful model to deal with bulk con�
sumptions or productions of resources in manufacturing
systems working on a cyclic basis� The iterative response
time approximation technique that we present is deeply
based on a previous structural decomposition and aggre�
gation of the net model� Experimental results on several
examples generally have and error of less than ��� The
state space is usually reduced by more than one order of
magnitude	 therefore
 the analysis of otherwise intractable
systems is possible�

� INTRODUCTION

Petri nets have been shown to be an adequate formalism
for the modelling
 functional analysis and performance
evaluation of discrete event and manufacturing systems
���
 
�� In this paper we concentrate in steady�state per�
formance analysis of systems with a cyclic behaviour mod�
elled with a subclass of stochastic Petri nets
 assuming
exponentially distributed service times for transitions ����
In particular
 we study the productivity measure de�ned
in terms of the throughput of transitions of the net model�

The general approach for the computation of throughput
of transitions of bounded stochastic Petri nets �with expo�
nential timing� is based on the solution of the underlying
continuous time Markov chain and su�ers from the well�
known state explosion problem� In order to deal with this
problem
 we propose an approximation technique based
on the solution of several subsystems with smaller state
spaces
 practically reducing the execution time of the so�
lution technique in one or even more orders of magnitude�

The presented technique is strongly based in a structural
decomposition and aggregation of the net model
 and we
are not able yet to perform it for a general Petri net model�
Therefore
 we restrict ourselves to the particular net sub�
class of stochastic weighted T�systems �SWTS�s
 in the
sequel� ����� SWTS�s are the stochastic interpretation of

�This work has been developed within the projects PRON�
TIC ������� of the Spanish CICYT and HCM CT�������
�MATCH	 of the European Community

the weighted extension of classical marked graphs and are
usually presented as a useful model to deal with bulk con�
sumptions or productions of resources in assembly systems
working on a cyclic basis ����

In a previous paper ���
 we considered the particular case
of stochastic marked graphs �thus
 ordinary models
 i�e�

models without bulk movements�� For those models we
showed how a structural decomposition into two aggre�
gated subsystems
 that leads to an exact aggregation from
a functional point of view�
 allows to get a very accurate
throughput approximation by means of a response time
approximation algorithm that iteratively solves both sub�
systems and a basic skeleton�

In this paper we extend the technique to the non�ordinary
case and we also consider a more general decomposition
into several �more than two� subsystems
 thus allowing
the solution of larger models� The extension is far from
being straightforward� We use the concept of gain be�
tween two transitions and we elaborate on the concept of
resistance also between two transitions �introduced in
���� that help to derive the aggregated subsystems pre�
serving in a reasonable way the functional behaviour of
the original system�

Other authors have considered performance analysis of
weighted T�systems in the case of deterministic timing
�see for instance ���� but
 to the best of our knowledge

nobody dealt with the stochastic case�

The paper is organized as follows� In Section � the main
notation and de�nitions are given� After that
 we de�
�ne the concepts of gain and resistance between transi�
tions and give an intuitive idea of their meaning� We
also present a dynamic programming algorithm for their
computation� Section � includes the throughput approx�
imation technique in two steps� ��� an structural decom�
position of the model and construction of the aggregated
subsystems and basic skeleton
 making use of the con�
cepts introduced in Section �
 and ��� a brief explanation
of the iterative response time approximation method� In
Section 
 we present an example and some numerical re�
sults to illustrate the technique� Finally
 some concluding
remarks are summarized in Section ��

�In this context
 exact aggregation means that the state
space and �ring sequences of the whole system can be recon�
structed from those of the aggregated subsystems�



� AGGREGATION OF SUBNETS IN

WEIGHTED T�SYSTEMS

Petri nets notations and de�nitions
We assume the reader is familiar with concepts of P�T
nets� Here we only present notations used later� For fur�
ther extensions the reader is referred to ��
 
��
A P�T net is a 
�tuple N � �P� T� Pre� Post�
 where P
and T are disjoint sets of places and transitions �jP j �
n
 jT j � m�
 and Pre �Post� is the pre� �post�� in�
cidence function representing the input �output� arcs�
Pre�P � T � IN � f�� �� �� � � �g �Post�P � T � IN�� Or�
dinary nets are Petri nets whose pre� and post�incidence
functions take values in f�� �g� The incidence function
of a given arc in a non�ordinary net is called weight or
multiplicity � The pre� and post�set of a transition t � T
are de�ned respectively as �t � fpjPre�p� t� � �g and
t� � fpjPost�p� t� � �g� The pre� and post�set of a place
p � P are de�ned respectively as �p � ftjPost�p� t� � �g
and p� � ftjPre�p� t� � �g� The incidence matrix of
the net is de�ned as C � �Post�pi� tj� � Pre�pi� tj��

i � �� � � � � n
 j � �� � � � �m� Flows �semi�ows� are integer
�natural� annihilators of C� Right and left annihilators
are called T � and P ��semi��ows respectively� A semi�ow
is called minimal when its support
 kXk
 is not a proper
superset of the support of any other
 and the greatest
common divisor of its elements is one� A net is consistent
if it has a T �semi�ow X � ��� A net is conservative if it
has a P �semi�ow Y � ���
A function M �P � IN �usually represented in vector
form� is called marking � A P�T system
 or marked Petri
net 
 �N �M��
 is a P�T net N with an initial marking M��
A transition t � T is enabled at marking M if �p � P �
M�p� � Pre�p� t�� A transition t enabled at M can �re
yielding a new marking M � �reached marking� de�ned by
M ��p� � M�p� � Pre�p� t� � Post�p� t� �it is denoted by
M �tiM ��� A sequence of transitions � � t�t� � � � tn is a
�ring sequence in �N �M�� if there exists a sequence of
markings such that M��t�iM��t�iM� � � � �tniMn� In this
case
 marking Mn is said to be reachable from M� by �r�
ing �
 and this is denoted by M���iMn� The reachability
set R�N �M�� is the set of all markings reachable from
the initial marking� The function ���T � IN is the �ring
count vector of the �rable sequence �
 i�e�
 ���t� represents
the number of occurrences of t � T in �� If M���iM 

then we can write in vector form M � M� �C � ��
 which
is referred to as the linear state equation of the net�
A place p � P is said to be k�bounded if �M � R�N �M��

M�p� 	 k� A P�T system is said to be �marking� k�
bounded if every place is k�bounded
 and bounded if there
exists some k for which it is k�bounded� A P�T system
is live when every transition can ultimately occur from
every reachable marking� An implicit place never is the
unique restricting the �ring of its output transitions� M
is a home state in �N �M�� if it is reachable from every
reachable marking�
Now
 we recall the de�nition of the net subclass that is
considered in the sequel� Weighted T�systems �WTS�s�
are the weighted generalization of marked graphs �see an
example in Fig� 
�a�� Even if some results for WTS are es�
sentially parallel to those for the ordinary �non�weighted�
case ����
 there are interesting di�erences that play an
important role in the decomposition of WTS models�

De�nition ��� �Stochastic weighted T�system�
A P�T system �N �M�� � �P� T� Pre� Post�M�� is a
weighted T�system �WTS� if �p � P � j�pj � jp�j � ��
A stochastic WTS �SWTS� is obtained from �N �M��
if independent and exponentially distributed random
variables are associated to the �ring time of transitions�

From a queueing network perspective
 SWTS�s are a mild
generalization of Fork�Join Queuing Networks with Block�
ing where bulk movements of jobs are allowed�
In this paper
 a general decomposition technique is devel�
oped for this class of nets� The following properties will
be preserved after the reduction� boundedness �essential
to the �niteness of the underlying CTMC of the stochas�
tically timed models�
 liveness �for strongly connected
WTS�s equivalent to deadlock�freeness ����
 thus non�null
throughput preservation� and the existence of home states
�to preserve the CTMC ergodicity�� To improve the ac�
curacy of the numerical results we will de�ne three addi�
tional functional properties related to paths �gain
 resis�
tance and weighted marking�� We will also preserve the
gain
 maximum resistance and minimum weighted mark�
ing among interface transitions� The decomposition phase
will be performed in polynomial time on the net size�

Gain	 resistance and weighted marking of paths
The reduction technique that we propose is a generaliza�
tion of that presented in ��� for marked graphs� A multiple
cut is de�ned through places whose deletion generates a
partition of the system into several unconnected subsys�
tems �like in ������
Once a multiple cut has been decided
 the main problem
is to derive the aggregated subsystems where we need to
reduce some subnets of the original system to a �minimum
number� of nodes preserving some interesting functional
properties �the basic skeleton will be obtained after re�
duction of all the parts�� In Fig� 
�a
 the lower part �the
subnet formed by all the nodes below the eight places of
the cut� is replaced with a set of nodes such that we can
preserve the functional properties previously mentioned
�see Fig� 
�b��
The �rst functional property that we must preserve is
the gain of any path joining interface transitions� The
gain of a path represents the average number of �rings
of the �nal transition per each single �ring of the �rst
transition� This functional property depends only on the
weights of the arcs of the path and we must preserve it
to maintain the consistency and conservativeness of the
reduced subsystems� The preservation of the gain of a
path can be done substituting it by the implicit place
joining the �rst and last transitions �place p�� in Fig� ����

t1 p1 p2 p12t1 t3t3t2

2 3 3 2

Figure �� A path and its reduction preserving the gain

But the preservation of the gain of a path is not enough
to achieve good numerical results after the decomposition
of a general SWTS� The problem is that inside of the
weighted arcs of a path there are implicit synchroniza�
tions� For example
 in Fig� ��a
 we have a path of gain



equal to one �the average number of �rings of the �rst
transition is the same that the last one�
 but the weights
of the arcs of the path induce a synchronization at tran�
sition t�� We need to �re ten times the �rst transition for
the last transition to be �red� In general
 if we reduce the
path as in Fig� ��b �with its implicit place preserving only
the gain of the path�
 we obtain poor numerical results�
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Figure �� �a� A path
 �b� its reduction preserving the
gain and �c� its reduction preserving the gain and the
resistance�

So
 we need to introduce another concept
 that we call
resistance of a path� The resistance of a path is a prop�
erty related with the average number of �rings of the �rst
transition that are needed to �re the last one� In the case
of Fig� � the resistance of the path is ��� If we consider for
a given path all the subpaths from the �rst transition to
the rest
 it is clear that there is a transition such that the
resistance of the corresponding path is maximum �it is t�
in the case of Fig� ��� Then
 we can preserve the gain and
resistance of a path with an immediate transition repre�
senting the transition of maximum resistance of the path
and the two implicit places summarizing the gain of the
subpaths in which this transition divides the original path
�see Fig� ��c�� It is obvious that depending on the weights
of the arcs of a path the implicit place preserving the gain
can also summarize the resistance� So
 this reduced paths
are implicit with respect to the original path�
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Figure �� Reduction of several paths between two tran�
sitions�

In a general SWTS we may have several paths joining two
given transitions� For example
 in Fig� ��a�
 there are three
paths between t� ad t�� If the SWTS is live and bounded
all the paths joining the two transitions must have the
same gain ����� But they can have di�erent resistance�
If we look only at the weights of the arcs
 the �rst path
has resistance ��
 the second one � and the last one ��
But the resistance is related with the average number of
�rings of the �rst transition needed to �re the last one�
The � tokens of the place P� make smaller the resistance
of the �rst path� Moreover
 the � tokens never can leave
the path
 so they are always reducing its resistance� In
other words
 the concept of resistance depends also on the

initial marking of the path� In this case
 the �rst path has
resistance � �the weight �� minus the � tokens�
 the second
one � and the last one �� Thus
 the second path is the
path who o�ers the maximum resistance between the �rst
and the last transition� And the third path is the path
which captures the tokens in the other paths� This is the
path with minimum weighted marking�
The weighted marking of a path is a property related with
the number of times that the �rst transition of the path
must be �red to achieve the current marking of the path
�the weighted markings of the paths of Fig� ��a are �
 �
and � respectively�� The implicit place corresponding to
a given path not only preserves the gain of the path but
also preserves its weighted marking�
Thus
 the reduction of several paths joining two transi�
tions is as follows� We compute the path with maximum
resistance and the path with minimum weighted mark�
ing� The path with maximum resistance is reduced as we
explained before and the path with minimum weighted
marking is substituted by its implicit place �see Fig� ��b��
Note that
 depending on the weights of the paths and the
markings
 one of the reduced paths can be implicit with
respect to the other and in this case we can delete it �that
is not the case for the reduction in Fig� ��b��
Now
 we are interested in computing for every pair of tran�
sitions in a SWTS
 the path joining them with the max�
imum resistance and the path with minimum weighted
marking� To do that we are going to translate the nets
language to the graphs language� A SWTS can be rep�
resented as a directed graph whose vertices are the tran�
sitions of the SWTS and the edges are the places joining
them� In order to include the properties of gain
 resis�
tance and weighted marking in the graph system
 we put
a label on each edge of the graph with three components�
The �rst one is the quotient of the weight of the output
arc of the corresponding place by the weight of its input
arc �this component is the resistance of this edge�
 the
second one is the quotient of the marking of the place by
the weight of its input arc �weighted marking� and the
third one is the inverse of the �rst one �is the gain of this
edge�� We can express for any path in the graph its cor�
responding label recursively from the labels of the edges
of the path� The label of a path represents its resistance

weighted marking and gain� To do that we need to de�ne
the appropriate operations�

De�nition ��� Let S � IR�� IR�� IR� n f�g 
 � where
� � ���X�� ��

� 	 and let � � ��� �� ��� We de�ne the
following operations on S

i� �r�� w�� g����r�� w�� g�� � �maxfr�� r��g�g� w��w��g��
g�g�� ��ri� wi� gi� � S n � and � � s � s� � � � � � � �
�s � S�
ii� �r�� w�� g� 
 �r�� w�� g� � �maxfr� � w�� r� � w�g �
minfw�� w�g� minfw�� w�g� g� if r� � w� �� r� � w� and
�r�� w�� g�
 �r�� w�� g� � �minfr�� r�g� minfw�� w�g� g� if
r� �w� � r� � w��

The set S is the domain of possible labels
 the � operation
computes the label of a path from the label of subpaths
and the 
 operation selects between two paths joining the
same two transitions the path with maximum resistance�

�
X� is the in�nite cardinal number in the usual mathemat�

ical sense� ��X� 
 �X��



If two paths have the same resistance
 
 selects the one
with minimum weighted marking�
In this way we have done a formal recursive de�nition
of the gain
 resistance and weighted marking of a path�
Operations 
 and � give the recursive equations to ex�
press them from the initial gain
 resistance and weighted
marking of the edges�
The next theorem gives us the proof of existence of a dy�
namic programming algorithm to compute in polynomial
time for any two vertices in a graph the path with maxi�
mum resistance joining them �see ��
 pp� �������� for the
details��

Theorem ��� The system �S�
��� �� �� is a closed
semiring satisfying the following eight properties

i� �S�
� �� is a monoid in the de�nition domain of 

�i�e� 
 satisfy the associative property and � is an identity
for 
��
ii� �S��� �� is a monoid�
iii� a� � � � � a � � �a � S�
iv� a
 b � b
 a �a� b � S�
v� a
 a � a �a � S�
vi� � distributes over 
�
vii� 
 is well de�ned for countable sequences of a �nite
number of elements of S and associativity	 commutativity
and idempotence apply to in�nite summaries� �Thus	
such an in�nite summary can be rewritten as an �nite
summary in which each term of the summary is included
just once and the order of evaluation is arbitrary��
viii� � distributes over in�nite summaries of a �nite
number of elements of S�

The proof of this theorem is a tedious algebraic exercise�
With this algebraic environment
 following the gen�
eral framework for solving path problems in directed
graphs ���
 we can assure that there exists a dynamic pro�
gramming algorithm to compute for any pair of vertices in
a graph the path with maximum resistance joining them�
This algorithm is no more than a generalization of the
well�known Floyd�s all pairs shortest path algorithm�
The algorithm is the following�

n ��number of vertices
for i �� � to n do

for j �� � to n do

if edge �i� j� in the graph l
���
ij �� ��i� j�

else l
���
ij �� �

for k �� � to n do
for i �� � to n do

for j �� � to n do

l
�k�
ij �� l

�k���
ij 


�
l
�k���
ik � l

�k���
kj

�

return L�n�

The time complexity of this algorithm is O�n��T� �
T��� � O�n�� �because the computing time of 
 and
� is constant�� With an additional square matrix we can
keep track of the vertices of the optimal paths during the
execution of the algorithm� In this way we can obtain the
real optimal paths�
Now we have all the structural techniques needed to de�
compose a SWTS in several subnets�

� APPLICATION TO THROUGHPUT

APPROXIMATION

In this section
 we present the method for the approximate
throughput computation of the transitions of a general
SWTS�
The �rst subsection deals with the system decomposition�
A multiple cut de�ned through places splits the system
in several subsystems� Each of them is reduced preserv�
ing the gain
 maximum resistance and minimum weighted
marking among all the cut interface transitions� Also a
basic skeleton is de�ned by aggregating all the subnets�
The second subsection shows the iterative algorithm for
the throughput approximation of the transitions �essen�
tially the same used for marked graphs ���
 called pelota
algorithm��

The decomposition phase

The decomposition of a live and bounded SWTS �like
that in Fig� 
�a� is based on the splitting in k pieces by
a cut de�ned on places� Once the multiple cut and the
pieces are selected we construct k aggregated subsystems
�AS�� � � � �ASk	 see Figs� 
�b and 
�c� and a basic skeleton
system �BS	 see Fig� 
�d�� First
 we formally de�ne the
cut�

De�nition 
�� Let �N �M�� � �P� T� Pre� Post�M�� be
a live and bounded WTS� A subset Q � P of places is
said a k�cut of N �k � �� if there exist k subnets N i �
�PNi

� TNi
� P reNi

� P ostNi
�� i � �� � � � � k	 of N verifying


i�
Sk

i��
TNi

� T� TNi
� TNj

� �� �i �� j� i� j � �� � � � � k�
ii� PNi

� �TNi

 TNi

�� i � �� � � � � k�

iii�
Sk

i��
PNi

� P and
S

i��j

�
PNi

� PNj

�
� Q� i� j �

f�� � � � � kg�
iv� PreNi

� PrejPNi
�TNi

� P ostNi
� PostjPNi

�TNi
� i �

f�� � � � � kg�
The transitions t � �Q 
 Q� are called interface transi�
tions�

Now we have to build the aggregated subsystems and the
basic skeleton obtained from a k�cut� To do that
 we must
aggregate each subnet to a set of nodes� We take each
subnet N i and we apply to it the dynamic programming
algorithm to compute for any pair of its interface transi�
tions the paths with maximum resistance and minimum
weighted marking joining them� As we looked in section
�
 the path with mimimum weighted marking can be re�
duced to its implicit place
 and the path with maximum
resistance to an immediate transition and two places� We
need all this reduced paths to construct the aggregate
subsystems�

De�nition 
�� Let �N �M�� a live and bounded WTS	
Q � P a k�cut of N and N i� i � �� � � � � k the k subnets
de�ned by Q� We call aggregated subnet ASN i to the net
system formed by the interface transitions of N i �we will
denote it by ITi � TNi

� �Q 
Q�� and the set of reduced
paths to preserve the gain	 maximum resistance and mini�
mum weighted marking among the interface transitions in
N i�

Now we can formally de�ne the aggregated subsystems
and the basic skeleton�



De�nition 
�
 Let �N �M�� be a live and bounded WTS	
Q � P a k�cut of N and N i� i � �� � � � � k	 the k sub�
nets de�ned by Q� For each i � �� � � � � k	 the aggregated
subsystem ASi is the system obtained from �N �M�� by
substituting N j by ASN j 	 �j �� i� The basic skeleton
BS � �BN �MBN

� � is the system obtained from �N �M��
by substituting N i by ASN i	 �i � �� � � � � k�

After this reduction
 the projection of the state space of
the original system on the non�reduced part is not pre�
served in the aggregated subsystems �this fact di�ers from
the marked graph case ����� In other words
 spurious
markings can be made reachable after the aggregation�
But we can preserve other interesting functional proper�
ties �and less strong� and the numerical results obtained
are good enough�
The next theorem includes the main result of this sec�
tion� It relates the behaviour of a WTS with those of the
aggregated subsystems and the basic skeleton�

Theorem 
�� Let �N �M�� be a live and bounded WTS	
Q � P a k�cut of N 	 ASi� i � �� � � � � k and BS the ag�
gregated subsystems and the basic skeleton derived from
Q� Then	 ASi� i � �� � � � � k and BS are live	 bounded and
have home state�

Proof� In ���� it is proved that a necessary and su�cient
condition for a WTS to be live and bounded is that any
weighted cycle has gain equal to one and tokens enough to
making it live� To construct the aggregated subsystems
and the basic skeleton we substitute several paths by a
set of nodes preserving the gain
 so all the cycles in the
aggregated subsystems and the basic skeleton have gain
equal to one� With regard to the marking
 all the places
that we put in these systems are implicit in �N �M�� so
the reduced cycles in the aggregated subsystems and the
basic skeleton are also live� As any live and bounded WTS
has home state
 the aggregated subsystems and the basic
skeleton have also home state� Q�E�D�

Iterative approximation phase

The technique for an approximate computation of the
throughput that we present now is
 basically
 a response
time approximation method ���� The interface transitions
of N j in ASi �j �� i� approximate the response time of
all the subsystem N j � A direct �non�iterative� method to
compute the constant service rates of observable transi�
tions in order to represent the aggregation of the subnet
gives
 in general
 low accuracy� Therefore
 we are forced to
de�ne a �xed�point search iterative process� The proposed
algorithm is the following�

select a k�cut Q
derive ASi
 i � �� � � � � k
 and BS

give an initial service rate 	
���
t for t � ITi� i � �� � � � � k

j �� � fcounter for iteration stepsg
repeat
j �� j � �
for i �� �� � � � � k
solve the aggregated subsystem ASi with

input� 	
�j�
t for each t � ITl �l 
 i�

	
�j���
t for each t � ITl �i 
 l 	 k�

output� ratios among 	
�j�
t for each t � ITi
 and X

j
i

solve the basic skeleton system BS with

input� 	
�j�
t for each t � ITl �l 
 i�

	
�j���
t for each t � ITl �i 
 l 	 k�

ratios among 	
�j�
t of t � ITi and X

j
i

output� scale factor of 	
�j�
t of t � ITi

end for

until convergence of X �j�
� � � � � �X �j�

k

In the above procedure
 once a k�cut has been selected
and given some initial values 	

���
t for service rates of all

interface transitions except those in N �
 the underlying
CTMC of aggregated subsystem AS� is solved� The se�
lection of the initial values of interface transitions rates
does not a�ect �under our experience� to the accuracy of
the method� A simple option is putting the initial rate of
the transitions in the original model� From the solution
of that CTMC
 the �rst estimation X ���

� of the through�
put of AS� can be computed� Then
 the initial estimated
values of service rates of interface transitions IT� must be
derived� To do that
 we take the initial values 	

���
t for

service rates of transitions in IT� and we search in the
basic skeleton a scale factor for all these rates such that
the throughput of the basic skeleton and the throughput
of AS�
 computed before
 are equal� The same procedure
is executed for each aggregated subsystem in a cyclic way�
Each time we solve the aggregated subsystem ASi we ob�
tain in the basic skeleton a new estimation of the interface
transitions rates of ITi� The previous steps are repeated
until convergence is achieved �if there exists��
With regard to the computation of the ratios among the
interface transitions rates in the aggregated subsystems

we compute in the solution of the ASi
 the probability
pt that the transition t � ITi is enabled �similar to �����

Then we put 	
�j�
t � Xt�pt�

The computation of the scale factor in the basic skele�
ton can be implemented with a linear search� Now the
net system �the basic skeleton� has considerably fewer
states than the original one� In each iteration of this
linear search
 the underlying CTMC of the basic skele�
ton is solved� Note that only in the �rst iteration the
CTMC is completely derived� For later iterations only
some values must be changed� From ��� follows that in
stochastic SWTS�s �with time and marking independent
rates� the throughput of any transition is a monotonic
function of the rate of any other transition� In other
words
 if we increase �decrease� the rate of any transi�
tion
 the throughput of any other transition will not be
decreased �increased�� This fact assures that the linear
search in the basic skeleton �being a SWTS� converges�
We conjecture that the convergence of the entire method
can be proved �probably using similar arguments to those
in � ��� With regard to the accuracy of the results
 no
formal proof gives positive answers to the question
 but
an extensive battery of numerical experiments has shown
us that the error is less than �� in all tested cases�

� NUMERICAL RESULTS

The class of SWTS�s is naturally applied for describing
assembly systems� The operations performed by di�erent
machines can be modelled with transitions
 while places
represents intermediate stores� Assembly operations are



performed by machines �transitions� having more than
one input place� An assembly operation puts parts to�
gether to obtain more complex ones� The weights on the
input �resp�
 output� arcs of places represent the number
of parts of each type required to obtain one unit of the
next type �resp�
 the number of complex parts that are
obtained after the operation��
We have choosen the example depicted in Fig� 
�a because
any splitting of the net will generate strongly coupled ag�
gregated subsystems� This fact makes the system di�cult
to study and puts our method through a test�
Let us present some numerical values obtained for the
system modelled in Fig� 
�a� We select the following
cut� Q � fP��
 P��
 P��
 P�

 P��
 P� 
 P��
 P��g�
The corresponding aggregate subsystems are depicted in
Figs� 
�b and 
�c� The basic skeleton is that in Fig� 
�d�
The underlying CTMC of the original SWTS has �����
states
 while the aggregated subsystems and the basic
skeleton have �� �
 ���� and ��� states
 respectively�
We consider three di�erent situations from di�erent tran�
sition service rates �we assume single server semantics in
all cases�� In the �rst case
 we suppose that the service
transitions rates are those in the Fig� 
�a� In this case

the exact throughput of transition T� is ���������
In Table � we present the iteration steps of the method
for this case� Columns X �T i� are the estimated values
for throughput of transition T i at each iteration step�
Columns !scale f�� are the scale factors modifying the pre�
vious estimated service rates
 computed with the basic
skeleton� Convergence of the method is usually obtained
from the fourth iteration step� The error for this example
was ����� ��
In the second case
 we suppose all transitions rates equal
to one in the original system �representing a symmetric
timing case
 in the sense that both sides of the system
have response times of the same order of magnitude�� The
exact throughput of T� is �����  �� The error of the
approximated value is ��� ���� On the other hand
 if a
very asymmetric timing is considered �service rates di�er
in three orders of magnitude for both subsystems
 as given
in the third case of Table ��
 the exact throughput of T�
is ����� � leading up to an error of ��������
With regard to the accuracy of the method in other cases

no formal proof gives positive answers
 but extensive test�
ing allows us to assure that the error of the method is usu�
ally below ��� To initiate the iteration
 our experience is
that the method seems to be robust with respect to the
initial values of the interface transitions�

� CONCLUSIONS

The approximation technique presented here is mainly
based on decomposition and aggregation of the obtained
submodels� In the particular case of marked graphs �nets
without weights�
 such aggregation can be achieved sub�
stituting sets of paths between transitions by places� In
the case of weighted models
 considered in this paper
 it
is necessary to preserve some complex structural charac�
teristics in order to achieve good approximation results�
The set of considered characteristics to be preserved arises
from a trade�o� between� ��� good representation of the
submodel being aggregated
 ��� small size of the num�
ber of nodes that must be added to the submodels for

(b)

(c)

Ti=8, i=10,15; T9=10; T16=5

(d)

Service rates: Ti=2, i=1,3,7,11; Ti=3, i=2,4,6; Ti=4, i=8,12,13; Ti=6, i=5,14;
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Figure �� �a� A SWTS
 its decomposition in aggregated
subsystems �b� AS� and �c� AS�
 and �d� the basic skele�
ton�



Service rates as given in Fig� ��a
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Table �� Iteration results for the SWTS in Fig� 
�a

preserving the characteristics
 and ��� existence of an e��
cient algorithm to execute the aggregation� Our election
was to preserve the gain
 the maximum resistance and
the minimum weighted marking between each pair of in�
terface transitions� On the one hand
 the preservation
�after the aggregation� of the gain and of the minimum
weighted marking assures liveness and boundedness of the
obtained submodels� On the other hand
 the preservation
of the maximum resistance re�ects part of the response
time of the aggregated subsystem that is due to synchro�
nization of tokens that must be consumed in batches by
some transitions �in case of weighted input arcs to those
transitions�� A dynamic programming algorithm was pre�
sented to compute in polynomial time on the net size the
three selected characteristics �gain
 maximum resistance
and minimum weighted marking between each pair of in�
terface transitions��
With respect to the throughput approximation algorithm

we used an iterative response time approximation method

called pelota algorithm
 that iteratively solves the CTMC
underlying each of the aggregated subsystems and a ba�
sic skeleton� Each time that an aggregated subsystem is
solved
 new estimations for the interface transition rates
of the other aggregated subsystems are computed� Exten�
sive numerical experiments using this method showed very
good results with respect to e�ciency and accuracy� Con�
vergency is generally observed after four iteration steps
and the approximate computation of throughput can be
achieved with a considerable saving of time and memory
�more than one order of magnitude in many cases� and
with a little error �less than ����
Even if the approximation technique was presented here
for the particular case of weighted T�systems
 larger
net subclases can take advantage of this decomposition
method� For instance
 it can be applied to the perfor�
mance evaluation of a class of cooperating sequential pro�
cesses
 called Deterministic Systems of Sequential Pro�
cesses �see
 e�g�
 ����� These systems are more interesting
from a modelling point of view since they include
 in a

controlled way
 primitives to deal with concurrency
 de�
cisions
 synchronization
 blocking
 and bulk movementes
of jobs
 therefore they add the possibility of modelling
choices to the nets considered here�
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