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Abstract

We concentrate on a family of discrete event sys�
tems obtained from a simple modular design princi�
ple that include in a controlled way primitives to deal
with concurrency� decisions� synchronization� block�
ing� and bulk movements of jobs� Due to the func�
tional complexity of such systems� reliable throughput
approximation algorithms must be deeply supported on
a structure based decomposition technique� We present
a decomposition technique and a �xed�point search it�
erative process based on response time preservation of
subsystems� An extensive battery of numerical exper�
iments has shown that the error is less than ��� and
that the state space is usually reduced by more than
one order of magnitude�

� Introduction

Performance analysis of discrete event systems is
an important subject where growing e�orts are being
devoted� The emerging problems are really complex if
general models are considered� including concurrency�
decisions� synchronization� blocking� and bulk move�
ments of jobs�

Deterministic Systems of Sequential Processes �in
the sequel DSSP� are obtained by the application of
a simple modular design principle� several functional
units �in this case� sequential processes modelled with
state machines� SM	s� execute concurrently and coop

erate using asynchronous communication by message
passing through a set of bu�ers �places with possibly
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weighted input and output arcs�� Bu�ers are desti

nation private �i�e�� they go to a single sequential pro

cess�� Thus competition among functional units is pre

vented� Moreover� bu�ers do not represent side con

ditions in con�icts of the functional units �i�e�� choices
are free�� Several classes have been de�ned in the
literature following this basic modular design princi

ple 
Rei��� Sou��� TSCC��� RTS���� In this paper�
we deal with approximate throughput computation of
DSSP	s� that include� in a controlled way� all the above
enumerated features�

The approximation technique is based on SM�s re�
duction� so it is a local aggregation technique and it
preserves all the connections among functional units
�i�e�� it preserves the bu�ers and their input and out

put transitions�� It is specially suited for DSSP	s
composed from large SM	s� A cut is de�ned through
bu�ers producing a partitioning the SM	s� Per each of
these partition an aggregated subsystem is obtained
by reducing as much as possible all the SM	s belong

ing to the rest� The method for the reduction of the
tangible reachability set of SM	s that we present is
such that in the aggregated subsystems the reachable
markings and �ring sequences are projections of those
in the original system �thus� other logical properties
like steps� boundedness� liveness and the existence of
home states are also preserved��

The approximation technique has two steps�
��� A structure based decomposition of the original
model leading to two or more smaller aggregated sub�
systems using the SM	s reduction technique�
��� An iterative response time approximation method
for the computation of the throughput� At each itera

tion step� the underlying CTMC of every aggregated
subsystems are solved� getting more information for
the improvement of the response time approximation
of the reduced nodes� A basic skeleton of the system is
used in order to tune up the response time approxima
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Figure �� �a� Manufacturing system and �b� its DSSP model� �N � Number of pallets��

tion� An extensive battery of numerical experiments
has shown that this is a very robust and fast approx

imation technique�

The method will be applied to the manufacturing
system depicted in Fig� ��a� The process plans are��A�
machines �����B� machines �� �� �� Machine � can pro

duce two di�erent partial products� one of them for �

nal product A and the other one for product B� Each
machine needs a minimum quantity of its initial prod

uct per operation� This quantity is measured by the
number of pallets needed to transport it� For example�
machine � needs two pallets of raw material to work�
machine � needs three pallets� etc� The raw material
comes into the system throughout machine � and the
�nal products leave the system throughout machine �
�kind A� or machine � �kind B��

We are going to approximate the performance of the
system varying the number of pallets that are used�

A net model for the system is that in Fig� ��b� The
complex behaviour of each machine is modelled with a
safe SM� Bu�er B� contains N tokens� the total num

ber of pallets in the system �a parameter�� Weights
of the input and output arcs of the bu�ers model the
number of pallets needed for a machine to work� The
minimum number of N for getting a live system is ���

The paper is organized as follows� The formal def

inition of DSSP	s and the considered stochastic inter

pretation are introduced in Section �� Section � is de

voted to the structure
based decomposition technique�
The iterative response time approximation method for
the computation of the throughput is explained in Sec

tion �� In Section �� we present some numerical results
for the manufacturing example� Some concluding re

marks are outlined in Section ��

� The model

In this section we formally de�ne the class of Deter

ministic Systems of Sequential Processes as a subclass
of Petri net systems� and we explain how time is intro

duced in the model� We assume the reader is familiar
with concepts of P�T nets� For further extensions the
reader is referred to 
Mur��� Sil���� In this paper we
use the same notation of that in 
CCJS���� The net
class that we consider is an extension of that in 
Sou���
which itself was an extension of that in 
Rei���� al

though we keep the same name� In 
Sou���� sequen

tial processes are modelled with safe state machines
while the communication among them is described
by their connection through particular places called
bu�ers� the bu�ers are private in the sense that each
of them has only one input and only one output state
machine� Our extension allows that several state ma

chines deposit messages �tokens� in a common bu�er�

��� DSSP�s

State machines are ordinary Petri nets such that
every transition has only one input and only one out

put place ��t � T � j�tj � jt�j � ��� SM	s allow the
modelling of sequences� decisions �or con�icts�� and
re
entrance �when they are marked with more than
one token� but not synchronization�

DSSP	s are used for the modelling and analysis of
distributed systems composed by sequential processes
communicating through output
private bu�ers� Each
sequential process is modelled by a safe ���bounded�
SM� The communication among them is described by
bu�ers �places� which contain products�messages �to




kens�� that are produced by some processes and con

sumed by others� Each bu�er is output�private in the
sense that it is an input place of only one SM�

De�nition ��� A marked Petri net �N �M�� � �P� �
� � � � Pq � B� T� � � � � � Tq� P re� Post�M�� is a Deter

ministic System of Sequential Processes if	

� Pi � Pj � �� Ti � Tj � �� Pi � B � �� �i� j �
f�� � � � � qg� i �� j�
�� �SMi�M�i� � �Pi� Ti� P rei� P osti�M�i�� �i �
f�� � � � � qg is a strongly connected and 

bounded state
machine �where Prei�Posti� and M�i are the restric�
tions of Pre� Post� and M� to Pi and Ti��
�� The set B of bu�ers is such that �b � B	 �a�
j�bj � � and jb�j � �� �b� �i � f�� � � � � qg such that
b� 	 Ti� �c� �p � P�� � � ��Pq	 t� t� � p� 
 Pre�b� t� �
Pre�b� t���

The �rst two items of the previous de�nition state
that a DSSP is composed by a set of SM	s �SMi� i �
�� � � � � q� and a set of bu�ers �B�� By item ��a� bu�ers
are neither source nor sink places� The output
private
condition is expressed by condition ��b� Requirement
��c justi�es the word �deterministic� in the name of
the class� the marking of bu�ers does not disturb the
decisions taken by a SM� i�e�� choices in the SM	s are
free� This de�nition generalizes the class of DSSP	s
de�ned in 
Sou���� where bu�ers are required to have
not only a single output SM �output
private� but also
a single input SM �input
private��

��� Stochastic interpretation

We consider net systems with timed transitions�
Marking and time independent exponentially dis

tributed random variables associated to the �ring of
transitions de�ne their service time� The mean values
of these variables are denoted si for each transition ti
of the net�

For the modelling of con�icts we use immediate
transitions with the addition of �marking and time
independent� routing rates� Consequently� routing is
completely decoupled from duration of activities�

The visit ratio of transition ti with respect to tj �

v
�j�
i � is the average number of times ti is visited ��red�
for each visit to ��ring of� the reference transition tj �
For live and bounded DSSP	s� the vector of visit ratios
can be computed by solving a linear system of equa

tions� using the incidence matrix and the routing rates
at con�icts �see 
TSCC�����

� The decomposition phase

In this section we present the technique for the
structural decomposition of DSSP	s� This technique is
specially suited for DSSP	s composed from large SM	s�
A cut is de�ned through bu�ers� classifying the SM	s
into several subsets� An aggregated subsystem is ob

tained per each of these subsets by reducing as much
as possible all the tangible reachability sets �TRS� of
all the other SM	s� A method for the TRS reduc

tion is presented such that the functional behaviour
of the aggregated subsystems is an �exact projection�
�reachable markings and �ring sequences� of the orig

inal system on the preserved nodes� Moreover� the
probabilistic routing among observable transitions of
the reduced SM	s is also preserved with the aggrega

tion�

��� Reduction of the TRS of a SM

First� we present the reduction technique for the
TRS of the SM	s� Let SM � �PSM� TSM� P reSM�
P ostSM� be a strongly connected SM� Let Tv � TSM
be a subset of observable transitions� In the follow

ing paragraphs we assume a safe initial marking M�

for SM that enables a transition in Tv� We are in

terested in constructing other safe and strongly con

nected SM which preserves the branching probabilities
among observable transitions� The branching proba

bility pij between observable transition ti and observ

able transition tj of a given SM is the probability that
transition tj is the next observable transition in that
SM which is �red after the �ring of ti� Later� we will
consider as observable transitions those de�ning the
interface between the SM and the rest of the DSSP
�i�e�� those connected to bu�ers� and we will assume
they are timed�

To preserve branching probabilities we follow a
technique similar to that in 
BI���� This technique
consists of several steps� Given a SM� a set of observ

able transitions and the routing probabilities between
them� a non
observable transition is shorted at each
step and the new routing probabilities are computed�
Once all non
observable transitions have been shorted
we obtain the branching probabilities between observ�
able transitions � These probabilities are maintained
in the reduced net�

To explain this calculus we need some notation� Let
Tv � ft�� � � � � trg be the set of observable transitions
and TSM n Tv � f�� � � � � sg the set of non
observable
transitions of a given state machine SM� We denote
by P the �r � s�� �r � s� matrix of routing probabil

ities of SM �the routing matrix in queuing networks



terminology�� We are going to compute from P the
reduced SM routing �r � r� matrix P �� If we short
transition k on step k �k � �� � � � � s�� the new routing
probabilities are�

p
�k���
ij � p

�k�
ij � p

�k�
ik

�
�X
u��

�
p
�k�
kk

�u�
p
�k�
kj

� p
�k�
ij � p

�k�
ik

�
�
 p

�k�
kk

���
p
�k�
kj ���

i� j � t�� � � � � tr� k � �� � � � � s� k � �� � � � � s

Then� matrix P � is P � �
�
p
�s���
ij

�
� We will denote

the elements p
�s���
ij by p�ij �

The reduced state machine �SMTv �M
Tv
� � is easily

constructed as follows� For each observable transition
ti� add an input pini and an output place pouti � for each
p�ij � �� make the fusion of places pouti and pinj � and
for the rest of p�ij �� �� add an immediate transition

ti�j from fpouti g to fpinj g� with routing rate equal to
p�ij �

Although the number of immediate transitions of
the reduced SM can be �in the worst case� exponential
in the number of observable transitions� the number of
tangible markings is never increased by the reduction
technique �it is the number of observable transitions��
Thus� the e�ciency of the CTMC solution algorithms
is improved�

With regard to the initial marking of the reduced
SM� since M� enables an observable transition t in
SM� we de�ne MTv

� as the marking with only one
token in �t� thus t is also enabled in SMTv � From this
reduction technique� the next property and corollary
easily follow�

Property ��� Let �SM�M�� be a safe strongly con�
nected SM and Tv � TSM a subset of observable
transitions� Let �SMTv �M

Tv
� � be the SM reduced by

previous technique� Then� the branching probabilities
among all observable transitions are preserved after
the reduction�

Corollary ��� Let �SM�M�� be a safe strongly con�
nected SM and Tv � TSM a subset of observable tran�
sitions� Let �SMTv �M

Tv
� � be the reduced SM by pre�

vious technique� Then	
i� The visit ratios of observable transitions in �SM�
M�� and �SMTv �M

Tv
� � are the same�

ii� L�SM�M��jTv � L
�
SMTv �M

Tv
�

����
Tv

iii� R�SM�M��j�Tv � R
�
SMTv �M

Tv
�

����
�Tv

Now� consider a live and bounded DSSP �N �M���
Without loss of generality� in the rest of the paper we
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Figure �� Aggregated subsystems �a� AS�� �b� AS��
�c� AS�� and �d� basic skeleton of the net model in
Fig� ��b �shadow transitions are the observable tran

sitions summarizing the response time of SM	s��



will assume that in M� all tokens are placed in in

put places of observable transitions �otherwise such a
marking can be reached in linear time on jT j and con

sidered as initial�� From the de�nition of DSSP	s� it is
clear that provided liveness the only e�ect of bu�ers
on a single state machine is a possible additional de

lay for the �ring of transitions �L�N �M��jTSM �

L
�
SM�MSM

�

�
�� Therefore� the functional properties

of the reduced state machine are also preserved if it is
considered within the whole system� as stated in the
next property�

Property ��� Let �N �M�� be a live and bounded
DSSP� SM a SM of Nand Tv the subset of observable
transitions of SM� Let �N ��M �

�� be the net system
obtained by reducing SM� Then we have	
i� The visit ratios of observable transitions of SM are
preserved after the reduction�
ii� L�N �M��jTAS � L

�
N ��M �

�

���
TAS

iii� R�N �M��jPAS � R
�
N ��M �

�

���
PAS

Where the set TAS � �TN n TSM� � Tv and the set
PAS � �PN n PSM� � �T v�

��� Cutting the system

The decomposition of a live and bounded DSSP
�like that in Fig� ��b� is based on the splitting in k
pieces by a cut de�ned on bu�ers� Once the cut and
the pieces are selected we construct k aggregated sub�
systems �AS�� � � � �ASk� see Figs� ��a� ��b� and ��c�
and a basic skeleton system �BS� see Fig� ��d�� First�
we formally de�ne the cut�

De�nition ��� Let �N �M�� � �P� � P� � � � � �
Pq � B� T� � T� � � � � � Tq� P re� Post�M�� be a live
and bounded DSSP� A subset Q � B of bu�ers is
said k�cut of N �k � �� i� there exist k subnets
N i � �PNi

� TNi
� P reNi

� P ostNi
�� i � �� � � � � k�of N

verifying	
i�
Sk

i�� TNi
� T� TNi

� TNj
� �� �i �� j� i� j �

�� � � � � k�
ii� �i � f�� � � � � qg �j � f�� � � � � kg such that Ti � TNj

iii� PNi
� �TNi

� TNi

�� i � �� � � � � k�

iv�
Sk

i�� PNi
� P and

S
i��j

�
PNi

� PNj

�
� Q� i� j �

f�� � � � � kg�
v� PreNi

� PrejPNi
�TNi

� PostNi
� PostjPNi

�TNi
�

i � f�� � � � � kg�

Now we de�ne the aggregated subsystems and the
basic skeleton obtained from a k
cut�

De�nition ��� Let �N �M�� be a live and bounded
DSSP� Q � B a k�cut of N and N i� i � �� � � � � k�

the k subnets de�ned by Q� For each i � �� � � � � k� the
aggregated subsystem AS i � �AN i�M

AN i

� � is the sys�
tem obtained from �N �M�� by reducing every SM not
included in N i� All bu�ers are maintained� The ba�
sic skeleton BS � �BN �MBN

� � is the system obtained
from �N �M�� by reducing all the SM�s�

The next theorem includes the main result of this
section� It relates the behaviour of a DSSP with those
of the aggregated subsystems and the basic skeleton�
Previously� we introduce some additional notation�
For each i � �� � � � � k� let TVi be the set of observ

able transitions of N i and PVi the set of input places
of transitions of TVi belonging to a SM�

Theorem ��� Let �N �M�� be a live and bounded
DSSP� Q � B a k�cut of N � ASi � �AN i�M

AN i

� �� i �
�� � � � � k� BS � �BN �MBN

� � the aggregated subsystems
and the basic skeleton derived from Q� Then	

i� L �N �M��jTAS i
� L

�
AN i�M

AN i

�

����
TAS i

� for i �

�� � � � � k�

ii� R �N �M��jPAS i
� R

�
AN i�M

AN i

�

����
PAS i

� for i �

�� � � � � k�
iii� L �N �M��jTBN � L

�
BN �MBN

�

���
TBN

iv� R �N �M��jPBN � R
�
BN �MBN

�

���
PBN

Where the sets TAS i �
�S

j ��i TVj

�
� TNi

� PAS i ��S
j ��i PVj

�
�PNi

�B� TBN �
Sk

i�� TVi� and PBN ��Sk
i�� PVi

�
� B�

Proof� An aggregated subsystem AS i can be com

puted from the original net by reducing one by one
the SM	s not included in N i� Applying at each step
property ���� results �i� and �ii� follow� The same
argument is valid for �iii� and �iv�� Q�E�D�

We remark that the previous result assures an �ex

act functional aggregation� of the original DSSP� in
the sense of state space projection� In this way� good
performance approximations should be expected�

� Iterative approximation phase

The technique for an approximate computation of
the throughput that we present now is� basically� a re�
sponse time approximation method 
ABS��� CCJS����
The observable transitions of N j in AS i �j �� i� ap

proximate the response time of all the subsystem N j �
A direct �non
iterative� method to compute the con

stant service rates of observable transitions in order to
represent the aggregation of the subnet gives� in gen

eral� low accuracy� Therefore� we are forced to de�ne



a �xed�point search iterative process� The proposed
algorithm is the following�

select a k
cut Q�
derive ASi� i � �� � � � � k� and BS�
give an initial service rate ��t for each t � TBN �
j �� �� fcounter for iteration stepsg
repeat
j �� j � ��
for i �� �� � � � � k
solve the aggregated subsystem AS i with

input� �jt for each t � TVl �l � �� � � � � i
 ��

�j��t for each t � TVl �l � i� �� � � � � k�

output� X j
i

solve the basic skeleton system BS with

input� �jt for each t � TVl �l � �� � � � � i
 ��

�j��t for each t � TVl �l � i� �� � � � � k�

ratios among ��t of t � TVi and X
j
i

output� scale factor of �jt of t � TVi
end for�

until convergence of X j
� � � � � �X

j
k �

In the above procedure� once a k
cut has been se

lected and given some initial values ��t for service rates
of all observable transitions except those in N �� the
underlying CTMC of aggregated subsystem AS� is
solved �the computation of appropriate initial values
is explained in 
PJCS����� From the solution of that
CTMC� the �rst estimation X �

� of the throughput of
AS� can be computed� Then� the initial estimated val

ues of service rates of observable transitions TV� must
be derived� To do that� we take the initial values ��t
for service rates of transitions in TV� and we search
in the basic skeleton a scale factor for all these rates
such that the throughput of the basic skeleton and the
throughput of AS�� computed before� are equal� The
same procedure is executed for each aggregated sub

system in a cyclic way� Each time we solve the aggre

gated subsystem AS i we obtain in the basic skeleton
a new estimation of the observable transitions rates of
TVi�

The computation of the scale factor in the basic
skeleton can be implemented with a linear search�
Now the net system �the basic skeleton� has consid

erably fewer states than the original one� In each it

eration of this linear search� the underlying CTMC
of the basic skeleton is solved� Note that only in the
�rst iteration the CTMC is completely derived� For
later iterations only some values must be changed� In

BLS���� it is proved that in stochastic DSSP	s �with
time and marking independent rates� the throughput
of any transition is a monotonic function of the rate
of any other transition� In other words� if we increase

�decrease� the rate of any transition� the throughput of
any other transition will not be decreased �increased��
This fact assures that the linear search in the basic
skeleton �being a DSSP� converges�

The convergence of the solution of the entire
method can be proved by similar arguments to those
in 
MT���� With regard to the accuracy of the results�
no formal proof gives positive answers to the question�
but an extensive battery of numerical experiments has
shown us that the error is less than �� in the worst
cases�

� Numerical results

Let us present some numerical values obtained for
the manufacturing system in Fig� ��a� We study its
net model �Fig� ��b� for N �tokens in B�� i�e� the
total number of pallets� ranging from �� to ���

In Table � we present the iteration steps of the
method for the case N � ��� The exact quantity of
product A manufactured by the system per time unit
�throughput of transition T��� is ������� and of prod

uct B �throughput of transition T��� �������� The
underlying CTMC has ������ states� Columns X �T i�
are the estimated values for throughput of transition
T i at each iteration step� Columns �scale f�	 are the
scale factors modifying the previous estimated service
rates� computed with the basic skeleton� Convergence
of the method is usually obtained from the fourth it

eration step� The error for this example was 
�������
The following additional fact must be remarked� the
number of states of the underlying CTMC	s of AS��
AS�� AS�� and BS �see Fig� �� are ������ ������
������ and ���� respectively� Note that the TRS of
AS� could be reduced by splitting its two SM	s�

Table �� Iteration results for the case N � ��
Service and routing rates as given in Fig	 �	b
AS� AS� AS�

X �T��� scale f	 X �T��� scale f	 X �T
�� scale f	
�	����
 �	����
 �	��
�� �	��
�� �	���
� �	�����
�	����� �	����� �	��
�
 �	��
�� �	����� �	�����
�	����
 �	����� �	��
�� �	��
�
 �	����� �	���
�
�	����
 �	����� �	��
�� �	��
�
 �	����� �	���
�

Exact X 
T�	� � ������� Error
 ���	���

Table �� Accuracy for several values of N

Thousands of tangible markings X �T��� � Error

N Orig� AS� AS� AS� BS Prod	 A Approx�

�� 
� � � � � �	�
��
� ��	��

�
 ��
 
 � �� � �	������ ��	���
�� �
� �� �
 
� 
 �	��



 ��	�
�
�� 
�� �� �� �� �� �	�����
 ��	��

�� �
� 
� �
 ��� �� �	����
� ��	�
�

In Table � we present the accuracy of the method
for several values of the parameter N � Always four it

erations are needed� in this case� to reach convergence�



We remark that the accuracy of the method im

proves when the number of tokens is increased �ad

ditionally� monotonicity of X with respect to the re

sources can be observed��

In the extensive numerical experiments� conver

gence was reached after no more than �ve iteration
steps and the error was no more than ���

� Conclusions

An aggregation technique is presented as a basis
for system decomposition� The technique is based on
a reduction of state machines� achieved by preserving
the interface transitions� called observable� The re

duction preserves the projection of �ring sequences on
the observable transitions and� even more� the branch

ing probabilities among these transitions� The origi

nal system is decomposed with a cut de�ned through
bu�ers� Then� each aggregated subsystem is obtained
by reducing a di�erent subset of state machines� Both
aggregations and decomposition can be done in poly

nomial time on the net size�

Even if the technique is applied here for DSSP	s� it
can be used for general models to reduce safe state ma

chine subnets whose internal decisions are completely
independent of the outside behaviour�

After the decomposition phase� a �xed
point search
iterative process is used to approximate the through

put� Extensive numerical examples have shown that
the iterative method converges in three to �ve steps�
The state spaces are usually reduced in more than one
order of magnitude and with very little error �less than
�� in all cases that we tried��

Finally� a realistic example taken from the manufac

turing domain was selected to illustrate the method�
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