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1. Introduction

Petri nets are a formal tool for the modelling and validation of logical
properties of parallel and distributed systems (see Peterson [7] or Silva [8] for
general references). We consider a Petri net as being composed of a finite set of
places numbered from 1 to p, and a finite set of transitions numbered from 1 to d.
Each place can contain an integer number of ‘tokens’. A p-tuple of null or positive
integers X = (Xl,...,Xp) will be called a ‘marking’ and X' will be interpreted as
the number of tokens in place i. The evolution of the marking is determined by the
firing of transitions. We denote by c;; the number (positive, null or negative) of
tokens added to place i when transition k is fired. The matrix C = (¢;), 1 =1,...,p,
k=1,...,d is called the incidence matrix of the net. A transition can be fired only
when there are enough resources in the system. That is, if the number of tokens in

each place is not negative after the firing.

Given a firable sequence of transitions s, we denote by s the d-tuple which

counts the number of times a transition k (1 < k < d) occurs in s. The marking

evolution from an initial state X can be represented by X = X, + Cs. This

equation is called the net firing equation and X 1is a reachable marking from X,.

Given a positive integer L, a place k in the net R with initial marking X, is

said to be L-bounded if X* <L for each reachable marking. The net is said to be
structurally bounded if for each initial X, and for each place k there exists an

integer L such that k is L-bounded.
A characterization of structural boundedness (see Brams [3]) can be given:

Theorem 1.1 [3]. Let R be a Petri net with incidence matrix C. The three

Jfollowing statements are equivalent:
i)  Ris structurally bounded.
ii)  Thereisno g =0 such that Cg > Q.
iii)  There exists > 0 such that 'C <0.

In order to be useful as a performance evaluation tool, a timing interpretation
has been added to the Petri net model, leading to stochastic Petri nets (see Molloy
[5], Ajmone Marsan et al. [2], and Florin and Natkin [4]).
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The purpose of this paper is to give necessary and sufficient conditions for

the boundedness in mean of a stochastic process related to the evolution of the
markings of a stochastic Petri net. To achieve this goal, we use tools that have been
applied to the problem of optimal stopping of a process in discrete time, and
particularly, the process of essential upper bounds (see Neveu [6]). The results

obtained generalize the above theorem 1.1 from a stochastic point of view.

The paper is organized as follows: in section 2, stochastic Petri nets are
formally introduced. Boundedness in mean and stochastic conservation are defined;
both definitions are generalized until a stopping time T. Section 3 includes the main
result (i.e. a characterization of boundedness in mean of a positive sequence of
random variables until a stopping time T) as well as two corollaries that can be seen
as stochastic generalizations of theorem 1.1. Finally, an additional necessary
condition for boundedness in mean of a stochastic Petri net is presented in

section 4.
2. Stochastic Petri nets and related concepts

2.1. Stochastic Petri nets. Stochastic Petri nets are a model that includes time
in Petri nets by assigning a random variable to each transition. This variable
represents the time elapsed since the transition is firable until the moment in which
it actually fires. In this section we provide a stochastic process that describes the

behaviour of the timed net.

Given a probability space (2, &, P) and a family (&, t > 0) of sub-c-
fields of ZF, continuous from the right, let (T,, re N*) be a sequence of stopping
times for (&, t=0), such that

i) T.>0

T
i) T,<T.,; on{T, <}

T =lim T, =+
N—oco

Let (u(r), re N*) be a sequence of random variables with values in

{1,2,...,d}. The multivariate point process (N,)
N, = (NLNL...N9, 120,

where



k
Nt = z I{Tr<t}1{u(r) =k}’ tZO, k = 1,2,...,d;

re N*

is called firing process. If {u(r) = i} represents the firing of transition i at instant
T,, it can be interpreted that (N;) counts the firings of transitions until the instant t.

. ) P )
Given a stochastic vector X, = (X(l),...,XO), a matrix C, pxd, such that
CikE Z,j=1,...,p, i=1,...,d, and a firing process (N, t = 0), a necessary condition

for the firing of transition i at instant T, is

Xyl 4020, j=l..p. (2.1)

We define the continuous parameter process (X, t = 0), of p components, as

follows:
X;=Xp+CN, t=0. (2.2)

This process can be interpreted as the description of an evolution of markings
in a stochastic Petri net, with p places, d transitions, incidence matrix C and initial
marking X,,. Condition (2.1) ensures that (2.2) is a non-negative process.

We consider in what follows the discrete parameter processes N, =N T, and
X=X The equation Xp, = X + CNTr is denoted by X, = X;; + CN,. This

process will be called stochastic Petri net.

2.2. Boundedness in mean and stochastic conservation. In the structural
analysis of a Petri net, with incidence matrix C and initial marking X, the net is
called conservative if there exist vectors fe (N*)P, such that ffC = 0. Similarly, for

a stochastic Petri net we can search for p-dimensional random variables such that
f'C(N,-N, ;) =0, or E(fC(N,-N, |)) =0, where r = 1,2.... and N, = (0....,0).

In the first case we try to obtain a conservative behaviour in each path and in

the second, a conservative behaviour on average.

The first case is too constraining to be useful. The second is a suitable
approach but there are not enough stochastic tools for its development. Therefore, it
seems convenient to follow an intermediate approach and carry out the search for a
p-dimensional random variable f = (f;,....f,), satisfying the following conditions:

i) f; =1, Vi=1,.,p (2.3)

i) E('C(N-N,,)|Np,...N,;) =0, r=12,.. (2.4)
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If we consider the sequence of markings X = (X,), condition (2.4) can be

written
i) E(ft(Xr-Xr_l) | Xg--sXp1) =0, r=1.2,.. (2.5)

We denote by (Xf) the sequence that describes the sum of tokens in the net

in each instant T, , that is:
4 P
X, = 2 XJ, foreach r>0.
=1

If there exists a p-dimensional random variable f satisfying conditions i) and

P
ii), then the sequence f'X = ijXi is a martingale dominating (Xf).
i=1

We must point out, however, that Doob decomposition of a supermartingale
Y. =M-A, 1eN

(where (M,) is a martingale and (A,) is an increasing sequence such that Ay = 0)
ensures that the existence of a martingale dominating (Xtﬁ) is equivalent to the
existence of a supermartingale dominating (Xf). This remark as well as the

previous considerations justify the following definition.

Definition 2.2.1. A stochastic Petri net (X,) is called stochastically

conservative if there exists a supermartingale (Y,) dominating the sequence ( X}f ).

Let A be the set of all stopping times for (& ). The expected number of
tokens at a stopping time Se A is E(Xﬁ). Therefore, we can generalize the concept

of boundedness (see section 1) in the following way.

Definition 2.2.2. A stochastic Petri net (X,) is called bounded in mean if

#
sup{E(Xg)} <ee.
SeA

The stochastic Petri nets related to a structurally bounded Petri net are also
bounded in mean. We can easily find unbounded Petri nets whose related stochastic

Petri net is bounded in mean.

However, there are some unbounded stochastic Petri nets in cases in which
boundedness should also be expected. For instance, the stochastic Petri net which
models an ergodic M/M/1 queue is not bounded in mean. This fact justifies a less

exigent condition of boundedness, which we presently put forward.
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2.3. Boundedness and stochastic conservation until a stopping time T. Let L be a
class of stopping times for (£F,). On the assumption that X(S) is a &F g-measurable

and integrable random variable for each Se L, we can give the following definition.

Definition 2.3.1. The family {X(S), SeL} is an L-supermartingale if
E(X(V)|F ) <X(U), for all UVeL, where V > U.

If the variables X(S) are positive, we can drop the hypothesis of integrability
over X(S) in definition 2.3.1. In this case, we say that {X(S),SeL} is a

generalized L-supermartingale.

We are interested in the behaviour of the stochastic net until a stopping time

T, (i.e until some condition is fulfilled or some event is observed). Therefore we
take L={S:SeA,S <T} and generalize definitions 2.2.1 and 2.2.2 in the

following way.

Definition 2.3.2. A stochastic Petri net is called stochastically conservative
until the stopping time T if there exists a L-supermartingale dominating (Xf, S<T).

Definition 2.3.3. A stochastic Petri net is called bounded in mean until the
stopping time T if sup{E(X?)} < oo,
S<T

Usually we take, as stopping time T, the first hitting time of (X,) in B,
defined by

{inf{rZO:XreB}
TB=

+o0; if X2 B for all re N

where B is a subset of NP.
3. A characterization of boundedness until a stopping time T

In this section we present a characterization of boundedness of (X,), a
positive sequence of random variables adapted to (&), until a stopping time T.

Two alternative stochastic generalizations of theorem 1.1 are derived as corollaries.

Given a fixed stopping time T, let L = {S: Se A, S < T} and let us denote
by Ly; the set of all stopping times of L which are greater than or equal to the
stopping time U. We refer to (Y(U), UeL), where

Y(U) = ess sup E(Xg |F ) (3.1)
S e LU



as the family of essential upper bounds.

It can be shown (see Adell [1]) that the family (Y(U), UeL) is the smallest

generalized L-supermartingale dominating (Xy, UeL).

In order to study the family (Y(U)) we point out that there is a
correspondence between the sets L. and M = {SAT : Se A} (SAT stands for
inf(S,T)). This correspondence suggests that we take the sequence (X, ) instead

of (X,) and consider the sequence {rAT, re N} as a generating system, in the sense
that

1) rATel, reN

i) ifS<T then S=Y@mADIs,
reN

Let N be a positive integer. Given the random horizon T, we denote by LN
the class of stopping times S such that S < NAT. The sequence (rAT, r=0,1,...,N)

is a generating system for LN, and, following Neveu [6] (p. 128), we can build the

sequence
YN(NAT) = Xyap

YNGAT) = max (X, op, EXN@+DAT) | F0p) if 1=0,1,..N-1  (3.2)

This sequence (3.2) is the smallest generalized supermartingale dominating
(X a1, 1=0,1,....N) for each N previously fixed.

For each N and each r = 0,1,..,N, it holds that YN(TAT) < YN (rAT).
Thus, it is clear that the limits (lim YN(r/\T), re N) exist. They are denoted by
N

(YZ(rAT)).

Both, the family (Y(U), UeL) of essential upper bounds and the sequence
(Y”(rAT)), enable us to state the following result.

Theorem 3.1. The three following statements are equivalent:
i) sup(E(Xs)) < o
S<T
ii)  There exists a supermartingale dominating (X, ,r).

iii) There exists an L-supermartingale dominating the family of random
variables (Xg, SeL).
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Proof. [i) = ii)] Under the hypothesis i), the random variables Y~ (rAT) are
integrable. Indeed,

E(Y"(tAT)) = Edlim YN@EAT)) = lim E(YN(rAT)) (3.3)

As (YN(r/\T), r=1,...,.N) is a supermartingale, then
E(Y“(tAT)) < lim B(Y (1AT)) =
N

=lim ( sup E(Xg)) <sup E(Xg) < co. (3.4)
N SSNAT S<T

The supermartingale condition holds:
E(Y ((t+DAT) |F o ap) = E(lilfln YN((r+1)/\T)) | Foap) <

<lim YN@AT) = Y°(@AT), VreN. (3.5)
N

And
YZ@AT) 2 Y aAT) =X\, VreN. (3.6)
Therefore, (Y™ (rAT)) is a supermartingale dominating (X, ).
[i1)) = 1i1)] Let (Z,) be a supermartingale dominating (X, ). Then
Z.> Y N(@AT), V NeN, (3.7)
and then we have

YZ(rAT) =lim YN(rAT) < Z,, V reN. (3.8)
N

Therefore, the sequence (Y™ (rAT)) is the smallest supermartingale dominating
(X, 1) and Y~ (rAT) coincides with the essential upper bound, that is

YZ(AT) = ess sup EXyp | F o1) = Y@AT), VreN. (3.9)
UAT € LI'/\T

On the other hand, the family of essential upper bounds (Y(U), UeL) is the

smallest generalized L-supermartingale dominating (Xg, Se L), which gives
E(Y(S) | &) <Y(0) = YT (0AT), (3.10)

hence, E(Y(S)) <E(Y (0OAT)) < oo, for all SeL, and iii) holds.
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[ii1)) = 1)] Let (Z(S), SeL) be an L-supermartingale dominating (Xg, SeL),
then

E(Xs) < E(Z(S)) < E(Z(0)) < oo, for all SeLL (3.11)

and

sup B(Xg)< co. 0.E.D.
S<T

From theorem 3.1 and according to definitions 2.3.2 and 2.3.3, the next

result follows.
Corollary 3.2. The following statements are equivalent:

i) The stochastic Petri net (X,) is bounded in mean until the stopping time
T.

ii)  The stochastic Petri net (X,) is stochastically conservative until the

stopping time T.
iii)  There exists a supermartingale dominating (erT).

Corollary 3.2 allows us to give an example of a stochastic net which is
bounded whereas its underlying Petri net is not. Let (X,) be the Petri net which

models an M/M/1 queue whose mean interarrival time is greater than the mean

service time (i.e., an ergodic queue). The regenerative character of the sequence
enables us to prove that (X,) is stochastically conservative until the instant of

entrance in B, where B is a set of finite cardinal from the space of states E (for
example, B = {0}). That is to say, (Xﬁ, S <Tg) is an L-supermartingale and the

net is bounded in mean until the stopping time of ‘regeneration’ in B.

If the stopping time T is infinite a.s. then, according to definitions 2.2.1 and

2.2.2, the next result follows.

Corollary 3.3. The stochastic Petri net (X,) is bounded in mean if and only if it

is stochastically conservative.

Corollaries 3.2 and 3.3 constitute two stochastic generalizations of

theorem 1.1.
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4. A necessary condition for boundedness

The following result gives a necessary condition for boundedness in mean of

stochastic Petri nets.

Theorem 4.1. Let (X,) be a bounded in mean stochastic Petri net. Let m be a

non negative integer m and (T}) a sequence of stopping times such that T,2m. If
there exists a sequence (Z,) dominated by (X,) and such that (E(XTk | &) is a

non decreasing sequence, then

Pr{ o: E(ZTk -ZTk_] | F,)>¢ io}=0, Ve>0,

where i.0. stands for infinitely often.

Proof. Let (Z,) be a sequence such that Z,<X, and let (T}) be a sequence of
stopping times such that (E(ZTk | F ) is monotonous non decreasing. Let (H,) be

the supermartingale dominating the sequence (X,). From the inequalities
Zp, < Xr, < Hp, we obtain (E(Zy, | F ) < H,, for each k.

Therefore the sequence (E(ZTk | F ) converges a.s., the sequence of its

differences (E(Zy, - Zr, | F 1)) converge to zero a.s. and the result follows.

Q.E.D.

The next corollary can be easily inferred.

Corollary 4.2. Let (X,) be a stochastic Petri net. If there exists a submartingale
(Z,) dominated by (X’f ) such that for some € > 0 and some me N

Pr{ w:E(Z.-Z, ;| &F,)>¢ io}>0,
then (X,) is not bounded in mean.

For stochastic Petri nets bounded in mean until the stopping time T an
analogous result to theorem 4.1 can be stated. In the same way, and analogous to
corollary 4.2, a necessary condition for the boundedness in mean until a stopping

time T can be derived.
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