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Abstract

Deterministically Synchronized Sequential Pro-
cesses (DSSP) are essentially states machines that
communicate, may be in complex forms but under
some restricted patterns, through buffer places; their
definition is compositional by nature. This paper con-
siders the problem of exploiting this compositionality
to generate the state space and to find the steady state
probabilities of a stochastic extension of DSSP in a
net-driven, efficient way.

Essentially, we give an expresion of an auziliary
matriz, G, which is a supermatriz of the infinitesimal
generator of a DSSP. G is a tensor algebra [9] ex-
pression of matrices of the size of the components for
which it is possible to numerically solve the character-
istic equation w- G = 0, without the need to explicitly
compute G. Therefore, we obtain a method that com-
putes the steady state solution of a DSSP without ever
explicitly computing and storing its infinitesimal gen-
erator, and therefore without computing and storing
the reachability graph of the system.

1 Introduction and motivations
Generalized Stochastic Petri Nets (GSPN’s) [1] are
a well-known interpreted extension of autonomous
Petri net (PN) models that allow the use of the formal-
ism to deal with performance aspects in the design of
complex concurrent systems, in addition to the PN’s
capability for the validation of functional properties.
In general, numerical solution of the embedded Con-
tinuous Time Markov Chain (CTMC) must be per-
formed to get exact performance indices. Product-
form expressions and efficient algorithms for the com-
putation of the steady-state distribution are known
only for some particular classes of GSPN’s. At this
point, in general the state explosion problem makes
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intractable the evaluation of large systems due to the
storage cost for the infinitesimal generator matrix and
to the time complexity of solution algorithms.

Net-driven techniques deal with the reduction of
both memory and time complexity of solution al-
gorithms using structure information from the net
model. Contributions already present in the litera-
ture that can be included under this epigraph are, for
instance, the techniques for removing immediate tran-
sitions from the original net [6] or the exploitation of
symmetries in the analysis of Stochastic Well-Formed
Coloured Nets [7].

A different topic in which net structure can be use-
ful to drive the solution technique is the tensor algebra
approach to express the infinitesimal generator Q of
a GSPN in terms of Q; matrices coming from smaller
systems and to implement the solution of the char-
acteristic equation 7 - Q = 0 without computing Q
[2, 10, 11, 4, 13].

In this paper we concentrate on the Petri net
subclass of Deterministically Synchronized Sequential
Processes (DSSP) [21, 17]. They are obtained by the
application of a simple modular design principle: sev-
eral functional units (in this case, sequential processes
modelled with state machines, SM’s) execute concur-
rently and cooperate using asynchronous communi-
cation by message passing through a set of buffers
(places with possibly weighted input and output arcs).
Buffers are destination private (i.e., they go to a single
sequential process). Thus competition among func-
tional units is prevented. Moreover, buffers do not
represent side conditions in conflicts of the functional
units (i.e., choices are free, local in the SM’s). DSSP
are interesting enough from a modelling point of view
since they include, in a controlled way, features for the
modelling of concurrency, decisions, synchronization,
blocking, and bulk movements of jobs. On the other
hand, a well-developed theory exists for the analysis of
qualitative behaviour of these systems [21, 17, 18, 19]
that allows, in particular, to check necessary and suf-



ficient conditions for finiteness and ergodicity of the
embedded CTMC. Moreover, the compositional defi-
nition of DSSP leads in a quite natural way to the con-
struction of smaller modules that can be used in the
tensor algebra approach for expressing the infinitesi-
mal generator matrix.

From the components we can build, for a given
DSSP model, a set of auxiliary, simpler, models. We
show in this paper that the reachability set (RS) of
a DSSP is included in a set PS that is the union of
the Cartesian product of subsets of the reachability
sets of the auxiliary models. From the reachability
graphs of the auxiliary models, it is instead possible
to build an auxiliary matrix G which is a supermatrix
of the infinitesimal generator of a DSSP. G is a tensor
algebra expression of matrices of the size of the com-
ponents for which it is possible to numerically solve
the characteristic equation 7w - G = 0, without the
need to explicitly compute G. By showing that the
7 vector is the steady state solution of the DSSP, for
an appropriate choice of the initial probability vector,
we obtain a method that computes the steady state
solution of a DSSP without ever explicitly computing
and storing its infinitesimal generator, and therefore
without computing and storing the reachability graph
of the system.

Ergodicity is one weak point of the solution ap-
proaches based on compositionality. Ergodicity can be
proved in stochastic bounded Petri nets (under Marko-
vian interpretation) by checking whether the reacha-
bility graph has home states. This approach is def-
initely not possible in this case, since the complete
reachability graph is never built, but for this partic-
ular class of systems we show that it is possible to
prove ergodicity without computing the reachability
graph and checking the existance of a home space.

The paper is organised as follows: Section 2 reviews
the definition and main results for DSSP needed here,
and proposes a stochastic interpretation similar to the
GSPN one. The method is formally presented in Sec-
tion 3 and in Section 4. All the concepts are explained
on a simple running example. Finally, some conclud-
ing remarks are stressed in Section 5.

2 DSSP and their stochastic interpre-
tation

In this section, we recall the definition and several
important properties, and we introduce a reduction
technique for stochastic DSSP, that allows to build a
set, of auxiliary models.

We assume that the reader is familiar with concepts
and notation of P/T nets [20], moreover we adopt the
classical notation of writing in bold vectors and matri-

ces, and of using square brackets to indicate elements
of vectors and matrices (in this paper sub-indices are
never used for this aim).
2.1 DSSP definition and properties

State machines (SM’s) are ordinary PN’s such that
every transition has only one input and only one out-
put place (V¢ € T: |*t| = |t*] = 1). SM’s allow the
modelling of sequences, decisions (or conflicts), and re-
entrance (when they are marked with more than one
token) but not synchronization. SM’s marked with a
single token model sequential processes.

Deterministically Synchronized Sequential Pro-
cesses (DSSP) [21] are used for the modelling and
analysis of distributed systems composed by sequen-
tial processes communicating through output-private
buffers. Each sequential process is modelled by a safe
(1-bounded) strongly connected SM. The communi-
cation among them is described by buffers (places)
which contain products/messages (tokens), that are
produced by some processes and consumed by others.
Each buffer is output-private in the sense that it is an
input place of only one SM.

Definition 1 A PN system, ) =
(PLU...UPKkUB, Ty U...UTk,Pre,Post, mg), is
a Deterministically Synchronized Sequential Pro-
cesses system, or simply a DSSP, if:

1. PnP =0, I:NnT; =0, LNB = 0§,
Vi,je{l,...,K},i #j;

2. (SM;,mg;) = (P, T;,Pre;, Post;,mgp,;),
Vi € {1,...,K} is a strongly connected and 1-
bounded state machine (where Pre;,Post;, and my;
are the restrictions of Pre, Post, and mg to P; and
Ti);

3. The set B of buffers is such that Vb € B:

(a) |°b] > 1 and |b°*| > 1,

(b) i € {1,..., K} such that b* C T3,

(c) Vp € PLU...UPg: t,t' € p* = Prelh,t] =
Prelb, t'].

Transitions belonging to the set TI = *B U B*® are
called interface transitions. The remaining ones
(I1 U...UTk)\ TI) are called internal transitions.

An example of DSSP with two buffers and two state
machines is depicted in Figure 1. Some basic proper-
ties for DSSP (as defined here) can be found in [21].

In this paper we consider a stochastic extension of
DSSP: independent, exponentially distributed random
variables are associated to the firing of transitions as
in classical stochastic PN’s [14].

Definition 2 A stochastic DSSP (St-DSSP) is a pair
(S,w) = (P, T, Pre, Post, mg,w), where S is a DSSP



Figure 1: A DSSP system.

and w : T — RT is a positive real function that as-
sociates to each transition t € T an exponentially dis-
tributed firing time with rate w(t).

The reader should notice that considering stochas-
tic PN’s without immediate transitions instead of
Generalized Stochastic PN’s [1] is not a major con-
straint in the case of DSSP. Immediate transitions that
are not in TT (transitions internal to the SM’s) can be
eliminated with the technique in [6], and the resulting
net (without immediate transitions) would still be a
DSSP; transitions that are in TI (interface transitions)
instead cannot in general be eliminated without vio-
lating some of the DSSP rules, but we must remember
that transitions in TT are either behaviourally conflict-
free or in equal conflict (same pre-incidence function)
therefore the use of immediate transitions instead of
timed would not add a significant contribution from a
modelling point of view.

Our goal is to compute the steady-state probabil-
ity distribution of markings of St-DSSP. In order for
the computation to make sense, the embedded CTMC
should be ergodic. Additionally, we assume the system
to be bounded, thus the CTMC being finite, to be able
to compute the limit distribution. Obviously, we are
interested in deadlock-free models otherwise all transi-
tions of our models will have null throughput. In the
next property several interesting results on DSSP are
summarized. All these results will be useful to check
the functional properties that must be validated before
performance analysis.

Property 3 The following statements hold:

1. Let N be a (general) PN and C its n X m incidence
matriz. Then N is structurally bounded iff Iy € IN" :
y>0Ay-C<O.

2. [17] Let N be the net of a DSSP. N is structurally
live and structurally bounded iff N is consistent (i.e.,

Ix > 0,C-x =0), conservative (i.e., Jy >0,y -C =
0) and rank(C) = || — 1, where £ is the set of equal
conflict sets of N (two transitions t and t' belong to the
same equal conflict set iff Pre[-,t] = Pre[-,t'] #0).
3. [21] Let S be a bounded, strongly connected DSSP.
Then S is live iff it is deadlock-free.

4. [18] Let (N, mg) be a DSSP. Deadlock-freeness of
(N, mp) is characterised by the ezistance of no integer
solution for a integer (linear) programming problem
that can be derived from N and mg.

5. [19] Let S be a live DSSP. Then S is bounded iff it
is structurally bounded.

6. [18] Live and bounded DSSP have home states.

From a practical point of view, the previous results
on DSSP could be used in the following way:

Step 1: check structural boundedness using state-
ment 1;

Step 2: check the characterization for structural live-
ness and structural boundedness using statement 2;
Step 3: check deadlock-freeness (thus, by state-
ment 3, liveness) using statement 4.

The answer to all the previous questions is affirma-
tive if and only if the St-DSSP is live and bounded
(statement &) thus it has home state (statement 6),
therefore the embedded CTMC is finite and ergodic,
moreover, all transitions have non-null throughput,
provided all firing rates are non-null.

2.2 A reduction rule

In this subsection we define a reduction rule for
the internal behaviour of SM’s of a DSSP (internal
behaviour means firing of internal transitions). Us-
ing that reduction, we introduce a decomposition of
DSSP into a collection of low level systems and a ba-
sic skeleton (along the lines used in [5]). In each low
level system, only one of the different SM’s of the orig-
inal system is kept while the internal behaviours of the
others are reduced. In the basic skeleton, the internal
behaviours of all the SM’s are reduced. In the next
sections, we shall use the low level systems and basic
skeleton introduced here for an structured construc-
tion of the reachability set of the original model and
also for an structured computation of its steady-state
probabilities.

A vplace is implicit [8] (under interleaving seman-
tics) if it can be deleted without changing the firing
sequences. Since we are considering a Markovian in-
terpretation of PN’s, implicit places are redundant in
the following sense: the reachability graph (thus the
embedded CTMC) of a system is preserved if implicit
places are removed (only the state representation is
slightly modified, by deleting from the states the infor-
mation on the number of tokens in the implicit places).



In the following definition an exztended system ES is
built from the original system S, by adding some sets
of implicit places, H; (standing for “high-level places”
that are computed as non-negative summations of sub-
sets of places of the original model), thus the reacha-
bility graphs of S and £S are identical (only the re-
dundant marking of implicit places is added in the
state representation of £85).

Definition 4 Let S = (P,T,Pre,Post,mg) be a
DSSP with P = P,U.. UPxUB and T =T1U.. UTk.
Let R be the equivalence relation defined on all the
places in P\ B by: (pi,pt) € R for pi,pi € P; iff
there exists a non-directed path np in SM; from p}
to p4 such that np N TL = @ (i.e., containing only
internal transitions). Let [pi],...,[p! o] be the dif-
ferent equivalence classes defined in Igz by the rela-
tion R, i = 1,..., K. The extended system of S is
ES = (Pes,Tes, Pregs, Postes, mo®S), defined as:
i) Pes = PUH U...UHk, with H; = {hzl, .. 7h:~(z)}7
i=1,...,K, such that H;N P =0 and H; N H; = {,
forj#i,i=1,...,K;

i) Tes =T;

iii) Pregs|px1 = Pre; Postss|pxr = Post;

iv) Pre[n}, 1] = Zpe[p;l] Pre[p,t] and Post[h},t] =
Zpe[p;l] Post[p,t], for t € TINT;; Pre[hj-,t] =0 and
Post[h},t] = 0 fort ¢ TINT;; for j =1,...,7(i), for
i=1,.. ,K;

v) mo®S[p] = my[p|, for all p € P;

Vi) mogs[h;'] = Zpe[p;] mO[p]a fOTj = ]-7 v 7T(i)’ fOT’
i=1,.. K.

As an example, the extended system of the DSSP
of Figure 1 is depicted in Figure 2 where place Cs4
summarizes places co,cs,cq, and c7, place Csg sum-
marizes places c¢1, c¢5, and cg, place A4 summarizes
places a; and a4, and place As3 summarizes places
az and az. In the example, we use the convention of
naming implicit places with upper case letters, with
an index that is a composition of two of the indices of
the implicated places. In the DSSP of the example we
have Hl = {A14,A23} and H2 = {0347056}-

From the extended system, K different low level
systems LS; can be obtained deleting all places in P,
j # i, and transitions in T; \ TI, j #¢ (i =1,...,K).

Definition 5 Let us define o DSSP S =
(PLU...UPgUB, T U...UTk,Pre, Post, mg)
and ES its corresponding extended system.

i) The low level system LS; (i = 1,...,K) of S is
the system obtained from ES deleting all the nodes in
U;»i(P5 U (T \ TI)) and their adjacent arcs.

Figure 2: The DSSP example model with additional
implicit places.

Figure 3: The £S; system corresponding to the DSSP
of Fig. 1 obtained by reducing all state machines
(SM in this case) but SM;.

il) The basic skeleton BS of S is the system obtained
from ES deleting all the nodes in \J;(P; U (T; \ TI))
and their adjacent arcs.

In other words, in each £S; all the states machines
SM;, j # i, are reduced to their interface transitions
and to the implicit places that were added in the ex-
tended system, while SM; is fully preserved. In the
basic skeleton all the SM’s are reduced in the same
way. Figure 3 shows the low level system L£S; for
the DSSP in Figure 1, and Figure 4 shows the low
level system LS5. Figure 5 shows instead the cor-
responding BS system (please note that we preserve
the names that transitions and places have in S when
they are also present in other systems like £S and LS;
(i=1,...,K)).

In general, the reduction technique presented here
does not remove but eventually adds new paths be-
tween interface transitions (see, for instance, the path
from I6 to I4 that is present in BS (Figure 5), while it



Figure 4: The LS, system corresponding to the DSSP
of Fig. 1 obtained by reducing all state machines

(SM; in this case) but SMa.

Figure 5: The BS of the DSSP of Fig. 1.

does not exist in the original model of Figure 1); from
this fact, the next property can be proved.

Property 6 Let us define a DSSP S =
(PLU...UPgUB, Ty U...UTk,Pre,Post,mg),
LS; its low level systems (i =1,...,K ), BS its basic
skeleton, and L(S) the language of S. Then:

1. LO)|pur € L(LS), fori=1,..., K.

2. L(S)|y; € L(BS).

Proof:

Consider the extended system £S of §. By defini-
tion, all the places in H; U ... U Hg are implicit in
ES. Therefore L(S) = L(ES). Now, consider the sys-
tem LS; for an arbitrary i. Obviously, L(ES)|4,py C
L(LS;), and the property follows. The same argument
is valid for the basic skeleton (statement 2). &

3 The structured construction of the
reachability set

In this section, a result is presented that allows to
construct a superset of the reachability set RS(S) of
a DSSP in a structured way. Our approach is closely
related to the asynchronous composition technique for
a tensor algebra solution of queueing networks [3],
coloured Petri nets [2, 12], and marked graphs [4].
Before introducing that result, we define a partition
on the reachability sets of original (RS(S)), extended
(RS(ES)), and low level systems (RS(LS;)) according
to the projection of the marking on the places of the
basic skeleton.

Definition 7 Let us define o DSSP S =
(PLU...UPgUB, Ty U...UTk,Pre,Post,mg),
ES its eatended system, LS; its low level sys-
tems (i = 1,...,K), and BS its basic skeleton.
Then, the following subsets of the reachability sets
RS(S), RS(ES), and RS(LS;) are defined for each
z € RS(BS):

RSZ(ES) = {m S RS(SS) | m|Hlu_"UHKuB = Z}
RS,4(S) = {m € RS(S) | Im’ € RS,(£S) :
m’|P1U...UPKUB = m}

RS.(LS;) = {m; € RS(LS;) | mi|u,u..ubH B = 2}

From the definition, the following obvious par-
titions are obtained: RS(S) = W,crgps) RS2(S),
RS(ES) = UzeRs(Bs) RS.(ES), and RS(LS;) =
Waerss) RS2(LS:) (i = 1,..., K), where symbol ©
denotes disjoint union of sets.

The following result essentially states that each
reachable marking of a DSSP can be expressed as a
composition of conveniently selected markings of all
the low level systems built from the original model.



Theorem 8 Let wus define a DSSP S =
(PLU...UPgUB, T U...UTk,Pre, Post, mgp),
LS; its low level systems (i = 1,...,K), and
BS its basic skeleton. Denoting PS,(S) =
{Z|B} X Rsz(£81)|p1 X -+ X RSZ(,CSK”PK, fOT’
each z € RS(BS), and PS(S) = U,crsns) PS2(S),
then:

RS(S) CPS(S) = |4
zERS(BS)

PS,(S)

(where symbol W denotes disjoint union of sets). Even
more:

RS, (S) C PS,(S)

Proof:
First, we prove the inclusion.

Let m € RS,(S). Then there exists a sequence
o such that mg-Zym. By Property 6, there ex-

ist sequences o; with o; = o|rumr (@ = 1,...,K)
and ops with ops = ol|rr that may be fired in £S;
(t=1,...,K)andin BS, respectively: m$-Zm,; (i =

1,...,K) and zoZ%8z, where m} (i = 1,...,K) and
zg denote the initial markings of £LS; (i = 1,...,K)
and BS, respectively.

Then: m;|g,u.. .uHcuB = %, thus m; € RS,(LS;),
i = 1,...,K (this is because m{|y,u.. . uncuB = Zo,
Ui|TI =ogs,and HiU...UHgUB C .TIUTI.).

From analogous arguments, z|p = m|p (because
Z0|B = m0|B, U|T1 =oBs, and B C 'TIUTI.).

Then, m = (z|g,mi|p,...,mg|p,), because

my|p, = mylp, olT, = 0|1, and P; C *T; U T;°,
1=1,..., K.

Now, we prove by contradiction that the union is
disjoint.

Assume that there exist two different states
z,z' € RS(BS) such that: (z|g, mi|p,,...,mk|p) =
(Z'|g,mi|p,,..., mk|p, ), with m; € RS,(LS;), m} €
RS, (£S;) (i =1,...,K).

Then: z|p = z'|p (obvious), m;|m,u.. uHxUB = 2
(by definition of RS,(£S;)) and m}|g,u..uHcuB =2
(by definition of RS,/ (£S;)).

Since m;|p, = m}|p, (obvious) and places H; are

implicit in £S;, m;|g, = mj|m,. Therefore, z|g, =
2, i=1,... K.
Then, z = z’ and the result follows. O

Concerning the example, Table 1 lists the reach-
ability set of the DSSP of Figure 1, that consists of
26 states, v;. Table 2 lists instead the reachability
sets of BS (z;), £LS1 (x;), and LS» (y) respectively,
where for each state of LS (£S2) we have indicated
the partition RS,(£S1) (RS(L£S2)) to which the state

RS of § RS of §
vy | al, bl, cl vis | al, cl, b2
vy | al, bl, c6 vis | a4, c3
vy | al, bl, c5 vig | a4, cl, b2
vy | a4, bl, cl vi7 | al, b2, c6
vs | al, c7 vis | al, b2, ¢cb
ve | a4, bl, c6 vig | a4, b2, c6
vy | a4, bl, c5 voo | a4, b2, cb
vg | al, c2 vor | a3, cl
vg | al, c4 vao | a3, cb
Vio | a4, c7 vo3 | a3, ¢cb
vi1 | a4, c2 Vo | @2, cl
Vi2 al, c3 Va5 32, cb
viz | a4, c4 vog | a2, ¢cb

Table 1: RS of the DSSP of Figure 1.

RS of BS
RS of LS2

z Al4, C56, bl
Z2 Al4, C34 yi Al4, b1, c1, C56 Z
z3 | Al4, C56, b2 y2 | Al4,b1,¢6, C56 | z
Z4 A23, C56 ys3 Al4, bl, c5, C56 Z1
RS of LS Ya Al4, c7, C34 Zo
ys A14, C2, C34 z2
X1 al, bl, C56, Al4 Z Y6 Al4, c4, C34 Zo
X2 a4, bl, C56, Al4 Z y7 Al4, c3, C34 Zo
x3 | al, C34, Al4 Z2 ys | Al4, b2, cl, C56 | zs
X4 34, C34, Al4 z2 Yo A14, b2, C6, C56 z3
X5 al, b2, C56, Al4 z3 Yo A14, b2, C5, C56 z3
X6 a4, b2, C56, Al4d Z3 NAKS A23, Cl, C56 Za
X7 a3, C56, A23 Za Yi2 A23, C6, C56 Za
). €33 32, C56, A23 Zg Yi3 A23, c5, C56 Zg

Table 2: RS’s of the DSSP of Figures 3, 4, and 5.

belongs (third column). The elements of the partition
are identified by the corresponding high level marking
in BS. As proved above

RS(S)C | {zls} xRSL(LS1)|p, X RSL(LS2)|r,

ZERS(BS)

and in this case we actually have an equality. As an
example consider the case of z = z;: then the cross
product of RS,(L£S;) = {xi1,x2} (markings of £S)
and RS,(LS3) = {y1,y2,y3} (markings of LS3) pro-
duces the states of PS: vy, vsa,v3, vy, vg, and vy.

It is important to remember that in general
PS(S) # RS(S) even for live and bounded DSSP; un-
reachable states may be present in systems in which
there is a global sequentialization that enforce a non
local order in the firing of the transitions of a single
component.

4 The structured solution of St-DSSP

In this section we define the infinitesimal generator
of a St-DSSP system in terms of matrices derived from
the infinitesimal generator of the £S; systems.



Let Q be the infinitesimal generator of a St-DSSP.
We can rewrite Q as

Q=R-A M)

where A is a diagonal matrix and Afi,i] =
21z Qli, k]. The same definitions hold for the £S;
components, for which we can define

Q;:=R; — A;

If we arrange the order of states according to the
high level state z, then we can describe the matri-
ces Q and R (respectively, Q; and R; ) in terms
of blocks (z,z'), of size |RS4(S)| - |[RSz(S)| (respec-
tively, |RSL(L£S;i)| - RSz (£S;)]). We shall indicate
with Q(z,2z') and R(z,2') (Q;(z,z') and R;(z,2'), re-
spectively) such blocks.

Blocks R;(z,2z') with z = 2z’ have non null entries
that are due only to the firing of transitions in T; \
TI (internal behaviour), while blocks R;(z,z') with
z # 7' have non null entries due only to the firing of
transitions in TL

Let TI,, with z # z', be the set of transitions
t € TI such that z—tsz' in the basic skeleton BS.
From a matrix R;(z,2'), with z # 2z’ we can build
additional matrices K;(t)(z,z'), for each t € TI, ,,
according to the following definition:

1 ifm-tym’
Ki(t)(z,2')[m, m'] = { 0 other_wi)se

where m and m' are two of the states with a high level
view equal to z and z’ respectively: m|y,u.. v UB =
z, and m'|g,u...uH,UB = Z'

We can now build the following matrices G(z,z')
of size |PS,(S)| - |PSz (S)|:

G(z,2) = DX Ri(z2)

(2)
K
Glzd) = Yen,, vlH) @, Ki(t)(z2)
The following theorem states that a St-DSSP sys-
tem can be solved for the steady-state distribution us-
ing the G matrix defined by the G(z,z) and G(z,z')
blocks of equation (2).

Theorem 9 Let define a St-DSSP S =
(PLU...UPgUB,T1U...UTk,Pre,Post, mg,w),
Q its infinitesimal generator, LS; its low level systems
(i=1,...,K), and BS its basic skeleton. Let R be
the matriz defined by equation (1), and G the one
defined by equations (2). Then:

1. Vz and z' € RS(BS): R(z,Zz') is a submatriz of

G(z,2').
2. Vm € RS(S) and Ym' € PS(S) \ RS(S)
G[m,m'] = 0.

Proof:

In all cases in which m is a reachable state of RS(S) we
know, by Theorem 8, that m can be rewritten in terms
of the places of the single automata, of the buffers, and
of the implicit places, as:

m=1,...,1g,b,H
where 1; =1|p,, b = z|p, and H = z|y,u...un, , which
implies that m has been obtained from the product of
the K local states 1;, b, H, for i € {1,..., K'}.

We first prove that:

Vm,m' € RS(S): Rm,m'|=p = Gm,m'| =u

(since from m and m' the high level states z and z' are
uniquely determined, we usually omit the specification
of z and z’). Considering that S and £S have the same
behaviour, and the same set of states, for notational
convenience we use £S instead of S, and we therefore
prove that

Vm,m' € RS(£S): Rmym'| =y = Gm,m'| =

Case z = z': if the high level view is the same, then
the change of state from m to m’' can only be due
to internal transitions (i.e., not belonging to TI), thus
belonging to a single automata SM;. But, by defi-
nition of @, G(z,z) expresses the independent com-
position of the stochastic processes represented by the
R;(z,z), which is exactly the behaviour of £LS; system
due to transitions local to SM; (transitions belonging
Case z # z': if the high level view is different, the
change of state from m to m’ can only be due to tran-
sitions in TI. Let ¢ be such a transition and assume,
for the time being, that there is only one, so that
w=w(t). If t is a transition in the interface, then its
enabling depends on the marking of the buffer places,
and on the places of a single automata.

If ¢ is enabled in m, then ¢ is enabled in
each (L;,b,H) state of the K LS; systems, and
in each LS; system produces a change of state
;,,b,H %y 1,b',H. By definition of K;(t)(z,z')
we have that K;(t)(z,z')[m;,b,H] = 1, Vi, and by
definition of @) there is a 1 in the corresponding entry
of ®fi1 K;(t)(z,2z"), and therefore a value of w(t) in
the G(z,2z') matrix.

In the expression of G(z,z') the situation in which
more than one transition realizes the same change of



state is accounted for by the summation over all tran-
sitions in TI, ,.

We now prove the second part of the theorem, that
can be rewritten, in terms of £S, as:

Vm € RS(£S),Vm' € PS(S) \ RS(£S) : G[m, m'] = 0

As in the previous case, from m and m’ the high level
states z and z’ are uniquely determined, and we con-
sider for m and m’ the same decomposition in terms
of state machines, buffers, and implicit places.

We prove this part by contradiction, assuming
that G[m,m’'] # 0, which can be rewritten as:
G[(L,...,1x,b,H),(13,..., 1%, b’ H)] £ 0.

Case z = z': by definition of €, G[m,m'] # 0
implies that there exists exactly one index i such
that R;(z,2)[(1;,b,H), (1;,b,H)] # 0, but since this
change of state can be due only to the 1; portion of
the state (since the high level view z does not change),
then R;(z,z)[(L;,b,H),(1},b,H)] # 0. Therefore
there must be a transition ¢ € T; \ TI which is en-
abled in state (1;, b, H) of LS;, but then ¢ is enabled
also in state m = (1,...,1x, b, H), and its firing pro-
duces m' = (1,...,1},...,1x, b, H), thus making m’
is reachable in €S, which contradicts the hypothesis.
Case z # z': by definition of ), G[m, m'] # 0 implies
that there exists a ¢t € TI such that, for all indices i,
K;(®)[(L;,b,H),(1;,b’,H')] = 1, but then ¢ is enabled
in state m of £S, and its firing will exactly produce
the state (1}, ..., 1, b’, H'), thus making m’ is reach-
able in £8, and therefore in S, which contradicts the
hypothesis. &

As a consequence the steady state distribution of
a St-DSSP system can be computed using the G ma-
trices given in equations (2). Indeed, as is the Super-
posed GSPN case [11], if we apply an iterative solution
method for w - G = 0, and if the initial probability
vector assigns a non-null probability only to reachable
states, for example by assigning a value of 1 to the
initial marking, then by the second item of the above
theorem we never assign a non-null probability to a
non reachable state.

Coming back to the example, we can order states in
RS(S) according to their projection over BS, so that
R can be written in block structured form as:

R(zl,zl) R(Z17Z2) R(Zl,Z3) R(Z17Z4)

R(z2,21) | R(z2,22) | R(z2,23) | R(z2,24)

R(z3,21) | R(z3,22) | R(z3,23) | R(z3,24)

R(Z4,Z1) R(Z4,Z2) R(Z4,Z3) R(Z4,Z4)

By definition of St-DSSP only interface transitions
contribute to R(z;,z;), when i # j, while only inter-
nal transitions contribute to R(z;,z;). Let us consider
in more detail blocks R(z1,21) and R(z;,22): we ex-
plicitly write in the matrix the state identifier for rows
and columns as pairs of states of £LS; and LS. For
example the second row corresponds to state vo of

RS[(;?, which is obtained as composition of state x;
of 1 and state ys of £LS,.
R(z1,21) =
X1, x1,| X1, X2, | X2, | X2,
il yzl y3| yil y2| v3
X1,¥1 w(Tiz) w(Ti2) w(Ta2)
X1,¥2 w(Taz)
X1,¥3 w(T'az)
X2,¥1 w(T13) w(l12)
X2,y?2
X2,¥3
R(z1,2z2) =
x3,|  x3,] x3,| x3,] x4, Xa,| xa,] x4,
val  ysl vel yrl  yal ys|l vel y7
X1,¥1
x1,y2 |w(ls)
X1,Y3 w(ls)
X2,¥1
X2,Y2 w(le)
X2,Y3 w(ls)

The only non null element of R;j(z1,z1) is
Ri(z1,21)[x1,%x2] = w(Taz), while the only non
null elements of Ry(z1,2;) are: Ro(z1,21)[y1,y2] =
w(T13) and Ro(z1,21)[y1,ys] = w(T12).

The change of state from z; to z; can be due only
to transition I3 and Ig, we therefore only build ma-
trices Ki(l3)(z1,22), K2(I3)(21,22), Ki(ls)(21,22),
and Kz([ﬁ)(zl,ZZ). Kl (Ig)(Zl, Zz) and Kl (Ig)(Zl, Zz)
are indentity matrices. Ko(I3)(z1,22)[ys,ys5] = 1
and the other elements of Ky(I3)(z1,2z2) are null.
K2 (Is)(21,22)[y2,y4] = 1 and the other elements of
K2 (I)(21,22) are null.

According to equations (2) we get:

G(z1,21) = Ri(z1,21) ® Ra(z1,21)
G(z1,22) = w(l3)(K1(I3)(21, 22) ® Ka(I3) (21, 22)) +
w(ls)(Ki(ls)(21,22) ® Ka(Is)(21,22))

Since PS(S) = RS(S), then G(z1,21) = R(z1,21)
and G(z1,22) = R(z1, 22).



5 Conclusion

Exact performance evaluation of a modular class
of PN’s has been addressed. The considered modular
class, DSSP, allows an efficient investigation of quali-
tative properties that are interesting before going to-
wards the performance analysis. Among them, it can
be pointed out that live and bounded DSSP are well
characterized [17, 19], leading additionally to the ex-
istence of home state [18] that for the given stochastic
interpretation produces ergodic models.

The quantitative analysis is based on a tensor al-
gebra asynchronous approach, following [3, 4]. Some
ideas on net decomposition that were used in [5, 15] for
approximate performance evaluation are incorporated
here for the exact analysis. The use of aggregated
views of the original system, like the basic skeleton,
allows a compositional way of computing the exact
steady-state distribution.

Indeed the rule presented here is not the only pos-
sible: the characteristics that a reduction rule has to
fullfil is that the states of the corresponding high level
system must induce a partition on the reachability sets
of the low level systems. This is straighforward in all
those cases in which the low level system and the ag-
gregated view can co-exist in the same net (as it is
indeed the case in our reduction). For example the
extreme case in which BS is equal to S (no aggrega-
tion, the BS contains exactly the same behaviour of S)
in general leads to dead £S; on the other extreme the
“most abstract” rule, that aggregates all local subnets
into a common place with appropriate initial mark-
ing, may lead to a BS in which all combinations of
interface transitions are legal firing sequences, so that
there is no point in using the BS at all.

What is the complexity of the proposed approach
with respect to the straightforward solution of the St-
DSSP system? There are clearly limit cases: for ex-
ample if all transitions are interface transitions (the
system is tightly coupled), then § = BS = LS;, and
it makes no sense to apply this method.

The computational cost to solve a St-DSSP is the
sum of the cost to build the RG, the cost to compute
the associated CTMC, and the cost of solving the char-
acteristic equation 7 - Q = 0. The proposed method
has instead a cost that is due to: the construction of
the K + 1 auxiliary models, the construction of the
RG; of each auxiliary model, the construction of the
R;(z,2z') and K;(t)(z,z') matrices (that may include
a re-ordering of the states in the reachability sets), the
cost of solving the characteristic equation 7w - G = 0,
when G is expressed as in equation (2). It is clear that
the advantages/disadvantages of the method depend

on the relative size of the reachability graphs of S, BS,
and LS;.

The storage cost of the classical solution method
is due to the storage of vector 7 of size |[RS(S)|, and
of matrix Q. Usually Q is stored in sparse form, so
that, disregrading the diagonal, its occupation is of
the same order as the number of arcs in the RG(S).
The storage cost of the proposed approach is instead
that of a vector 7 of size |PS(S)|, and of a number of
matrices, all stored in sparse form: the total number of
non-null elements, disregarding the diagonal, is of the
same order as the sum of the number of arcs in the K
reachability graphs RG;(L£S;). It is actually possible
to use a vector 7 of size |RS(S)|, by paying an over-
head in computational times, following the technique
proposed in [13].

The difference between the number of arcs in
RG(S) and the sum of the number of arcs in the K
RG;(LS;) is what makes the method applicable in
cases in which a direct solution is not possible, due
to the lack of memory to store Q.

Despite the fact the asynchronous and synchronous
approaches for a tensor algebra solution of GSPN’s
have been presented in the literature as different meth-
ods, in a way they are not. Indeed in the DSSP
case we can build a Superposed GSPN system (syn-
chronous approach) by simply superposing the K £LS;
systems: we get a potential state space PS(S) that is
bigger than the one obtained with the asynchronous
approach, but it is still possible to iteratively compute
the correct steady-state solution, if a non-null proba-
bility is assigned only to a (some of the) reachable
state(s).

In a way, we can consider the technique based on
the basic skeleton as a method to use high level infor-
mation to cut from PS(S) states that are not reach-
able, and consequentely, from the G matrix, rows and
columns that correspond to non-reachable states. The
price we have to pay is a more complex expression
for the supermatrix of the infinitesimal generator, and
therefore a more complex storage scheme for the ma-
trices.
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