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Abstract

This paper addresses the improvement of throughput upper bounds for live and
bounded stochastic Petri nets� presented by the authors in previous works� The intro

duction of a greater amount of structural information� traps and implicit places� allows
to improve the bounds using linear programming problems de�ned on the net structure�
on the routing probabilities� and on the mean service time of transitions� The obtained
bounds can be applied for the analysis of manufacturing systems modelled by means
of stochastic Petri nets� An example is presented and evaluated using the introduced
techniques�

� INTRODUCTION

Timed and stochastic Petri nets constitute an adequate model for the evaluation of
performance measures of concurrent and distributed systems �see� e�g�� 
	� �� �� ���� Nev

ertheless� one of the main problems in the actual use of these models for the evaluation of
large systems is the explosion of the computational complexity of the analysis algorithms�
The computation of upper bounds for the throughput of transitions� de�ned as the

average number of �rings per time unit� is considered in this paper� Previous results

�� �� ��� based only on the net structure� on the routing probabilities� and on the mean
values of the service time of transitions� are newly interpreted and improved� with the
introduction of more information from the net structure� traps and implicit places�
We assume the reader is familiar with the structure� �ring rule� and basic properties of

net models �see 
�� for a survey�� Let us recall some notation here� N � hP� T� Pre� Posti
is a net with n � jP j places and m � jT j transitions� If the Pre
 and Post
incidence
functions take values in f�� 	g� N is said to be ordinary� PRE� POST � and C � POST�
PRE are n � m matrices representing the Pre� Post� and global incidence functions�
Vectors Y � �� Y T � C � � �X � �� C � X � �� represent P
semi�ows� also called
conservative components �T
semi�ows� also called consistent components�� The support of
P
semi�ows �T
semi�ows� is de�ned by jjY jj � fp � P jY �p� � �g �jjXjj � ft � T jX�t� �
�g�� A �P
 or T
� semi�ow I has minimal support i� there exist no other semi�ow I � such
that jjI �j � jjIjj� A �P
 or T
� semi�ow is canonical i� the greatest common divisor of its
components is 	� A �P
 or T
� semi�ow is elementary i� it is canonical and has minimal
support� M �M�� is a marking �initial marking�� With � we represent a �ring sequence�
while �� is the �ring count vector associated to �� If M is reachable from M� �i�e�� �� s�t�



M�
�iM�� then M � M� � C � �� � � and �� � �� The reachability set R�N �M�� is the
set of all markings reachable from the initial marking� L�N �M�� is the set of all �ring
sequences and their su�xes in hN �M�i� L�N �M�� � f�jM 
�i with M � R�N �M��g�
State machines are ordinary nets such that 	t � T � j�tj � jt�j � 	� Marked graphs

are ordinary nets such that 	p � P � j�pj � jp�j � 	� Free choice nets are ordinary nets
such that 	p � P � jp�j � 	
 ��p�� � fpg� Simple nets are ordinary nets such that each
transition has at most one shared input place� i�e�� 	t � T� jfp � �t � jp�j � 	gj � 	� The
previous net subclasses are characterized by local structural properties� The following is
a net subclass characterized by a global structural property� mono
T
semi�ow nets are
nets having only one minimal T
semi�ow�
The introduction of a timing speci�cation is essential in order to use Petri net models

for performance evaluation of distributed systems� We consider nets with deterministically
or stochastically timed transitions with one phase �ring rule� i�e�� a timed enabling �called
the service time of the transition� followed by an atomic �ring� The service times of
transitions are supposed to be mutually independent and time independent�
In order to avoid the coupling between resolution of con�icts and duration of activities�

we suppose that transitions in con�ict are immediate �they �re in zero time�� Decisions
at these con�icts are taken according to routing rates R associated with immediate tran

sitions �generalized stochastic Petri nets 
���� In other words� each subset of transitions
ft�� � � � � tkg � T that are in con�ict in one or several reachable markings are considered
immediate� and the constants r�� � � � � rk � IN

� are explicitly de�ned in the net interpreta

tion in such a way that when t�� � � � � tk are enabled� transition ti �i � 	� � � � � k� �res with
probability �or with long run rate� in the case of deterministic con�icts resolution policy�
ri��

Pk
j�� rj�� Note that the routing rates are assumed to be strictly positive� i�e�� all pos


sible outcomes of any con�ict have a non
null probability of �ring� This fact guarantees
a fair behaviour for the non
autonomous Petri nets that we consider�
Throughout the paper we consider a simpli�ed version of the following manufactur


ing example in order to illustrate the computation of performance measures and their
corresponding improvements introduced here� Let us consider a �exible manufacturing
system consisting of two production cells� Both of them manufacture two same kinds of
parts� O� and O�� but in di�erent sites and with di�erent processes P� and P�� Process P�
manufactures a proportion of q of the overall production and P� �	� q�� The last step in
the FMS consists of an assembly operation of one part O� and one part O� available in the
assembly station input stores� The duration of assembly operation is s� time units� Pro

cess P� starts with a loading operation of raw materials that are conveyed to the inputs of
machines M� and M�� respectively� The machine M� produces� after s� time units in av

erage� a part of type O� that is conveyed to the input of the assembly station� In a similar
way� machine M� consumes s� time units in average for producing a part of type O� that
later is put in the input of the assembly station� Process P� works in an analogous way
but in this case the production of parts O� and O� is done on the machines M� and M��
The average service times of these machines are s� and s�� respectively� The transport of
raw materials to the inputs of machines of a process is provided by a guided vehicle� The
time consumed by the transport is negligible with respect to the manufacturing times�
The �nished parts are put by the producer machines in two stores� one for each part

class� These stores are the inputs for the assembly station� The consumed time to store
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Figure 	� A �exible manufacturing system�

the parts is also negligible with respect to the manufacturing times� Finally� the same
conveyor that transports the raw materials is used for conveying the assembled product
to an unloading station� The Petri net that models the above described FMS is depicted
in �gure 	� The dashed lines correspond to the transport of raw materials to the inputs
of machines and the movement of vehicles towards the assembly station� The shaded
arcs limit the capacity of machines to 	� Because of the lack of space� in the paper we
consider a simpli�ed version of the net in �gure 	� that is presented in �gure ��a� The
simpli�cations arise from considering negligibles the duration times of operations LOAD�
M�� M�� and transport� and from considering a safe �	�bounded� net system�
The paper is organized as follows� In section �� an inequality derived from the Little�s

law is presented as a tool to derive throughput upper bounds of transitions of �live and
bounded� stochastic Petri nets� In order to do that� linear marking relations are used� A
structural family �i�e�� computable from the net structure� of linear marking relations is
presented in section ��	� and two of this kind of relations� derived from P
semi�ows and
traps� are used in sections ��� and ��� for the computation of bounds� These bounds are
valid for all distribution functions de�ning the service time of transitions� and they are
based on the knowledge of the mean values of those distributions� In section �� the bounds
obtained using traps are reinterpreted using implicit places� Moreover� their introduction
increases the number of P
semi�ows� thus performance bounds improvements can be
expected� Finally� it is shown that the introduction of implicit places improves also the
traps
based bounds� Conclusions are summarized in section ��



sc marked graphs �v	i
 � 		 �constant�
mono
T
semi�ow nets �v	i
 � �v	i
�N �
LB free choice nets �v	i
 � �v	i
�N �R�
simple nets �v	i
 � �v	i
�N �M��R� �s�

Table 	� Relative �ring frequency vector and net subclasses�

� LITTLE�S LAWAND STRUCTURAL LINEARMARKINGRELATIONS

FOR STOCHASTIC PETRI NETS

In this work� we consider stochastic �or deterministic timed� as a particular case� live
and bounded Petri nets as synchronized queueing networks 
�� 	�� and apply Little�s result

		� to each place of the net� Let us denote M�pi� the limit average number of tokens at
place pi� ��

� the limit vector of transition throughputs� and R�pi� the average time spent
by a token within the place pi �response time at place pi�� Then the above mentioned
relationship can be stated as follows�

M�pi� � �PRE
pi� � ��
��R�pi� �	�

where PRE
pi� is the i
th row of PRE� thus PRE
pi� � ��� is the output rate of place pi�

The conditions under which equation �	� holds are very weak� thus this equation is
widely applicable� In this work we consider the steady
state behaviour of stochastic Petri
nets� under weak ergodicity assumption for the �ring and the marking processes 
�� ���
Weak ergodicity of a process is considered instead of the usual strong ergodicity concept

	�� because this one creates problems when we want to include the deterministic case as
a special case of a stochastic model� In particular� the marking and the �ring processes
of a stochastic net are said to be weakly ergodic if the following limits exist�

M � lim
t��

	

t

Z t

�
M���d� 	 ��� ��� � lim

t��

���t�

t
	 �� ���

M and ��� are called the limit average marking and the limit throughput vector�
respectively�
In the study of distributed systems� Little�s law is frequently used when two of the

related quantities are known and the third one is needed� This is not exactly the case
here� In this case� R�pi� and M�pi� are unknown� while information about ��

� can be
easily computed only for interesting net subclasses� In e�ect� here we consider those
stochastic nets whose relative �ring frequency vector �v	i
 � �i��

� �or vector of visit ratios
to transitions� provided its normalization for a ti� i�e�� �i � 	����i � can be computed in
an e�cient way from the net structure N and from the relative frequency of con�ict
resolutions R �i�e�� the routing probabilities associated with decisions�� This is the case�
for instance� for strongly connected marked graphs� live and bounded mono
T
semi�ow
nets� and live and bounded free choice nets �see table 	�� Unfortunately� for simple nets�
the relative �ring frequency vector depends also on the initial marking M� and on the
service times �s of transitions 
���



The response times at places R�pi� are unknown� In fact� they can be expressed
as sums of the waiting times due to the synchronization schemes and the service times
associated with transitions� and only service times are known� si� i � 	� � � � � m� Thus the
response times can be lowerly bounded from the knowledge of the average service times�
and the following system of inequalities can be derived from �	��

�iM � PRE � �D	i
 ���

where �D	i
 is the vector of average service demands of transitions� with components
�D	i
�tj� � sj�v

	i
�tj�� and �i is called the mean cycle time for transition ti �i�e�� the in

verse of its throughput��
A goal of this paper is the computation of lower bounds for the mean cycle time �i

of transitions ti �i�e�� average time between two consecutive �rings of ti�� based on the
inequalities ���� Since the limit average marking M is unknown� linear marking relations
derived from the underlying net will be considered to achieve this goal�

ZT �M � k� 	M � R�N �M��� with Z �n � ���

Linearity is required in the above relation because� taking into account the de�nition
of the limit average marking� a similar inequality can be derived for M �

ZT �M � lim
t��

	

t

Z t

�
ZT �M���d� � lim

t��

	

t

Z t

�
k � k ���

In this case� the �unknown� vector M can be substituted in ���� premultiplied by Z�
obtaining�

�i � �Z
T � PRE � �D	i
��k ���

�if k � �� and so �i is a lower bound for the mean cycle time of ti�
An additional advantage can be taken of the use of linear relations� since this linearity

will lead� in most cases� to polynomial complexity calculations� based on linear algebra and
linear programming techniques�

��� Structural linear marking relations

A �rst family of linear marking relations is obtained considering those being struc�
turally characterized� These are stronger conditions than those expressed by inequality
��� �behaviourally de�ned�� but they provide easier and more e�cient techniques for their
manipulation� Structural linear marking relations can be expressed using the incidence
matrix C of the net�

a� Y T � C � �� Y � � �
 	M�� 	M � R�N �M�� � Y
T �M � Y T �M� ���

b� ZT � C �� �� Z � � �
 	M�� 	M � R�N �M�� � Z
T �M � ZT �M� ���

c� ZT � C �n �� Z � � �
 	M�� 	M � R�N �M�� � Z
T �M � ZT �M� ���

Let us consider �rstly the equation ���� Vectors Y � � verifying this equation are
called P�semi�ows� and they have been used for the computation of throughput upper



bounds by premultiplying the inequality ��� �see 
�� �� ���� The obtained results using P

semi�ows as well as their limitations for the computation of reachable �i�e�� tight� bounds
for some nets subclasses are summarized in the next section�
Regarding structural linear inequality relations for the reachable markings of a marked

Petri net� vectors Z � � verifying ��� could be considered� Premultiplying the state
equation of the net by such vectors� the following sequence of inequalities is obtained for
each sequence of successor markings� and for all initial marking M��

ZT �M� � � � � � ZT �Mi�� � ZT �Mi � ZT �Mi�� � � � � �	��

Moreover� ZT � C 
� � implies that there exists �at least� a transition tj such that
ZT �C
tj� 	 �� and if Mi
tjiMi�� then Z

T �Mi � ZT �Mi�� in the sequence of inequalities
�	�� �i�e�� strict inequality�� But in this case the net cannot be live �because if it was
live then transition tj could be �red an in�nite number of times� an in�nite number of
strict inequalities would appear in �	��� and this is impossible if the initial marking is
�nite�� Thus linear inequalities of the form ZT � C �� � are not usefull for us� because no
steady
state is possible �ring �at least� the transition tj�
Non
negative vectors satisfying the inequality ���� ZT � C �n � cannot be used directly

for the substitution of M in ��� �because they give inequalities in the other direction��
Nevertheless� P
semi�ows Y could be considered such that Y �Z � �� and this is always
possible for structurally live and structurally bounded nets� since they are conservative
�see� e�g�� 
����

�Y � Z�T � C � Y T � C� �z �
�

�ZT � C �� � �		�

Then the trick of premultiplying inequality ��� by Y � Z could be used� obtaining�

�i �
�Y � Z�T � PRE � �D	i


�Y � Z�T �M�
�	��

Unfortunately� the existence of such vectors Z for live nets would imply unboundedness
of the marking of places �see� e�g�� 
��� and we are not considering this case�
Alternatively� other linear marking inequalities of the form Y T

� �M � 	� for all �non

transient� marking M can be derived considering vectors Y� � � having a trap  as
support� Traps are sets of places which remain marked once they have gained at least
one token� This structural concept can be used to improve the throughput upper bound
computed by means of Little�s law and P
semi�ows� as it is explained in section ����

��� Little�s law and P�semi�ows

Considering P
semi�ows Y and using relation ���� the following lower bound for the
mean cycle time of a given transition ti can be derived�

�i � max
Y �fP�semiflowg

Y T � PRE � �D	i


Y T �M�
�	��

The previous lower bound can be formulated in terms of a fractional programming
problem and later� after some considerations� transformed into a linear programming
problem �LPP� in the sequel��
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Figure �� �a� A live and safe free choice net with an implicit place p� and �b� its
behaviourally equivalent safe marked graph for deterministic resolution of con�ict and
q � 	���

Theorem ��� 
�� For any net� a lower bound for the mean cycle time �i of transition ti
can be computed by the following LPP�

�i � maximize Y T � PRE � �D	i


subject to Y T � C � ��Y T �M� � 	�Y � �
�	��

If the solution of the above problem is unbounded� since it is a lower bound for the
mean cycle time of transition ti� the non
liveness can be assured �in�nite cycle time�� If the
visit ratios of all transitions are non
null� the unboundedness of the above problem implies
that a total deadlock is reached by the net� This result has the following interpretation�
if the problem �	�� is unbounded then there exists an unmarked P
semi�ow� and the net
is non
live�
The advantage of theorem ��	 lies on the fact that the simplex method for the solution

of LPP�s has almost linear complexity in practice� even if it has exponential worst case
complexity� In any case� algorithms of polynomial worst case complexity can be found in

	���
For strongly connected marked graphs� the bound derived from theorem ��	 has been

shown to be reachable for arbitrary mean values and coe�cients of variation associated
with transition service times 
��� Unfortunately� this is not the case for more general net
subclasses� Let us consider� for instance� the live and safe free choice net in �gure ��a
without place p�� Let s� and s� be the mean service times associated with t� and t��
respectively� Let t�� t�� and t� be immediate transitions �i�e�� they �re in zero time�� Let
q� 	 � q � ��� 	� be the probabilities de�ning the resolution of con�ict at place p�� The
relative �to t�� �ring frequency vector is �v

	�
 � �q� 	 � q� q� 	 � q� 	�T � The elementary
P
semi�ows are Y� � �	� 	� �� �� 	�

T and Y� � �	� �� 	� 	� ��
T � Then� applying the problem

�	�� to this net� the following lower bound for the mean cycle time of transition t� is
obtained� �� � maxfqs�� �	 � q�s�g� while the actual cycle time for this transition is
�� � qs�� �	� q�s�� independently of the higher moments of the probability distribution
functions associated with transitions t� and t�� Therefore the bound given by theorem ��	
is non
reachable for the net in �gure ��a�



��� Little�s law and traps

A trap in a Petri net N is a subset of places  � P such that  � � � � A well
known
property of these structural elements is recalled now�

Theorem ��� 
	�� Let hN �M�i be a marked Petri net and  � P a trap� If  is initially
marked� then  is marked throughout the net�s evolution�

This property can be expressed in algebraic terms considering the vector Y� associated
with a given trap  � and de�ned as Y��p� � ���p� �we denote by �� the characteristic
function of the set  � i�e�� ���p� � 	 if p �  � and ���p� � � otherwise�� The next
inductive invariant is true� if Y T

� �M� � 	 then Y T
� �M � 	 for all reachable marking M �

Let us consider the vector Y� associated with a trap  of a net� and a P
semi�ow
Y such that Y � Y� � � �it always exists for conservative nets�� The following linear
relations can be derived for all reachable marking M and for M �

�Y � Y��
T �M � Y T �M� � 	 �	��

�Y � Y��
T �M � Y T �M� � 	 �	��

Premultiplying inequality ��� by Y � Y�� a lower bound for �i is derived�

Theorem ��� For any net N and for any trap  of N � a lower bound for the mean cycle
time �i of transition ti is given by�

�i � maximize
�Y � Y��

T � PRE � �D	i


Y T �M� � 	
subject to Y T � C � ��Y � Y� � ��Y��p� � ���p�

�	��

Going back to the net in �gure ��a� the unique minimal trap di�erent from the P

semi�ows is  � fp�� p�� p�g� Considering the P
semi�ow Y � ��� 	� 	� 	� 	�T � we have
Y � Y� � �	� �� �� 	� 	�

T � and theorem ��� can be applied� �� � qs���	� q�s�� Therefore
the bound obtained in section ��� using only P
semi�ows has been improved �in fact the
bound computed now coincides with the actual cycle time��
In order to explain in an intuitive way �with the example� the reason of the previous

improvement� let us derive a behaviourally equivalent safe marked graph 
	�� ��gure ��b
without places p� and p��� for the safe free choice net of �gure ��a without place p��
assuming for the sake of simplicity that the resolution of con�ict at place p� is deterministic
with q � 	�� �i�e�� transitions t� and t� �re once each one� alternatively�� The lower
bound for the mean cycle time of this marked graph based on theorem ��	 �i�e�� using
the P
semi�ows� is �MG � s� � s� �in fact it is reached� and corresponds to the circuit
hp�� p�� p�� p

�
�� p�� p

�
�i� Since transition t� appears instantiated twice in the marked graph�

the obtained bound for the cycle time of this transition is �� � �s��s����� In the original
free choice net there does not exist any minimal P
semi�ow including both p� and p� in
its support� thus the previous bound is not obtained�
In the next section we recall the concept of implicit place� It allows us to reinterpret the

improvement of the upper bound on throughput using the P
semi�ows of a behaviourally
equivalent net� obtained by adding implicit places� instead of the trap structures in the
original one� Therefore� the application of �	�� to the transformed net can improve our
bounds�



� A NEW PERSPECTIVE	 IMPLICIT PLACES

Let N be a net and N p be the net resulting from adding a place p to N � If M� is an
initial marking of N � Mp

� denotes the initial marking of N
p� i�e�� Mp

� �p
�� �M��p

�� for all
p� 
� p� Given a net hN p�Mp

� i� the place p is implicit 
	�� 	�� 	�� i� L�N p�Mp
� � � L�N �M��

�i�e�� its elimination preserves the �ring sequences��
Implicit places are de�ned according with interleaving semantics of concurrent sys


tems� In order to preserve the behaviour of timed net systems� true concurrency must be
preserved �at least the step semantics�� We consider a step of hN �M�i as a multiset of
transitions such that there exists a reachable markingM that allows to �re simultaneously
all transitions in the multiset�

Proposition ��� 
	�� If p is a sel�oop�free place then p is implicit i� its elimination
preserves the steps of the net system�

In the following we only consider sel�oop
free implicit places� As an example let us
consider once more the net in �gure ��a� Place p� is implicit since its elimination does not
change the �ring sequences of the net�
Implicit places are behaviourally de�ned� The structural counterpart requires that for

allM� of N the place under consideration is implicit for at least one �nite initial marking
�for this place�� These places will be called structurally implicit �SIP��
In 
	�� linear programming techniques are used for deriving necessary and su�cient

conditions for a place to be SIP as well as for computing an upper bound of the minimum
initial marking that makes it implicit�

Theorem ��� 
	��

	� A place p is SIP in N p i� �Y � � such that Y T � C � lp� where C is the incidence
matrix of N and lp is the incidence vector of place p in N p�


� Let p be a SIP� An upper bound of the minimum initial marking Mp
� �p� for which p

is implicit is Mp
� �p� � maxf�� vg� where

v � minimize Y T �M� � 

subject to Y T � C � lp

Y T � PRE
tk� � 
 � pre�p� tk�� 	tk � p�

Y � �

�	��

As it is remarked in 
	��� theorem ��	�� allows to detect SIP�s �p is SIP i� �	�� has a
feasible solution� and implicit places �if the initial marking of p is greater than or equal
to that computed by �	��� in polynomial time�
Now� we reinterpretate the linear marking relations derived from traps using implicit

places� Let us consider again the net in �gure ��a without place p� and its behaviourally
equivalent �for q � 	��� marked graph depicted in �gure ��b without places p� and p���
The elementary circuits �P
semi�ows� of this marked graph are c� � hp�� p�� p�� p��� p

�
�i�

c� � hp�� p�� p��� p�� p
�
�i� c� � hp�� p�� p�� p��� p�� p

�
�i� and c� � hp�� p�� p��� p

�
�i� The circuits c�

and c� correspond to the elementary P
semi�ows of the original net Y� and Y�� respectively�



Thus� these circuits cannot contribute to the improvement of the bound computed for the
original net based on the P
semi�ows� This is not the case for the circuits c� and c��
These circuits add linear information which is not re�ected by P
semi�ows in the original
net� The circuit c� does not include any timed transition and must not be considered� On
the other hand� the circuit c� re�ects the sequentialization of transitions t� and t�� and it
gives the actual cycle time of the net system�
A given elementary circuit of the derived marked graph does not correspond to any

elementary P
semi�ow of the original free choice net when it includes several instances of
a unique transition and each instance has as input �or output� places which are instances
of di�erent original places� This is the case� for example� for the circuit c� of the marked
graph of �gure ��b without p� and p

�
�� It includes instances t� and t

�
� of a unique transition�

and the input places of these transitions in circuit c� are p� and p��� respectively� which
are instances of di�erent original places�
Now� let us increment the number of circuits of the marked graph of �gure ��b� by

adding the places p� and p
�
�� Places p� and p

�
� are replicas of places p� and p

�
�� respectively

�thus they are implicit�� and can be supposed to be di�erent instances of a new �implicit�
place in the original net �place p� of the net in �gure ��a�� The addition of this place
generates a new elementary P
semi�ow Y� � �	� 	� 	� �� �� 	�

T � With this P
semi�ow� the
lower bound for the cycle time computed with problem �	�� is �� � qs���	� q�s�� which
is the same obtained in section ��� using relations derived from trap structures�
Let us remark that the relation between the implicit place p� of the net in �gure ��a

and the trap  � fp�� p�� p�g considered in section ��� is straightforward� lp� � Y T
� � C�

that is� the incidence vector of p� is the sum of those of places p�� p�� and p��
The following linear relation can be derived from the trap  �and the P
semi�ow

Y � Y� � Y���

�Y � Y��
T �M �M�p�� �M�p�� �M�p�� � 	� 	M � R�N �M�� �	��

While this one follows from the new P
semi�ow Y� that includes the implicit place p��

Y T
� �M �M�p�� �M�p�� �M�p�� �M�p�� � 	� 	M � R�N �M�� ����

It can be pointed out that the information given by relation �	�� is included in that
given by the new P
semi�ow �equation ������ because M�p�� � ��
Now� technical details related with the addition of implicit places which improve the

throughput upper bound computed by means of P
semi�ows and traps are considered�
Let us consider an initially marked trap  of a given net N � and its associated vector

Y� de�ned as in previous sections� The following result� which follows from theorem ��	�	�
assures that a structurally implicit place p� associated with  � can be added to N �

Corollary ��� Let  be an initially marked trap of N � Y��p� � ���p�� Y
T
� �M� � 	� and

N p� the net resulting from the addition of place p� with incidence vector lp� � Y T
� �C to

N � Then p� is structurally implicit in N p��

The importance of the previous structural implicit place lies on the fact that� if a
marking makes it implicit �e�g�� the marking given by theorem ��	���� then the lower bound
for the mean cycle time of a transition computed using P
semi�ows of the augmented net
can improve the bounds based on P
semi�ows of the original net �theorem ��	� and on
the trap  �theorem ����� Before to state this result we �rstly present a technical lemma�



Lemma ��� Let  be an initially marked trap of N � Y��p� � ���p�� Let p� be a place
de�ned as lp� � Y T

� �C� Then Y�� 
� � �	 is a feasible solution of the problem �	
� and
Mp�

� �p�� � Y T
� �M� � 
� �place p� is assumed to be pure� i�e�� sel�oop�free��

Proof� Y T
� �C � lp� 
 	t � �p� � Y

T
� �POST 
t��Y T

� �PRE
t� � �pre�p�� t�� Taking into
account that Y� is the characteristic function of a trap we have in the last equality that
Y T
� � PRE
t� � � if and only if Y T

� � POST 
t� � �� Therefore� 	t � �p�� Y
T
� � PRE
t� �

pre�p�� t� and from the problem �	�� we conclude that Y� and 
� � �	 is a feasible
solution� From �	�� we also conclude directly that Mp�

� �p�� � Y T
� �M� � 
� because

Y T
� �M� � 	�

Theorem ��� Let hN �M�i be a marked net�  an initially marked trap of N � Y��p� �
���p�� and hN

p��Mp�
� i the marked net resulting from the addition to the original net of

the structural implicit place p� with incidence vector lp� � Y T
� �C and with Mp�

� �p�� given
by theorem ��	�
�

	� A lower bound �p�i for the mean cycle time �i of transition ti in hN �M�i can be
computed applying theorem 
�	 to the net hN p��Mp�

� i�


� If �PSi and ��i are the lower bounds of �i derived from the direct application of
theorems 
�	 and 
��� respectively� to the original net� then �p�i � �PSi and �p�i �
��i �

Proof� �p�i is a lower bound for the mean cycle time of ti in hN p��Mp�
� i by theorem ��	�

Since p� is implicit� ti has the same mean cycle time in hN �M�i and in hN
p��Mp�

� i�
Then� �p�i is a lower bound for the mean cycle time of ti in hN �M�i�
�p�i � �PSi because if Y is a P
semi�ow of N � then Z � 
Y T j��T is a P
semi�ow of

N p��
Finally� we prove that �p�i � ��i � Let Y be a P
semi�ow of N such that Y � Y� � ��

Then Z � 
�Y � Y��
T j	�T is a P
semi�ow of N p�� Now� applying equation �	�� for �p�i �

�p�i �

�Y � Y��

T j	� � PREp� � �D	i


Y T �M� � Y T
� �M� �Mp�

� �p��
�

�
�Y � Y��

T � PRE � �D	i


Y T �M� � Y T
� �M� �Mp�

� �p��
�

pre�p�� � �D	i


Y T �M� � Y T
� �M� �Mp�

� �p��
��	�

And this value is greater than or equal to that given by equation �	�� in theorem ���
because the second term of the above sum is non negative and the �rst term in the above
sum is greater than or equal to that given by equation �	�� in theorem ��� �take into
account that Mp�

� �p�� � Y T
� �M� � 	� by lemma ��	� and that the denominator is less

than or equal to Y T �M� � 	��
Theorem ����� tells that the addition of implicit places allows to obtain better bounds

than those computed using traps or the P
semi�ows of the original net� The problems
that remain are how to add implicit places �i�e�� which ones allow to improve the bounds�
and when no more improvements are possible with the technique�
In the previous section� the net of �gure ��a without p� has been considered as an

example in which the bound computed using the trap  � fp�� p�� p�g is tight because



it reaches the actual value of the mean cycle time� It is also shown that the same value
can be derived� after the addition of the associated implicit place p�� considering the new
P
semi�ow �	� 	� 	� �� �� 	�T �
Let us consider the same net of �gure ��a without p�� but assuming now that transition

t� is not immediate but timed� with mean service time equal to s�� If problem �	�� is
applied to the net� the following bound is obtained� �PS� � maxfqs� � s�� �	� q�s� � s�g�
If trap  � fp�� p�� p�g and P
semi�ow Y � ��� 	� 	� 	� 	�T are considered� inequality �	��
gives the bound� ��� � qs� � �	 � q�s�� If the implicit place associated with  is added
to the net� theorem ��� gives the bound� �p�� � qs� � �	� q�s� � s� �for the P
semi�ow
�	� 	� 	� �� �� 	�T�� which improves both �PSi and ��i � and� in fact� it gives the actual cycle
time of transition t� �i�e�� it is tight�� Note that� in this case� the improvement is due to
the non
null second term of the expresion ��	��
Finally� for the original net of �gure 	� if sl� s�� s�� s�� s�� sass� sul are the average service

times of transitions LOAD� M��M��M��M�� ASSEMBLY� UNLOAD� the application of
problem �	�� �based on P
semi�ows of the original net� gives the bound�

�ul � maxf ��qsl � qs� � qs����� ���	� q�sl � �	� q�s� � �	� q�s�����
�qsl � �	� q�sl � qs� � �	� q�s� � sass � sul����
�qsl � �	� q�sl � qs� � �	� q�s� � sass � sul���g

If implicit places p� and p� are added� with
�p� � fM��M�g� p�� � fASSEMBLYg�

�p� � fM��M�g� and p
�
� � fASSEMBLYg� the application of theorem ��� gives the value�

�ul � maxf ��qsl � qs� � qs����� ���	� q�sl � �	� q�s� � �	� q�s�����
�qsl � �	� q�sl � qs� � �	� q�s� � sass � sul����
�qsl � �	� q�sl � qs� � �	� q�s� � sass � sul����
�qsl � �	� q�sl � qs� � �	� q�s� � sass � sul����
�qsl � �	� q�sl � qs� � �	� q�s� � sass � sul���g

And this bound improves the previous one� because two new P
semi�ows have been
considered�


 CONCLUSIONS

We have addressed the problem of computing upper bounds for the throughput of
transitions in Petri net models �or the corresponding synchronized queueing networks��
using only the net structure� the routing probabilities� and the mean service time of
transitions�
Until now� only P
semi�ows had been used from the net structure in order to compute

such bounds� In this paper� other structural linear marking relations have been considered
and� in particular� traps have been used for the computation of better bounds� Parallelling
the improvements for the analysis of qualitative properties in 
	��� implicit places have
been shown to be an interesting tool for the improvement of structure
based performance
bounds�
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