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Abstract

We use operational analysis techniques to partially

characterize the behaviour of timed Petri nets un�

der very weak assumptions on their timing semantics�

New operational inequalities are derived that are typ�

ical of the presence of synchronization and that were

therefore not considered in queueing network models�

We show an interesting application of the operational

laws to the statement and the e�cient solution of prob�

lems related to the estimation of performance bounds

insensitive to the timing probability distributions� The

results obtained generalize and improve in a clear set�

ting results that were derived in the last few years

for several di�erent subclasses of timed Petri nets�

In particular the extension to Well�Formed Coloured

nets appears straightforward and allows an e�cient

exploitation of models symmetries�

� Introduction

Operational analysis is a conceptually very sim�
ple way of deriving mathematical equations relating
observable quantities in queueing systems ����� In
���� the reader can �nd some nice examples of how
the application of operational analysis techniques can
help in explaining and proving fundamental results in
queueing network analysis� Here we apply operational
analysis techniques to derive linear equations and in�
equalities relating interesting performance measures in
timed Petri net models� The main conceptual di	er�
ence between queueing and Petri net models is the
presence of a synchronization primitive in the latter�

�This work was performed while G� Chiola was visiting
the University of Zaragoza� Spain� in the framework of the
ESPRIT�BRA project No����� 	QMIPS�


yThis work has been supported by the Spanish PRONTIC
��
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Early works on extensions of operational analysis to
Petri nets include ��
�� where however synchroniza�
tion was neglected� New operational inequalities are
derived here for synchronization elements that have no
counterpart in operational laws for queueing networks�

Some classical results of queueing networks were al�
ready proven to hold in stochastic Petri net models�
In this paper we derive� under much weaker condi�
tions� a generalization of the classical utilization law

for the case of multiply enabled transitions and several
inequalities that relate throughput� average marking�
and average transition �ring time in case of synchro�
nization transitions� All these results are derived for
each possible observable sample path� Therefore� in
order to compare to classical queueing laws stated in
a stochastic framework� the additional hypothesis of
unique limit behaviour for each sample path must be
assumed�

In addition to the mathematical interest of these
derivations� we propose also an application of these re�
sults to the computation of performance bounds based
on linear programming techniques� Such performance
bounds are fairly inexpensive to compute compared to
the cost of discrete event simulation or exact Marko�
vian analysis� and moreover provide results that are
insensitive of the probability distribution of the tran�
sition �ring times� The linear programming problems
�LPP
s� presented in this paper represent also a gen�
eralization of some recent results published in ��� �� 
�
since they can be applied to arbitrary Petri net struc�
tures and reduce to the previous ones when the Petri
net structure satis�es some particular constraints�

The paper is organized as follows� Section 

presents the operational analysis of timed Petri nets
and the derivation of the main equations� Section �
shows the application of the operational laws� also con�
sidering the case of Well�Formed Coloured nets� to
the statement of LPP
s for the computation of perfor�



mance bounds depending only on the average transi�
tion �ring times� the structure� and the initial marking
of the net� Section � provides an example of compu�
tation of such bounds in the case of a Coloured Well�
Formed timed Petri net model� Finally� Section � con�
tains some concluding remarks and ideas for future
research on the topics�

� Observable quantities and opera�

tional laws

In this section we start by de�ning measurable
quantities that characterize the state and the be�
haviour in time of a Petri net model� Then we de�
rive and prove in a very simple and direct way some
fundamental relations that hold true �operationally�
among them� i�e� that are veri�ed in any sample path
that one can measure in an experiment�

We assume the reader to be familiar with the Petri
net formalism and notation� We refer to ���� or ����
for an introduction to Petri nets and most of their
behavioural properties and analysis techniques� We
also refer to ��� for a detailed discussion of di	erent
timing semantics and related operation mechanisms�
We just resume here the notation conventions that are
used in the following of this paper�
N � �P� T�W�M�� is a net system� where P is the

set of places� T is the set of transitions� W � P � T �
T � P � IN is the incidence function� and M� is the
initial marking �in general� a marking is M � P � IN�
and �pi � P � M �pi� is the number of tokens in pi��
The input �output� set of x � P � T is �x � fy �
P�T jW �y� x� � �g �x� � fy � P�T jW �x� y� � �g��

��� Basic operational quantities

Assume that a generic timed Petri net is available
for measurement� and that the following quantities can
be collected during an experiment� starting at time
� � � and ending at time � � � � �� at which all
transitions have been �red at least once� The total
number of transitions �rings during the experiment is
assumed �nite�

Instantaneous marking� �pk � P � �� � � � � � ��
M �pk���� represents the number of tokens in place pk
at time � �

Average marking during the experiment interval�

�pk � P� �M �pk���� �
�

�

Z �

�

M �pk����d�

Instantaneous enabling degree� �ti � T � �� �
� � � � �� ei��� represents the internal concurrency
of transition ti at time � � i�e�

ei��� � maxfk � IN � �p � �ti� M �p���� � k W �p� ti�g

The following relation holds by de�nitions�

�ti � T� ��� ei��� � min
p� �ti

�
M �p����

W �p� ti�

�
���

�where �a � IR� bac denotes the largest integer not
greater than a��

Average enabling degree� �ti � T � �ei��� �
�
�

R �
�
ei���d� represents the average number of servers

active in transition ti during the experiment interval�
Since we use an �in�nite�server� semantics for tran�

sition enabling� we need to consider the activities of
the di	erent servers in a given transition ti indepen�
dently� Without loss of generality we assume an or�
dering of the servers associated with transitions such
that busy servers always come before idle servers� i�e��
at any point in time � the �rst ei��� servers are active
inside transition ti� while the remaining ones are idle�

Under this assumption we can de�ne the�

Number of �rings completed by the j�th server

in ti from time � up to time �� denoted Fi�j����

Total number of �rings of ti during the experi�
ment interval

Fi��� �

�X
j��

Fi�j���

�by assumptions� � � Fi��� �	��

Throughput of ti xi��� �
Fi���
� that represents the

average number of �rings completed per time unit�

��� Con�ict�free nets

In case of nets without con�icts one can easily de�
�ne the average service time of transitions as a func�
tion of the busy times of all servers� In particular we
de�ne�

Instantaneous enabling of j�th server in ti

ei�j��� � if ei��� � j then � else �

characteristic function that evaluates to � if and only
if the j�th server in transition ti is busy at time � �



Busy time for the j�th server of ti �i�j��� �R �
� ei�j���d�

Service time for the j�th server of ti Si�j��� �
�i�j���
Fi�j���

Average service time for ti �Si��� �

P
�

j��
�i�j���P

�

j��
Fi�j���

The following equation holds for any measurement
experiment�

Enabling operational law

�ti � T� �ei��� � xi��� �Si��� �
�

Proof� By de�nition xi��� �

P
�

j��
Fi�j ���

�
then multiplying and dividing by

P�
j�� �i�j��� and re�

calling the de�nition of �Si��� we obtain�

�ti � T� xi��� �Si��� �
�

�

�X
j��

�i�j���

and then substituting the de�nition of �i�j��� and ex�
changing the integral and the sum signs�

�ti � T� xi��� �Si��� �
�

�

Z �

�

�X
j��

ei�j���d�

Now it is trivial to identify the integrand to be the
instantaneous enabling degree ei���� so that the result
follows� Q�E�D�

The above enabling law is the well�known �utiliza�
tion law� derived in the framework of multiple server
queues� From the enabling law it follows that if the
average �ring time of a transition is known� then
its throughput is proportional to its average enabling
degree� Of course in case of immediate transitions
�Si��� � �� so immediate transitions are never enabled
for non�null intervals of time�

We are now in a position to state our synchroniza�
tion inequalities that relate the throughput and the
average marking of the input places for any transition�

Upper bound inequality� �ti � T �

xi��� �Si��� � min
pk� �ti

� �M �pk����

W �pk� ti�

�
���

The inequality becomes an equality wheneverP
p� �ti

W �p� ti� � ��

Proof� We start from Equation ��� that is valid in
each instant of the experiment� Of course this implies

that �pk � �ti� �� � � � � � �� ei��� �
M �pk ����
W �pk�ti�

�

Therefore �pk � �ti� �ei��� �
�M �pk����
W �pk�ti�

� and applying

the enabling operational law the result follows� Q�E�D�
This inequality establishes an upper bound for the

average enabling �hence for the transition throughput
once the service time is de�ned� in the case of tran�
sitions with more than one input place that model
a synchronization� In the following we derive other
inequalities that establish lower bounds as well� We
shall see that in the particular case of transitions with
a single input place the two inequalities reduce to a
single equality�

Lower bound inequality for single input arc
�W �p� ti� � ��� �ti � T � �ti � fpg�

xi��� �Si��� �
�M �p����
W �p� ti� � �

W �p� ti�
���

Notice that in case W �p� ti� � � this reduces to
xi��� �Si��� � �M �p����� that combined with the up�
per bound inequality ��� reduces to the equation
xi��� �Si��� � �M �p�����

Proof� First de�ne some auxiliary punctual marking
functions�

�p � P� ��� Mv�p���� � max���M �p����
 v�

�p � P� ��� Mu
l �p���� � M l�p����
Mu�p����

Consider now the following properties of the auxiliary
function �k � IN � k � ��

� � M
�k	��w��
kw�� �p���� � w

Moreover� notice that the k�th server in transition ti

is enabled if and only if M
�k	��w��
kw�� �p���� � � in case

w �W �p� ti�� Therefore we can conclude that�

�ti � T � �ti � fpg� �k � �� ���

ei�k��� �
�

W �p� ti�
M

�k	��W �p�ti���
kW �p�ti��� �p����

Hence we derive� �ti � T � �ti � fpg�

��� ei��� � �
W �p�ti�

P�
k��M

�k	��W �p�ti���
kW �p�ti��� �p���� �

� M �p�����W �p�ti�	�
W �p�ti�

Finally� taking the average over the experiment inter�
val and applying the enabling law� the result follows�
Q�E�D�

Observe that in the case that the right�hand ex�
pression in ��� is negative� a trivial inequality can be
used� xi��� �Si��� � ��



Improvement for bounded nets� �ti � T � �ti �
fpg� if �� � M �p���� � Bp and wip � W �p� ti� and
�k � IN � wipk � Bp � �k � ��wip

xi��� �Si��� � k
�M �p����
 wipk � �

Bp 
 wipk � �
���

Proof� Firstly note that �ti � T � �j � IN

�ei��� � j �ei�j��� � j
�i�j���

�

Secondly� note that the marking in the input place p
can be expressed as the sum of two components�

��� M �p���� � wip

�X
j��

ei�j��� �N �p����

where the component N �p���� � wip
� represents the
portion of marking not used to enable the transition�
Now taking the integral and dividing by � one obtains�

�M �p���� � wip �ei��� � �N �p����

This equation shows that the average enabling de�
pends only on the mean values of the input place
marking and of the unused portion of the marking�
The worst case from the point of view of enabling the
transition k times occurs when the place is marked
with wipk 
 � tokens most of the time and with Bp

tokens for the rest of the time� since this case max�
imizes the unused portion of the average marking in
the input place� From these considerations the result
follows� Q�E�D�

Lower bound inequality for binary synchroniza�
tion with ordinary arcs� �ti � T � �ti � fp�� p
g
and W �p�� ti� � W �p
� ti� � �� if M �p����� � B� and
M �p
���� � B
 and B� � B
 then

xi��� �Si��� � �M �p����� �
B�

B


�M �p
���� 
B� ���

Proof� Similarly to the previous case we can write
two equations relating the average marking� the aver�
age enabling� and the average portion of unused mark�
ing for each of the two input places�

�ei��� � �M �p�����
 �N �p�����

�ei��� � �M �p
����
 �N �p
����

Now we can compute upper bounds on the unused
part of the marking as follows� The maximum frac�
tion of time during which N �p����� may be greater

than zero is equal to the minimum time during which
M �p
���� � � �otherwise the transition would be en�
abled and the marking of p� would contribute to the
enabling instead�� since place p
 is B
 bounded� this

fraction of time is less than or equal to � 

�M �p�����
B�

�
moreover during this maximum time� the maximum
value of the marking in p� is less than or equal to B��
Hence

�N �p����� � B�

�
�


�M �p
����

B


�

and from this the result follows trivially� Q�E�D�

A general lower bound for bounded nets� �ti �
T � �ti � fp�� p
� � � � � png� �j � n� M �pj ���� � Bj

and B� � Bj

xi��� �Si��� �
�M �p�����
W �p�� ti� � �
B� max�fj�

W �p�� ti�
���

where �j � 
 � j � n� fj � �

�M �pj �����W �pj�ti�	�
Bj�W �pj �ti�	�

Proof� Similar to the previous ones writing the up�
per bound for the quantity �N �p������ Q�E�D�

��� General nets with con�icts

In the general case in which transitions may be en�
abled in con�ict the de�nitions of service time and
average enabling degree must be modi�ed in order to
take the possibility of preemption into account� In the
literature two types of timed Petri net semantics have
been proposed� race and preselection con�ict resolu�
tion policies ���� According to the race policy all en�
abled transitions start working� and the �rst one that
completes its �ring time seizes the tokens from the in�
put places� thus possibly preempting other transitions�
Instead� the preselection policy requires that con�icts
be solved at the enabling time instant� so that only
selected transitions put their servers to work and �re
for sure after the elapsing of their �ring time� In any
case the same kind of results can be derived�

Conditional instantaneous enabling of j�th

server in ti�

e�i�j��� � if �ei��� � j and the enabling is not
preempted� then � else ��

characteristic function that evaluates to � if and only
if the j�th server in transition ti is busy at time � and
its work will not be wasted due to the preemption from
a con�icting transition� Of course e�i�j��� � ei�j��� by
de�nition�



Useful busy time for the j�th server of ti

��i�j��� �
R �
�
e�i�j���d�

Useful service time for the j�th server of ti

S�i�j��� �
��i�j���

Fi�j���

Useful average service time for transition ti

�S�i��� �

P
�

j��
��i�j���P

�

j��
Fi�j���

The enabling operational law is extended as�

�ti � T� �e�i��� � xi��� �S�i��� ���

and the proof is similar to the one shown above� From
the comparison with Equation 
 it also follows that
�S�i��� � �Si��� independently of the probability distri�
bution of the �ring time processes�

Equation ��� however becomes an inequality in case
of nets with con�icting transitions�

�ti � T� ��� e�i��� � min
pk� �ti

�
M �pk����

W �pk� ti�

�
���

The upper bound inequality ��� still holds in this more
general setting by just substituting S�i�j��� for Si�j����

����� Race versus preselection policy

The quantities �e�i��� and �S�i��� are in general mea�
surable from an o	�line processing of an experiment
record without any further assumption�

Using the preselection policy� the useful service time
of a transition is exactly the transition �ring time�
This allows one to derive an improved version of the
upper bound inequality� �pk � P �

X
ti�p�k

�
W �pk� ti� xi��� �Si���

�
� �M �pk���� ����

In the case of race policy� instead� the useful av�
erage service time �S�i��� might be strictly less than
the nominal transition �ring times due to the e	ect
of preemption from con�icting transitions� Inequality
���� holds true in a race policy model only if all tran�
sitions that are output for place pk are behaviourally

persistent �i�e� their enabling is mutually exclusive��
In other words� only the following modi�ed version of
inequality ��� holds true for behaviourally con�icting
timed transitions with race policy�

�ti � T� xi��� �S�i��� � min
pk� �ti

� �M �pk����

W �pk� ti�

�
����

For what concerns the synchronization lower
bounds� inequalities ����� in general apply only to

persistent or immediate transitions �in the latter case
�Si � �S�i � ��� The case of con�icting transitions with
preselection policy may be treated by net transforma�
tion as follows� while for the case of con�icting timed
transitions with race policy no synchronization lower
bound inequality applies�

Consider transition ti timed� potentially in con�
�ict with other timed transitions and with preselection
con�ict resolution policy� Split ti in two transitions
t�i and t��i and add a new place p�i such that �p � P

W �p� t�i� � W �p� ti� and �p � P W �t��i � p� � � W �ti� p�
andW �t�i� p

�
i� �W �p�i� t

��
i � � � and t�i is immediate and

�St��
i
� �Si� In the transformed net t��i is persistent with

single input arc �by construction�� so that Inequality
��� applies� Transition t�i is instead immediate� so that
a subset of inequalities ����� applies even in presence
of con�ict�

� Performance bounds based on oper�

ational laws

The inequalities that we derived in the previous sec�
tion can be used to compute upper and lower bounds
for the throughput of transitions or for the average
marking of places for general timed Petri nets using
linear programming techniques� The idea is to com�
pute vectors �M and �x that maximize or minimize the
throughput of a transition or the average marking of a
place among those verifying the previous operational
laws and other linear constraints that can be easily
derived from the net structure�

A �rst set of linear equality constraints can
be derived from the fact that the vector �M is
an average weight of reachable markings� �M �P

Mr�RS� �M��
	rMr� Since for each reachable mark�

ing Mr �M��C ��
r� we obtain that also the average
marking must satisfy the same linear equation�

�M �M� � C � �
 ��
�

where �
 �
P

Mr�RS� �M��
	r�
r�

The following set of linear inequalities imposes that
for each place the token �ow out is less than or equal
to the token �ow in� �pk � P �

X
ti��pk

xiW �ti� pk� �
X
to�p�k

xoW �pk� to� ����

If place pk is known to be bounded� then the above
inequality becomes an equality which represents the
classical �ow balance equation� C�pk� � �x � ��

On the other hand� for each pair of transitions ti� tj
in �behavioural� free con�ict �i�e�� such that they are



always simultaneously enabled or disabled� the follow�
ing equation is veri�ed�

xi

�i
�

xj

�j
����

where �i� �j are the routing rates that de�ne the res�
olution of the con�ict between ti and tj �

Additionally� most of the operational inequality
laws that were derived in the previous section linearly
relate the average marking of places with the through�
put of their output transitions� Hence they can be
considered as constraints for an LPP�

��� Extension to TWN�s

For timed Well�Formed Coloured nets �TWN
s� ���
it is possible to derive� directly from the inequalities
developed in the previous sections� operational rela�
tions allowing an e�cient computation of performance
bounds� Given a TWN� the basic idea is to consider
the corresponding unfolded net and to apply the rela�
tions developed in the previous sections� The relations
for the TWN are then obtained combining the partial
results for the unfolded one�

A fundamental property that TWN
s must have in
order to be able to combine the results for the unfolded
one is the symmetry� meaning that in the unfolded
nets obtained from the Well�Formed ones all colour
instances of a given place and of a given transition
must be equivalent� To be more precise� if a transition
t has average service time �St� then all of its instances
have the same average service time� Moreover if a
place p is bounded� then we assume that the maximum
number of tokens that each of its instances can contain
is the same�

In the rest of this section we show� as an example�
the derivation of lower bound inequality for single in�
put arc for TWN
s� More details on the derivations
can be found in ����

����� Notation

In this section we give some notations used in the
derivations of relations for TWN
s ������

Generic function f �
Pk

j�� Fj � where Fj is the

jth tuple and its arity l is given by the number of
colour classes composing the colour domain of the
place� This de�nition of function is slightly di	er�
ent from the classical one� since here we allow linear
combinations only outside the tuples �i�e� each tuple
is composed only by elementary functions�� For ex�
ample the function F �� S 
 x� y � is written as
F � �� S� y � 
 � x� y ��

Cardinality of function j f j�
Pk

j�� j Fj j� where

jFj j� �j �
Ql

i�� j �Fj�i j is the cardinality of the jth

tuple� The coe�cient �j denotes the product of the
coe�cients of the elementary functions composing the
tuple and �Fj�i is the i

th function of the jth tuple� For
example if Fj �� �x� 
y �� then �j � ��
Family of arcs Each tuple Fj of a function f iden�
ti�es a set of arcs �with weight �j�� whose cardinality

is A�Fj� �
Ql

i�� j �Fj �h j� The global number of arcs

corresponding to function f is A�f� �
Pk

j�� A�Fj��
where each A�Fj� has the sign of the corresponding
tuple Fj � When A�f� � �� then we denote as �f the
weights associated to the unique family of arcs corre�
sponding to f �
Input and Output relations If t is an input tran�
sition of place p �with function f�� then IN�p� t� �
jC�t�j
jC�p�jA�f� is the number of input instances of t for

each instance of p� Similarly if t is an output tran�

sition of place p� then OUT �p� t� � jC�t�j
jC�p�jA�f� is the

number of output instances of t for each instance of p�

����� Lower bound inequality for single input

arc

To apply this inequality to an unfolded net� the con�
ditions for its applicability must be met for all transi�
tion instances� This means that each instance ti of a
coloured transition t must have only one input place�
This condition is met if the function f labelling the
arc contains only projection and successor elementary
functions �that is A�f� � ���
Inequality for single input arc

�t � T � �t � fpg�W��p� t� � f� A�f� � �

�fxt �St � OUT �p� t� �M �p�
 jC�t� j ��f 
 ��

Proof� Assume to have a portion of a TWN con�
taining transition t and its input place p and that
j C�t� j� n and j C�p� j� m� Considering the n in�
stances of t we can write the following set of inequali�
ties

�i � f�� � � � � ng �fxti
�Sti � �M �pti �
 �f � �

where pti is the unique input place of transition in�
stance ti� Summing the left�hand sides and the right�
hand sides of the above inequalities we obtain�

�fxt �St � �

nX
i��

�M �pti �
 jC�t� j ��f 
 ��� ����

Since each instance of p appears exactly OUT �p� t�
times in the summation of the above expression we



can rewrite inequality ���� as

�fxt �St � �OUT �p� t�

mX
i��

M �pi�
 jC�t� j ��f 
 ���

����
and the result follows� Q�E�D�
In a similar way it is possible to derive� for TWN
s� the
equivalent of relations devised for timed Petri nets�

��� LPP formulation

Performance bounds for TWN
s can be computed
solving the LPP of table � �whose constraints are the
relations derived in previous sections� where f is a lin�
ear function of �M and �x� The linear programming
problem for bounds computation for non coloured
timed Petri nets can be obtained from that of table �
setting OUT �p� t� �jC�p� j�jC�t� j� �� �p � P� t � T

and observing that condition A�f� � � always holds
true� The average marking equation is written here
in explicit form� but it could be written also in ma�
tricial form� Moreover relation �c�� has been derived
for TWN
s under the hypothesis of strong symmetries�
In particular we assumed that� for each input place of
transition t in inequality �c��� the weights of the arcs
belonging to the families corresponding to the func�
tion labelling the arc are the same� Obviously the
uncoloured version of �c�� has no such restriction�

As we remarked in the case of timed Petri nets�
also for TWN
s constraint �c
� becomes an equality
for bounded places �c�
�� The equality sign also holds
true in �c�� if �f � � �i�e� the unique family of arcs
corresponding to function f have weight �� since in
this case it may be combined with the opposite in�
equality �c
�� For the case of places with several out�
put con�icting transitions� inequality ���� derived in
previous section �or its coloured counterpart� can be
added if preselection policy is assumed for the resolu�
tion of the con�ict� The constraint labelled with �c
�
can be improved if the input place to ti is bounded�
by introducing the additional constraint �c�
��

The LPP of table � provides a general method to
compute upper and lower bounds for arbitrary linear
functions of average marking of places and through�
put of transitions� For instance� if f� �M��x� � xi� then
the problem can be used to compute an upper or a
lower bound �depending on the selection of �max�
or �min� optimization for the objective function� for
the throughput of transition ti� In an analogous way�
upper or lower bounds for the average marking of a
given place pj can be derived by solving the LPP of
table � for the objective function f� �M��x� � �M �pj ��
The bounds are insensitive to the timing probability

distributions since they are based only on the knowl�
edge of the average service times�

Notice also that most equalities and inequalities
contain coe�cients that depend only on the net struc�
ture and on the �known� average transition �ring times
�and probabilities in case of free choice immediate con�
�icts�� The only coe�cients that may be unknown at
the time of the formulation of the model are the actual
bounds for places Bi� If the modeller has no a�priori
more precise knowledge of these bounds� notice that
an upper bound for them that can be used in the LPP
of table � may be computed from a simpli�ed LPP
that contains only constraint c� �structural marking
bound��

An improvement of the proposed bounds can be ob�
tained if additional constraints that improve the lin�
ear characterization of the average marking in terms
of the equation �M �M��C ��
 are considered� For in�
stance� if a trap PT �i�e�� PT 
 P� P �

T 
 �PT � is not a
P�semi�ow� the net is live� and we are interested only
in the steady state performance� then we can add the
constraint�

P
pk�PT

�M �pk� � ��

Similarly� if a siphon PS �PS 
 P� �PS 
 P �
S� is not

a P�semi�ow and the net is live� then we can add the
constraint�

P
pk�PS

�M �pk� � ��

The systematic method for the improvement of lin�
ear characterization of reachable markings based on
the addition of implicit places� presented in ���� can be
also applied as in ����

We remark that linear programming problems can
be solved in polynomial time ����� therefore the above
presented method for the computation of �upper and
lower� bounds for the throughput and for the aver�
age marking of general timed nets has a polynomial
complexity on the number of nodes of the net� More�
over� the simplex method for the resolution of LPP
s
proceeds in linear time in most cases even if it has a
theoretically exponential complexity�

Similar results� based on linear programming tech�
niques� were presented in previous works ��� �� 
� for
the computation of throughput upper bounds for par�
ticular net subclasses� such as marked graphs or free
choice nets� The new approach derived in this section
generalizes those recent results in two ways� �rst� it
can be applied to arbitrary Petri net structures� sec�
ond� it allows one to compute upper and lower bounds
for throughput and average marking in a simple and
uni�ed way� The proposed method produces the same
results as previous ones ��� �� 
� when the same net
subclasses are considered�



Table �� Linear programming problem�

maximize �or minimize� f� �M��x� subject to

�M �p� �M��p� �
X
ti� �p

jfi j 
ti 

X
kj�p�

jgj j 
kj � �c�� �p � P �W	�p� ti� � fi� W
��p� ki� � gj

X
ti� �p

jfi j xti �
X
kj�p�

jgj j xkj � �c
� �pk � P �W	�p� ti� � fi� W
��p� ki� � gj

X
ti� �p

jfi j xti �
X
kj�p�

jgj j xkj � �c�
� �pk � P bounded

xi

�i
�

xj

�j
� �c�� �ti� tj � T � behaviourally free choice

jf j �xt �St � OUT �p� t� �M �p� �c�� �t � T��p � �t �W��p� t� � f

�fxt �St � OUT �p� t� �M �p�
 jC�t� j ��f 
 �� �c
� �t � T persistent or immediate � �t � fpg�
W��p� t� � f� A�f� � �

xt �St � k
OUT �p� t� �M �p�� jC�t� j ��
 k�f �

OUT �p� t�� jC�t� j ��
 k�f �
�c�
� �t � T persistent or immediate � �t � fpg�

W��p� t� � f� A�f� � �
�k � IN � k�f � Bp � �k � ���f

xt �St � OUT �p� t�� �M �p� �
Bp

Bq

�M �q�
Bp� �c�� �t � T persistent or immediate� �t � fp� qg�

W �p� t� � f�W �q� t� � g�A�f� � A�g� � �� jf j�jg j� �
�fxt �St � OUT �p� t� �M �p�� jC�t� j ��
 �f �� �c��� �t � T persistent or immediate � �t � fp� qg�


OUT �p� t�Bp �
�
jC�t� j 
OUT �q�t� �M �q�	jC�t�j����g�

OUT �q�t�Bq	jC�t�j����g�

	
Bp � Bq � W �p� t� � f�W �q� t� � g�A�f� � A�g� � �

��xt �St � OUT �p�� t� �M �p��
 jC�t� j �
�� � ��� �c�� �t � T persistent or immediate�

OUT �p�� t�Bp� max

��j�n
fj �t � fp�� � � � � png� Bp� � Bpj � j � f
� � � � � ng�

fj � �
 OUT �pj�t� �M �pj�	jC�pj�j���j	��
Bpj�jC�pj�j��j	� W �pi� t� � fi� A�f�� � �

�M��x� �
 � � �c��

� An example of application

Let us present an example of application for the
computation of bounds in the case of the TWN of
�gure �� The architecture comprises a set of process�
ing modules interconnected by a common bus called
the �external bus�� A processor can access its own
memory module directly from its private bus through
one port� or it can access non�local shared�memory
modules by means of the external bus� In case of
contention for the access to one shared�memory mod�
ule� preemptive priority is given to external access
through the external bus with respect to the accesses
from the local processor� The experiments on the
shared�memory model have been carried out assum�
ing to have � processors and that the average service
time of all the transitions are equal to ���� Accord�
ing to the arguments presented in the previous sec�
tions� bounds can be computed solving LPP
s with

constraints included in table 
� where the �rst letters
of each transition name have been used for reasons
of space� The solution for the LPP leads to upper
and lower bounds� for the throughput of transitions�
given by �

�� � xe e a � 
� while the �exact� solu�
tion with exponential distribution is xe e a � ��������
An improvement in the lower bound can be obtained
observing that when a token arrives in place Choice

transition choose m is enabled at least for one tran�
sition instance� This implies that the average mark�
ing of place Choice is equal to � �transition choose m

is immediate�� so �M �Choice� � � and BChoice � �
�only tangible markings are considered� can be added
to the set of constraints� Moreover place Memory is
implicit w�r�t� the enabling of transition b ext acc� so
we can consider this transition as having only two in�
put places� so constraint �c�� can be applied instead
of constraint �c��� Finally BQueue � � can be added
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Figure �� TWN model of a shared�memory multiprocessor�

Table 
� Constraints for the model in �gure ��

�c�� �M �Active� � � � 
e e a � 
e o a�


r e a 
 
b o a�
�M �Memory� � � � 
e e a 
 
b e a�
�M �OwnMemAcc� � 
b o a 
 
e o a�
�M �Queue� � 
r e a 
 
b e a�
�M �Choice� � 
b e a 
 
c m�
�M �ExtMemAcc� � 
c m 
 
e e a�
�M �ExtBus� � � � 
e e a 
 
b e a�

�c��� xe e a � xe o a � xr e a � xb o a�
xb e a � xc m � xe e a � xr e a�

�c�� xb o a � xr e a�
�c��c�� xb o a

�Sb o a �
�M �Active�


 �

xr e a
�Sr e a �

�M �Active�

 �

xe e a
�Se e a � �M �ExtMemAcc��

�c�� xe o a
�Se o a � �M �OwnMemAcc��

xe o a
�Se o a � �M �Memory��

�c�� xe o a
�Se o a � �M �OwnMemAcc��

�BOwnMemAcc

BMemory

�M �Memory�
BMemory�

�c	� �� �M �ExtBus��BExtBus���

M�Memory�
BMemory

����

�� �M �ExtBus��BExtBus���

M�Queue�
BQueue

�����

since the output transition of place Queue is immedi�
ate� and from the behaviour of the model it is clear
that at most � processors can be waiting in the queue�
The relations �c�� in the above LPP can thus be re�
placed with the new constraint�

�� �M �ExtBus� �
BExtBus

BQueue

�M �Queue�
BExtBus� � �

where BQueue � �� Solving this reduced linear pro�
gramming problem the values obtained for the upper
and lower bounds are�

� � xe e a � 


� Conclusions

Operational analysis of timed Petri net models has
been introduced� In particular� we have de�ned ade�
quate observable quantities that allow the derivation
of fundamental relations among them� These relations
hold true �operationally�� i�e�� in each sample path
that one can measure in an experiment� Among these
relations the enabling operational law constitutes a
restatement of the classical utilization law �derived
in the framework of multiple server queues� for each
timed transition of a general Petri net model with in�
�nite server semantics� Bounding inequalities in both
directions between throughput of a transition and av�
erage marking of its input places have also been de�
rived� These results are typical on network models
containing synchronization� and represent a novel re�
sult of operational analysis� Under the hypothesis of
strong symmetries� analogous relations have been de�
rived for Timed Well�Formed nets�

A direct and interesting application of the obtained
operational laws is the computation of performance
bounds insensitive to the timing probability distribu�
tions� Indeed the bounding technique proposed in this
paper guarantees that the exact value of a given per�
formance index falls in the computed interval� what�
ever its probability distributions is� In this sense this
bound technique is substantially more robust with re�
spect to practical application than any performance
evaluation technique based on Markovian analysis or
simulation �where in any case some hypothesis on the
timing distribution must be introduced in order to pro�
duce sample execution traces��

Proper linear programming problems including the
derived operational laws as constraints allow one to
estimate upper and lower bounds for arbitrary linear
functions of the throughput and the average marking
�in particular� the throughput of a single transition



or the average marking of a particular place�� This
approach constitutes a clear improvement and gener�
alization of previous results valid only for particular
net subclasses� An important characteristics of this
new method is that it is �open� to the introduction
of additional contraints besides the ones already de�
scribed in this paper provided that they are expressed
in linear algebraic form� The straightforward addition
of some constraints deriving from a speci�c knowledge
about some peculiar behavioural characteristics of a
WN model may improve the quality of the bounds
based on results developed for the analysis of the qual�
itative behaviour of untimed Petri net models�

The proposed method for bounds computation is
cheap� since the solution of the LPPs is practically ex�
tremely fast in terms of CPU time compared to Marko�
vian numerical analysis �not to mention simulation��

The size of the LPP depends only on the net struc�
ture �number of places� transitions and arcs�� in par�
ticular it is also independent of the cardinality of the
basic colour classes� thus adding a dimension on the
parameterization of the results� If the computation
of bounds for a � processor system takes less than �
second of CPU time� it will take the same order of
magnitude to compute bounds for a ����� processor
system�
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