Chapter 23

Response Time

Approximation for
Stochastic Marked Graphs

A general iterative technique for approximate throughput computation of
strongly connected stochastic marked graphs (SMG’s) is presented in this Chap-
ter. We consider SMG’s with time and marking independent exponentially dis-
tributed service times associated with transitions.

The approach has two basic foundations. First, it is deeply based on qualita-
tive theory of MG’s. More precisely, given an arbitrary cut (subset of places pro-
ducing a net partition), a structural decomposition technique is developed that
allows us to split a strongly connected MG into two aggregated subsystems and
a basic skeleton system. And what is more important, the behaviours of the sub-
systems, including steps, language of firing sequences and reachable markings,
are equivalent to the whole system behaviour (projected on the corresponding
subsets of nodes). Second, after the decomposition phase, an iterative response
time approzimation method is applied for the computation of the throughput.
Experimental results on several examples generally have an error of less than
3%. The state space is usually reduced by more than one order of magnitude;
therefore the analysis of otherwise intractable systems is possible.

The Chapter is organized as follows. In Section 23.1, some fundamental
properties on MG’s and implicit places are presented. Section 23.2 includes the
structural decomposition of MG’s used in the rest of the Chapter. The iterative
technique for approximate throughput computation is described in Section 23.3.
Section 23.4 includes several application examples to illustrate the introduced
technique. Finally, some bibliographic remarks are included in Section 23.5.
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23.1 Implicit Places and MG’s

Let N' = (P,T,F) be a net. A path of N is a sequence z ...z of elements
(places and transitions) of N satisfying (z1,®2),...,(zx_1,2x) € F. It is a
circuit if (xy,z1) € F. A path (circuit) is called simple if all elements in
the sequence defining the path (circuit) are different. In this Chapter we only
consider simple paths and circuits. We denote by P(z,y), z,y € PUT, the
set of simple paths from x to y. This notion is extended to sets of elements:
P(X,Y) is the union of the P(z,y) for all z € X and for all y € Y.

A marked graph (MG) is a Petri net such that each place has exactly one
input transition and exactly one output transition (see Chapter 2). MG’s allow
synchronization but no choice. MG’s are a subclass of ordinary Petri nets for
which a simple, powerful, and elegant theory allows very efficient analysis and
synthesis algorithms. A summary of structure theory of MG’s can be found in
Chapter 6.

An implicit place never is the unique restricting the firing of its output
transitions (see Chapter 6). Let A be any net and N? be the net resulting from
adding a place p to N. If mg is an initial marking of V', mg” denotes the initial
marking of N'P?. The incidence matrix of N is C and 1, is the incidence vector
of place p.

Definition 23.1 Let (N, mg) be a net system and p & P be a place to be added.
Then p is an implicit place (IP) with respect to (N, mg) (or equivalently, it is
an implicit place in (NP, mgP)) iff the languages of firing sequences of (N, mg)
and (NP, mgP) coincide. That is, L(N,mg) = L(N?, mg?).

A place is an IP depending on the initial marking. Places which can be
implicit for any initial marking are said to be structurally implicit (SIP). Inside
the class of SIP’s we are interested in the so called marking structurally implicit
places (MSIP) whose structural characterization is given, as definition, in the
following statement.

Definition 23.2 Let N be a net and p be a place with incidence vector l,. The
place p is an MSIP in NP if there exists y > 0 such that y - C = 1.

From this characterization of an MSIP, p, a method to compute an initial
marking of p making it implicit with respect to (A, mg) is presented in Chap-
ter 6.

In the following, we characterize a special class of MSIP’s with respect to
strongly connected MG’s called TT-MSIP’s. These places have only one input
arc and one output arc and therefore, N will be also an MG. The row of
the incidence matrix corresponding to a TT-MSIP can be obtained from the
summation of rows corresponding to the places in any path from the input
transition to the output transition of the place. Moreover, we characterize the
minimum initial marking making these places implicit with respect to (N, mg)
and preserving its steps.
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Theorem 23.3 Let N = (P, T,F) be a strongly connected MG andp & P be a
place to be added with one input transition t; € T (*p = {ti}) and one output
transition t, € T (p* = {to}). The place p is an MSIP (called TT-MSIP) with
respect to N and Vi € P(ti,to), lp = 32, ¢ Ip;-

Proof:

If NV is a strongly connected MG, for all path, = € P(¢,t,), of the form
ti(: tl)pltg . --tk—lpk—ltk(: to): .pj = {t]—}, pj' = {tj-‘rl}v j=1...k—1.
Therefore, the summation of the rows in the incidence matrix corresponding to

the places in 7, v = ijer lp;, verifies:

(1) v[t] =0, Vt & 7,

(2) v[ti] = v[t1] = ijer lp,[t1] = if t; # ¢, then I, [t1] = 1 else Iy, [ti] +
1Pk71[t0] = 0;

(3) Vit = Xy, en Isltr] = lpu Ly [t:] +1p, 6] = 0, ¥, € 7, 1 = 2. (K — 1);

(4) v[to] = vitx] = ijer lp,[tr] = if t; # t, then I, [tx] = —1 else
lp, [ti] + lpk—l[tk] =0.

That is, vector v coincides with the incidence vector, 1, of p, and according
to Definition 23.2, p is an MSIP (with y[p;] = if p; € 7 then 1 else 0, Vp; € P)
and also a TT-MSIP. O

The following result characterizes the minimum initial marking of a TT-
MSIP to be implicit preserving all steps of the net system (N, mg). This mark-
ing is computed from the contents of tokens of the existing paths from the input
transition of p to its output transition.

Theorem 23.4 Let (N, mg) be a strongly connected and live MG, and p ¢ P
be a TT-MSIP to be added with *p = {ti} and p* = {t,}. The minimum initial
marking of p to be an IP in (NP, moP) preserving all steps of (N, mp) is

mg™ (p) = min{ Y mo[p;] |7 € P(ti, 10)}-

p;ET

Proof:
First we prove that p is an IP with an initial marking mg?[p] = m$®(p) (i.e.,
L(N, I’Ilo) - L(Np, mop)).

L(NP,mgP) C L(N, mg). Removing place p from NP, we remove constraints
for firing transitions. Therefore, all sequence o € L(AN?, mg?) are also firable in
<N7 m0>‘

L(NV,mgp) C L(N?, mg?). We prove this part by contradiction. Let o be a
sequence firable in (N, mg) but not firable in (NP, mg?). Let oy be the max-
imal prefix of o firable in (N, mg) and (NP, mg?): mo-Ztym and me? ZLym?.
Obviously, mP[p;] = m[p;] for all p; € P. The only transition preventing to
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finish the firing of o after the firing of o1 in (NP, mg?) is t,. This means that
mP[p] = meP[p] + 1, - o1 = 0. Now, we select a path 7 € P(t;,1,) such that
mo”[p] =, . mo[p;]. Moreover, according to Theorem 23.3,1, =3 . lp;.
Therefore, substituting these last expressions in the above expression of mP[p)

we obtain, 0 = mf[p] = 3 o molp;] + >, c;lp; - 01 = 32, o, mlp;]. But
this contradicts the hypothesis from which o is firable in (A, mg) and therefore
the place p; € *t, in the path = must contain at least one token.

In order to prove that m®" (p) is the minimum initial marking making p an
IP preserving the steps of (N, mg) we distinguish two cases.

Case 1 (t; # t,, i-e., p is self-loop free). In this case, since p is an IP
for moP[p] = m¥8(p), it is step preserving [8]. We prove that mii%(p) is the
minimum initial marking.

First we build a sequence, o, of maximal length in (A, mg) firing only tran-
sitions of T\ {¢;}. All reached markings throughout the sequence are different,
on the contrary we have a reproducible sequence without transition ¢; and this
is not possible in MG’s. This sequence is finite because the number of different
markings in a bounded net is finite. Since the sequence is maximal, we reach
a marking m from which ¢; is the unique firable transition (the net system is
live), mo—Zsm.

In (N, m) there exists a path, 7', from ¢; to t, where all places contain zero
tokens. In effect, the only firable transition from m is ¢, then all transitions
of T'\ {t;} have at least one input place with zero tokens. Therefore, ¢, has an
empty input place with an input transition that has another empty input place,
and so on. This sequence cannot be a circuit because the MG is live and then
one of the places in the sequence is an output place of t;.

Taking into account that p is an IP with respect to (N, mg), o is also firable
in (M?, mg?) and the number of tokens in p is: mP[p] = mo?[p] + 1, - o. Let
7 be a path of P(ti, to) such that mof[p] = >, . mo[p;]. Moreover, according
to Theorem 233, 1, = 3° . lp; = 3, o Ip,, because 7' € P(t;, ), but in
general mof[p] <> mgo[p;]. Considering these expressions, we can rewrite
the contents of tokens of p in the following way: mP[p] = 3- . molp;] +

(ij n lpj) "0 <D pen Molpi] + (Zpkew’ lpk) "0 =) pew m[p] = 0.

Therefore, mi" (p) is a minimal initial marking because there exists a firable
sequence in (NP, mgP) that empties the place.

Case 2 (t; = t,, i.e., p is a self-loop). In this case, the minimal initial
marking to make p an IP is equal to one. We prove that in order to preserve
the steps of (N, mg) we need at least the initial marking stated.

From (N, mg) we can obtain a new net (N, mg’) by splitting the transition
t; into two transitions ¢ and t' such that: °t = *¢ and t'° = ¢;*; and a new
ordinary place p; such that: *p; = {t} and p;* = {¢'} and mg’[p;] = 0. Let RS’
be the set of reachable markings of (A, mg’) in which the marking of place p;
is equal to zero. It is trivial to verify that the set RS’ projected with respect
to the set of places P coincides with the set of reachable markings of (N, mg).
Therefore, the set of steps of (N, mg) is enclosed in the set of steps of (N, mg’)
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renaming the appearings of ¢ by ¢; and removing the appearings of t'.

Let us consider a place p with *p = {t'} and p* = {t} with respect to
(N, mg’). Applying the previous Case 1 to place p we conclude that the min-
imum initial marking to make implicit place p with respect to (N’, mg’) and
preserving the steps of the net is equal to the minimal contents of tokens in
the paths from t' to ¢ (i.e., the circuits of the net system (N, mg) traversing
the transition ¢;). Therefore, according to the previous paragraph a self-loop, p,
with this initial marking preserves the steps of (A, mg). Moreover, it is minimal
because the steps requiring the maximum amount of tokens in p are the steps
of (N, mg) (they contain the output transition of p). o

Corollary 23.5 Let (N, mg) be a strongly connected and live MG, and p & P
be a TT-MSIP to be added with *p = {t;} and p* = {t,}. The place p is an IP
in (NP, mgP) preserving all steps of (N, mg) for all initial marking mg?[p] >
mg* (p).

Proof:

If we remove mg?[p] — mPi*(p) tokens from p, then p is an IP in (NP, mgP)
preserving all steps of (N, mg) (Theorem 23.4). Therefore, all sequences and
steps of (N, mg) are firable in (N7, mg?). On the other hand, mg?[p] — m&%(p)
tokens in p are frozen, hence the sequences and steps of (N?, mg”) coincide with
those of (N, mg). In effect, add the place p to a net system (./\/p’,mopl) where
p' is a place such that *p’ = {t;}, p'* = {t,} and its initial marking is m$"(p').
(NP mg?") has the same sequences and steps that (N, mg) (Theorem 23.4),
and there exists a sequence in (./\/'pl , mop’) that empties the place p’. The place
p is identical to the place p’, hence the minimum marking of p is reached when
p' is empty (i.e. it contains mg?[p] — m3™(p) tokens). &

The Theorem 23.4 characterizes the minimum initial marking of a TT-MSIP
to be an IP with respect to (N, mg) in terms of the contents of tokens of
the paths P(ti,t,). The computation of this minimum initial marking can be
done applying an algorithm from the graph theory to determine the cost of
the shortest path from a source verter to a sink vertex of a directed graph,
G = (V, E), obtained from the original MG (see [2] for implementations of these
algorithms). In this graph, each vertex corresponds to a transition of the net.
There exists a directed arc between two vertices if and only if there exists a place
in the net connecting the two transitions that represent the two vertices. The
sense of the arc is the sense of the tokens’ flow between the transitions through
the place. Each arc has a non-negative cost equal to the initial marking of the
place that represents. Moreover, we add an arc ¢ — ¢ for each vertex t with a
cost equal to oco.

Therefore, if we apply the algorithm to solve the shortest path problem in
the directed graph G, we obtain the smallest length of any path from #; to t,,
denoted length(t;,,). Observe, that length(ti,t,) = min{}_, . mo[p;]|7 €

P(ti,to) } = mg (p).
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Service rates: T2=0.2; T4=0.7; T6=0.3; T8=0.8; T9=0.6; T10=0.5;
(@) Ti=1.0, i=1,3.5,7.11,12,13,14,15,16,17,18.19 (b)
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Figure 23.1: An SMG (a), its decomposition in aggregated systems .AS; (b),
AS, (c¢), and the basic skeleton (d).

23.2 Structural Decomposition of MG’s

The basic idea is the following: a strongly connected and live MG (see
Fig.23.1.a) is split into two subnets by a cut @) defined through some places
(Q = {Z1,72,Z3}, in Fig.23.1.a). From the cut we define three nets: two
aggregated subnets (AN and AN,; see Figs. 23.1.b and 23.1.c) and a basic
skeleton net (BN; see Fig.23.1.d). These nets will be obtained by substitution
of the so called aggregable subnets, defined from the cut @, by a set of places.
We select an initial marking for each added place such that the behaviour of the
aggregated subnet is the behaviour of the original MG hiding the behaviour of
the aggregable subnet.

Definition 23.6 Let N = (P, T,F) be a strongly connected MG. A subset of
places, Q C P, is said to be a cut of N iff there exist two subnets, N7 =
(P, Ty, F1) and Ny = (P2, Ty, Fy), of N wverifying

i) TVUT, =T, TyNTy =0
ii) P, =T\"U*Ty, P, = T2* U°T,
iii) PLUP,=P, PLNPy=Q
iv) F;=FN((P; xT)U(T; x B)), i € {1,2}

Definition 23.7 Let N = (P,T,F) be a strongly connected MG, Q C P a cut
of N, and N1 = (P, Th, F1), Ny = (P5,T», F») the two subnets associated with
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the cut (by Def. 23.6). The subnets Na, = (Pa,,Ta,,Fa,), i € {1,2}, are called
the aggregable subnets of the cut QQ, where

i) Pa; = P\ Q
i) Ta, =T; \ T, where Top = *QUQ*
lll) Fy, = F;inN ((PA,- X TA,—) U (TAi X PA,—))

The places p € Pa, such that *pNT4, = O (resp., p* N T4, = 0) are called source
places (resp., sink places) of Na,. The set of input transitions of the source
places and output transitions of the sink places are called interface transitions

of Na,.

We denote P4, the set of paths in the net N4, from a source place to a
sink place. ZP,4, denotes the set of TT-MSIP’s with respect to A/ obtained
from each path of P4, by the linear combination of the rows in the incidence
matrix corresponding to the path’s places. In the sequel, we define the so called
aggregated subnets of an MG (N, mg) with respect to a cut (). These subnets
will be obtained by substituting in A of an aggregable subnet N4, by the set of
places ZP 4,. This substitution is an abstraction of the subnet N4,. We select
an initial marking for each place p € ZP 4, (called aggregation’s initial marking,
mo“[p]) equal to mo”[p] = min{}’, . molp;]|lp = >, ¢ lp; and m € Py, }.
With this initial marking we prove that the behaviour of the aggregated subnet
is the behaviour of the original MG by hiding the behaviour of ANy,.

Definition 23.8 Let (N, mg) be a strongly connected and live MG, Q C P
a cut of N, and Na,, i = 1,2, be the aggregable subnets defined by the cut
Q. The aggregated subsystem AS; = (AN ;, moV?) is the net system obtained
from (N, mpo) by substituting the subnet Na, by the set of places TP 4; with
mglp] = me®[p|, for all p € TP4., i = 1,2;5 = 1,2 and j # i. The basic
skeleton system, BS = (BN, mo"V), is the system obtained from (N, mg) by
substituting the subnets N'a, and N4, by the set of places TP 4, and TP 4, with
mo[p] = mo“[p] = min{}>, o molp;]|lp = >, ¢, lp; and ™ € Pa;}, for all
PELPA, UIPa,.

Theorem 23.9 Let (N, myg) be a strongly connected and live MG, Q C P a cut
of N and AS; be the aggregated subsystem obtained from (N, mg) by substituting
the subnet Ny, by the set of places TP s; with mo*Vi[p] = if p € IP 4, then
mo“[p] else mo[p|, i =1,2;5 =1,2, and j # i.

Z) L(N, m0)|T\TAj = L(A./\/’“ m()'ANi).
”) RS(N,m0)|p\ij :RS(AA/’ﬁmOANi”PANi\I’PAj'
Proof:

L(N, m0)|T\TAJ- C L(AN;, mg™V#). If we add the places of IPa; to (N, mg)
then L(N, mg) is preserved because all places of TP ,4; are IP with respect to
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(N, mg) preserving its steps (Corollary 23.5, taking into account that me®[p] >
m>i(p)). All sequences firable in this net are also firable in the net AS; after
the removing of transitions in 74;. This is because in AS; we have removed all
firing constraints appearing in (A, mg) imposed by ./\/'Aj.

L(AN;, mg*V#) C L(N, m0)|T\TAj. We prove this part by contradiction.
Let o be a sequence of L(AN;, mo”N+) for which there is no o’ € L(N,mg)
such that ¢ = ¢’ |T\TAJ-' Let o9 be the maximal prefix of o for which there

is a sequence oy € L(N,myg) verifying oy = 06|T\TAj' If m00—6>m and
mo?Vi 20 mANi it is trivial to verify that m[p] = m”Vi[p] for all p € (P\Pa,).
The next transition to og, t, in ¢ must be an output transition of a sink place
of Ny, because these transitions are the unique transitions of AS; with addi-
tional constraints to fire in (N, mg). These constraints arise from N4; but not
from the places TP 4, because they are implicit with respect to (N, mg). All
maximal firable sequences in (A, m) containing only transitions of A4 ; hever
can enable the transition ¢ because og is the maximal prefix of ¢ for which there
is a sequence of, € L(N,myg) verifying oo = U(I)|T\TA].- Let m’ be a marking
reachable in (A, m) firing a maximal sequence, o1, in (A, m) containing only
transitions of ./\/Aj. At m' there exists an empty path in the ./\/'Aj from a source
place to a sink place that inputs to transition ¢. In effect, at m’ all transitions
of N4, are not enabled, hence have at least one empty input place. Moreover,
t has at least one empty input place being a sink place of N4, because ¢ is not
enabled at m'. Therefore, ¢ has an empty input place whose input transition
has an empty input place, and so on, until we reach a source place of N. Aj-
This means that a place in ZP 4, corresponding to this path is an input place
of t containing zero tokens, but this contradicts the hypothesis from which ¢ is
firable in AS;.

RS(V, m0)|P\PA]. _ RS(AthOANi) Pan\IPa, - To prove this, observe
that P\ Pa; = Pan, \ ZP4; from the definition of AN;. Taking into account
the part (i) of this theorem, the stated equality of markings’ sets holds. &

Corollary 23.10 Let (N, mg) be a strongly connected and live MG, Q@ C P a
cut of N, and BS the basic skeleton system obtained from (N',mg) by substitut-
ing the subnets N'a, and Na, by the set of places TP 4, and IP 4,, respectively,
and moPN[p] = if p € TP 4, UTP 4, then mo®[p] else myg[p|.

i) LN, mo)|7\(1,,uTs,) = LIBN, moBY).

i) RS(N,mo)|p\ (P, UPs,) = RS(BN, mo®F) | pyy\ (2P 4, uzP 0, -

Proof:

The proof of the corollary can be decomposed into two steps: (1) The proof
of the behaviour equivalence between (N, mg) and AS; (that is, the previous
theorem); (2) The proof of the behaviour equivalence between AS; and BS.
Taking into account that AS; is a strongly connected and live MG, the proof
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of this second part is the same that the above theorem renaming, for example,
AS1 as (N, mg) and BS as ASs. o

The main drawback of the above theorems concerns the great number (ex-
ponential in the worst case) of places in ZP4,. In the following we present a
method to reduce the number of places to add, characterizing a subset of 7P 4,,
denoted BIP 4,, with the property that all places of ZP 4, \ BZP 4, are implicit
with respect to the places BZP 4,. Therefore, in order to build the aggregated
subnet we only add the set of places BIP 4, instead of ZP 4, .

Let us consider the aggregable subnet N4, together with its interface tran-
sitions. We derive from this net a directed graph G4, = (V, E) in the same way
to that presented at the end of previous section.

If we apply the algorithm of R.W. Floyd to solve the all-pairs shortest paths
problem (see [2] for implementations of this algorithm) to the directed graph
G a,, we obtain for each ordered pair of vertices (i.e., transitions) (¢,¢') the
smallest length of any path from t to t', denoted length(¢,¢") (if this value
is equal to oo, there is no path from t to ¢'). Observe, that length(¢,t') =
min{}_ .. mo[p;]| 7 is a path from ¢ to ¢'}. The computational complexity of

this algorithm is O(m?), where m is the number of transitions of the considered
net. From this values we define the set of places BZP 4, as BIP4, = {p|°p =
{t};p* = {t'};t,t' € Ty;length(t,t') # oo}

For all p € BIP 4, we select an initial marking mg[p] = length(¢,¢'). It is
trivial to verify that this initial marking coincides with the previously defined
aggregation’s initial marking, mo®[p]. For instance, in the case of Fig.23.1.b,
BIP 4, = {beta_1, beta_2} and mg[beta_1] = mop[beta_2] = 0.

The following result states that all places of ZP 4, \ BZP 4, are implicit
with respect to the places BZP 4,. Therefore, in order to build the aggregated
subsystem we only add the set of places BZP 4, instead of ZP 4,.

Property 23.11 Each place p € TP 4, \ BIP 4, with an initial marking equal
to mo®[p] is implicit with respect to the set of places BIP 4, each one with an
initial marking equal to the aggregation’s marking.

Proof:

Let p € TP 4, \ BIP 4, be a place obtained from the summation of the rows in
the incidence matrix corresponding to the places of a path. Let ¢,t' € Ty be the
interface transitions of this path. Because of the existence of this path, after the
application of the Floyd’s algorithm we have length(t,t') # oo, therefore there
exists an identical place in BZP 4, with the same initial marking. &

In many cases the set BZP 4, is bigger than necessary because some places
can be implicit in AS;. In order to remove one of these unnecessary places, p, we
can apply the method described at the end of the previous section to compute
the shortest path from ®p to p®. The place p can be removed if the output of
this algorithm is less than or equal to the aggregation’s marking of p. Observe
that in the case of Fig.23.2.b, the set BZP 4, contains 16 places but a further
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removing of places leads to a minimum set of 6 places, named 3;, i = 1,...,6
in the figure.

23.3 Iterative Throughput Approximation

In previous section, an algorithm to decompose an MG into two aggregated
subsystems and a basic skeleton system (being also MG’s) has been presented.
In aggregated subsystem AS; (i = 1,2), the subnet Nj (j # 4) is represented by
the places in the cut @, by the interface transitions of Nj, T, = T N Tj, and
by the new places that substitute the subnet ./\/Aj.

The technique for an approximate computation of the throughput that we
present now is, basically, a response time approzimation method [1, 10, 11].
The interface transitions of N in AS; approximate the response time of all the
subsystem Nj (i = 1,2;j # ). A direct (non-iterative) method to compute
the constant service rates of such interface transitions in order to represent
the aggregation of the subnet gives, in general, low accuracy. Therefore, we are
forced to define a fized-point search iterative process, with the possible drawback
of the presence of convergence and efficiency problems.

23.3.1 First Approach: Ping-Pong Algorithm
The first algorithm that we explored, called “Ping-Pong”, follows.

select a cut ();

derive aggregated subsystems AS;,i =1,2;
give value Y for each t € Ty, in ASs;
compute value of throughput x3y of AS;

k:=0; {counter for iteration steps}
repeat
k:=k+1;
compute uf for each t € Ty, such that the throughput x’f of

AS; is close enough to xg_l;

compute uf for each t € Ty, such that the throughput x§ of
AS, is close enough to x¥;
until convergence of X% and x5%;

In the above procedure, once a cut has been selected and given some initial
values for the service rates of interface transitions of A; (which approximate the
response time of all the subsystem A7), the underlying CTMC of aggregated
subsystem AS> is solved. From the solution of that CTMC, the first estimation
x5 of the throughput of AS, can be computed. Then, the initial estimated
values of service rates of interface transitions that approximate the response
time of subsystem N> must be derived. This must be done in such a way that
the throughput x1 of AS; is “close enough” to x9. Then, a better estimation
of rates uf for each t € Ty, must be computed such that the throughput x3 of
AS. is close enough to x}. The process is iterated until x¥ and x& converge.
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The first problem of the above sketch of approximation algorithm is that
a multidimensional search on the parameters of a complex CTMC in order to
get a given throughput cannot be done in an efficient way. A possible solution
to this problem is the following. In the iterative process, each time that an
aggregated subsystem AS;,i = 1,2, is solved, the ratios among the service
rates pf of all the transitions in 77, are estimated. After that, when the other
subsystem AS;, j # i, is solved, only a scale factor for these service rates must
be computed. The goal is to find a scale factor of uf for all t € T, (and fixed k)
such that the throughput of AS; and the throughput of AS;, computed before,
are the same. And this can be achieved with a linear search of the scale factor
in ASJ

At this point, the main technical problem is the following: How to estimate
from the solution of AS; the ratios among the service rates of all transitions in
Ty, that in the next step (solution of AS;) will be scaled to obtain an approxi-
mation of the response time of the subsystem N;?

We explain our answer to this question by means of the example depicted
in Fig.23.1. Figure 23.1.b represents the aggregated subsystem AS; derived
from the original MG. It is necessary to compute the ratio between the ser-
vice rate of T2 and 7T'3 to be used as input data for the linear search of the
scale factor in AS» (Fig.23.1.c). In order to do that, the aggregated subsys-
tem AS; is transformed (as depicted in Fig. 23.1.b) with the addition of places
BIP 4, = {alph_1,alph_2}. The obtained system is behaviourally equivalent to
AS; because the added places (which are those that will substitute A4, ), are
implicit. These new places allow to estimate the ratio between the “aggregated
service times” of transitions 7'2 and T'3 (representing the response time approx-
imation of N7), as the quotient of the mean marking of alph_I by the mean
marking of alph_2, because the throughput of all transitions is the same.

Now, two problems arise. First, the linear search of the scale factor must
be done in the aggregated subsystems, that can have a considerably large state
space, thus the efficiency of the method falls down. Additionally, we have found
convergence problems in many cases. A solution for both problems is proposed
in the next subsection.

23.3.2 A Solution: Pelota! Algorithm

The more practical solution of the problem we found makes use of the third
system (another MG) derived from the original one, in previous section: the basic
skeleton. The basic skeleton contains the interface subsystem and a simplified
view (using the places BIP 4,,i = 1,2, computed by the algorithm in previous
section) of subsystems N4,,i = 1,2.

The idea is to use the basic skeleton as an intermediate point (fronton)
between the two aggregated subnets (rackets), as explained in this algorithmn:

LGame played by two players who use a basket strapped to their wrists or a wooden racket
to propel a ball against a specially marked wall, called fronton.
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select a cut (J;
derive AS;,i = 1,2 and BS;
give initial value p) for each t € 17,;
k:=0; {counter for iteration steps}
repeat
k:=k+1;
solve aggregated subsystem AS; with
input: ,uf_l for each t € 1y,,
output: ratios among ,uf of t €T, and x’f;
solve basic skeleton system BS with
input: ,uf_l for each t € 17y,,
ratios among ,uf of t €Ty, and x’f,
output: scale factor of uf of teTy;
solve aggregated subsystem AS, with
input: uf for each t €Ty,
output: ratios among uf¥ of t € Ty, and x%;
solve basic skeleton system BS with
input: pf for each te€ Ty,
ratios among ,uf of te€Ty,, and X’;,
output: scale factor of uf of teTy,;
until convergence of X’f and x’;;

In this iterative process, each time that an aggregated subsystem AS;,i =
1,2, is solved, only the throughput x* and the ratios among the service rates
pf of all the transitions in T}, are estimated (with the method explained in
previous subsection). After that, a scale factor for these service rates must be
computed. This is achieved by using the basic skeleton system BS. The goal is
to find a scale factor of uf for all ¢+ € Ty, such that the throughput of the basic
skeleton and the throughput of AS;, computed before, are the same. A linear
search of the scale factor must be implemented, but now in a net system with
considerably fewer states (the basic skeleton). In each iteration of this linear
search, the basic skeleton is solved by deriving the underlying CTMC.

Now, the existence and uniqueness of the solution, and the convergence
of the method should be addressed. Although no formal proof gives positive
answers so far to the above questions, extensive testing allows the conjecture
that there exists one and only one solution, computable in a finite number of
steps, typically between 2 and 5 if the convergence criterion is that the difference
between the two last estimations of the throughput is less than 0.1%.

23.4 Examples

In this section we present several numerical results of the application of the iter-
ative technique previously introduced. Among all the tested examples, we have
selected two different Petri net structures because of their following character-
istics: the first one (already introduced in Fig.23.1) is structurally asymmetric
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AS, AS»
X1 tau_l [ tau2 [ tau3 [ coeff | x» rho_1 [ rho2 [ rho3 [ coeff
0.17352 0.05170 0.16810 0.88873 1.01167 0.12714 0.89026 0.21861 0.14354 0.98468
0.14093 0.06265 0.19707 0.91895 1.01318 0.13795 0.88267 0.21363 0.13509 0.98582
0.13856 0.06325 0.19821 0.92054 1.01306 0.13841 0.88239 0.21343 0.13467 0.98592
0.13844 0.06328 0.19827 0.92062 1.01306 0.13843 0.88237 0.21342 0.13465 0.98592
0.13843 0.06328 0.19827 0.92064 1.01307 0.13843 0.88238 0.21342 0.13465 0.98593

Table 23.1: Iteration results for the SMG in Fig. 23.1.

while the second has symmetries; for the second one, the effect of timing asym-
metries on the iterative algorithm can be studied by changing the service rates
of transitions (preserving the strong structural symmetry). In all cases, the
obtained approximations are compared with exact values obtained from the
numerical solution of the underlying CTMC (GreatSPN package was used [7]).

Let us consider again the SMG depicted in Fig.23.1.a. The exact value of
the throughput is equal to 0.138341 (if single-server semantics is assumed). The
underlying CTMC has 89358 states. The aggregated systems AS; and AS»
are depicted in Figs.23.1.b and 23.1.c, respectively. The corresponding basic
skeleton system is that in Fig. 23.1.d.

Table 23.1 shows the iterative results obtained for this example. The values
in AS; columns have been obtained from the solution of the aggregated system
in Fig.23.1.b: x; is the throughput of AS;; columns tau_I, tau_2, and tau_3
are the estimated values of the service rates of the aggregated transition tau_1,
tau-2, and tau-3, computed in AS7; column coeff is the scale factor of previous
estimated service rates, obtained by the linear search in the basic skeleton of
Fig.23.1.d. Columns related with ASs represent the analogous values for the
aggregated system in Fig.23.1.c. Convergence of the method can be observed
from the third iteration step. The error is -0.064333%, after the fifth step. The
following additional fact must be remarked: the underlying CTMC’s of ASy,
AS-, and the basic skeleton have 8288, 3440, and 231 states, respectively, while
the original SMG has 89358 states.

As a second example, let us consider the SMG depicted in Fig.23.2.a. Any
splitting of the net will generate two strongly coupled aggregated subnets. We
select the following cut: Q = {P21, P22, P23, P24, P25, P26, P27, P28}. The
corresponding aggregated systems are depicted in Figs.23.2.b and 23.2.c. The
basic skeleton is that in Fig.23.2.d. The CTMC underlying the original SMG
has 49398, while those underlying the aggregated systems have 6748. The basic
skeleton has 771 reachable states.

We consider three different situations arising from different transition service
rates (we assume infinite-server semantics in all cases). In the first case, we
suppose that the service rates of all transitions are equal to 1.0. In this case,
the exact throughput of the SMG is 0.295945.

Table 23.2 shows the iteration results for three different selections of initial
values of aggregated service rates of transitions rho_1, rho_2, rho-3, and rho_4.
It can be seen that in all cases convergence occurs at the third iteration step,
independently of the initial values given to the aggregated service rates. This
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Figure 23.2: A second example of SMG and its decomposition.
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Fig.23.2 with all service rates of
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Iteration results for the SMG

transition equal to 1.0.

Table 23.2
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Table 23.3: Iteration results for the SMG in Fig. 23.2 with: (a) service rates of

transition 7'1 to T'8 equal to 1.0 and of transitions 79 to 716 equal to 2.0; and
(b) service rates of transition 7'1, 72, T'5, T6, 79, T'10, T'13, and 714 equal to

2.0, and the rest equal to 1.0.
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fact illustrates the robustness of the method with respect to the seed. The error
of the approximation in all cases is 0.4%.

As a second case, consider again the SMG in Fig. 23.2.a but now with asym-
metric service rates associated with transitions. Assume that the service rates
of transitions T'1 to T'8 are all equal to 1.0, while service rates of transition 79
to 116 are equal to 2.0. In this case the exact throughput of the original system
is 0.333356. The iteration results are shown in Table 23.3.a. Now, the initial
values of aggregated service rates of transitions rho_1, rho_2, rho_3, and rho_3
are equal to 1.0. Convergence can be observed from the second iteration step
and the error of the obtained value is 0.02%.

Finally, consider once more the SMG of Fig.23.2.a, but now with the fol-
lowing service rates associated with transitions: the rates of 7'1, T2, T'5, T6,
79, T'10, T'13, and T'14 are equal to 2.0, while the rest are equal to 1.0. In
this case, the exact throughput is 0.362586. The iteration results are shown
in Table 23.3.b. Again, convergence can be observed from the second iteration
step. The error is now 0.19%.

23.5 Bibliographic Remarks

The general approach for the approximate throughput computation of strongly
connected stochastic marked graphs presented in this Chapter was introduced in
[5, 6]. It generalized a previous technique based on net decomposition through
a single input-single output cut [10], allowing the split of the model through any
cut.

The divide and conquer principle, used here, underlies other works on the
topic [3, 9, 10, 11, 13]). In [3], some particular queueing networks with sub-
networks having population constraints were analyzed using flow equivalent ag-
gregation (i.e., a non-iterative technique) and Marie’s method [14] (the idea
was to replace a subsystem by an equivalent exponential service station with
load-dependent service rates obtained by analyzing the subsystem in isolation
under a load-dependent Poisson arrival process). An alternative approach was
presented in [13] to compute approximate throughput for SMG’s. In that work,
the original system was also split in subsystemns and a delay equivalence criterion
was used for throughput approximation. The service rates for the aggregated
subsystems were marking dependent. In [10], response time approzimation was
applied for an iterative computation of the throughput of SMG’s.

A discussion of the above recalled techniques was presented in [11] for the
throughput approximation of SMG’s. We summarize now some of the conclu-
sions. Flow equivalent aggregation is clearly the most efficient method (it is
not an iterative method). In this method, the behaviour of the subsystem is as-
sumed to be independent of the arrival process and depends only on the number
of customers in the system. In many cases, this assumption is violated (see [10]),
therefore the method cannot be applied. Marie’s method behaves correctly in
many cases. As with many iterative methods, the uniqueness of the solution
cannot be proven although numerical experience has shown that a unique point
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does indeed exist. The main drawback is that convergence sometimes presents
a problem [4]. Concerning the delay equivalence technique presented in [13],
its convergence may sometimes constitute a problem. The robustness of the
method was improved in [12], where the service rates of the aggregated sub-
systems were made constant. Some problems of this approach were reported
in [10] where it was shown that the speed of convergence strongly depends on
the initial values estimated for the service rates that represent the aggregated
subsystem.

An obvious generalization of the technique presented in this Chapter can
be derived if the original system is partitioned into more than two subsystems,
leading to the classical tradeoff between efficiency and accuracy. Concerning
the extension of the technique presented here to more general net subclasses, in
[18] the case of weighted T -systems, the weighted extension of marked graphs,
was studied. The application of the technique to Deterministically Synchronized
Sequential Processes (DSSP) was achieved in [16, 19, 17]. Finally, in [15], the
technique was generalized to arbitrary stochastic P/T systems.
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