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for about %n3 values of k. This means we can determine an optimum tree in
O(n?) units of time, using O(n?) cells of memory.

A factor of n can actually be removed from the running time if we make
use of a monotonicity property. Let r(z, j) denote an element of R(i, j); we need
not compute the entire set R(i,j), a single representative is sufficient. Once we
have found r(i, j—1) and r(i+1, j), the result of exercise 27 proves that we may
always assume that

T(ia j_l) < T(’i,j) < T’(’i-{-l, ]) (17)
when the weights are nonnegative. This limits the search for the minimum, since
only r(i+1, j) — r(i, j—1) + 1 values of k need to be examined in (16) instead of

j—1. The total amount of work when j—¢ = d is now bounded by the telescoping
series

> (ri+1,5) = r(i, j-1) + 1) = r(n—d+1,n) = r(0,d=1) + n —d + 1 < 2n;
d<j<n
i=j7—d
hence the total running time is reduced to O(n?).
The following algorithm describes this procedure in detail.

Algorithm K (Find optimum binary search trees). Given 2n + 1 nonnegative
weights (p1, .., Pn; Qo,-- -, gn), this algorithm constructs binary trees t(z, j) that

have minimum cost for the weights (p;+1,...,Pj; ¢i,---,¢;) in the sense defined
above. Three arrays are computed, namely

cli, 7, for0<i<j<n, the cost of t(i, 7);

r(t, 7], for 0 <i<j<n, the root of t(, j);

wli, 7], for 0 <i<j<n, the total weight of t(i, 7).

The results of the algorithm are specified by the r array: If i = 3, t(¢, 5) is null;

otherwise its left subtree is t(¢, r[i, j]—1) and its right subtree is t(r[¢, j], 7).

K1. [Initialize.] For 0 < i < n, set c[i,i] < 0 and w[i,i] < ¢; and w[i,j]
wlt, j—1)+pj+g¢g;for j=i+1,...,n. Thenfor 1 <j<nsetc[j—1,7] +
w(j—1, 7] and r[j—1,j] + j. (This determines all the 1-node optimum
trees.)

K?2. [Loop on d.] Do step K3 for d = 2,3,...,n, then terminate the algorithm.

K 3. [Loop on j.] (We have already determined the optimum trees of fewer than
d nodes. This step determines all the d-node optimum trees.) Do step K4
forj=d,d+1, ..., n.

K4. [Find c[t, j], r[i, j].] Set i - j — d. Then set
C[iaj] A 'w[la]] + minr[i,j—l]ﬁkgr[i—i-l,j] (C[ia k_l] + C[kaj])a

and set r(i, j] to a value of k for which the minimum occurs. (Exercise 22
proves that r[i, j—1] < rfli+1,5].)

As an example of Algorithm K, consider Fig. 15, which is based on a “key-
word-in-context” (KWIC) indexing application. The titles of all articles in the
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19. [M23] What is the approximate average number of comparisons, (11), when the
input probabilities satisfy the 80-20 law defined in Eq. 6.1-(11)?

20. [M20] Suppose we have inserted keys into a tree in order of decreasing frequency
p1 > pa > -+ > p,. Can this tree be substantially worse than the optimum search
tree?

21. [M20] If p, q, r are probabilities chosen at random, subject to the condition that
p+q+r =1, what are the probabilities that trees I, II, III, IV, V of (13) are optimal,
respectively? (Consider the relative areas of the regions in Fig. 14.)

22. [M20] Prove that r[i, j—1] is never greater than r[i41, j] when step K4 of Algo-
rithm K is performed.

23. [M23] Find an optimum binary search tree for the case N = 40, with weights
pP=9p2=ps=---=psw=1,¢=q = =qew =0. (Don’t use a computer.)

24. [M25] Given that p, = ¢g» = 0 and that the other weights are nonnegative, prove
that an optimum tree for (pi,...,Pn; go,...,qn) may be obtained by replacing

by

n—1

in any optimum tree for (p1,...,Pn—1; g0, ++qn—1)-

25. [M20] Let A and B be nonempty sets of real numbers, and define A < B if the
following property holds:

(a€ A, be B, and b < a) implies (a € B and b € A).

a) Prove that this relation is transitive on nonempty sets.
b) Prove or disprove: A < B if and only if A < AU B < B.

26. [M22] Let (pi1,...,Pn; Qo,...,qn) be nonnegative weights, where p, + gn = z.
Prove that as z varies from 0 to oo, while (p1,...,Pn-1; Qo,. .., gn-1) are held constant,
the cost ¢(0,n) of an optimum binary search tree is a concave, continuous, piecewise
linear function of z with integer slopes. In other words, prove that there exist positive
integers lo > I3 > --- > [,, and real constants 0 = 2o < 1 < ++* < Ty, < Timg1 = 0O
and yo < y1 - -+ < ym such that ¢(0,n) = yn +Ilpz when z,, <z < 2449, for 0 < h < m.

27. [M33] The object of this exercise is to prove that the sets of roots R(i,j) of
optimum binary search trees satisfy

R(ivj_l) < R(ivj) < R(i+1, J)v for j —1i > 2,

in terms of the relation defined in exercise 25, when the weights (p1,...,Px; go,.--,qn)
are nonnegative. The proof is by induction on j—i; our task is to prove that R(0, n—1) <
R(0,n), assuming that n > 2 and that the stated relation holds for j —¢ < n. [By
left-right symmetry it follows that R(0,n) < R(1,n).]

a) Prove that R(0,n — 1) < R(0,n) if pp, = ¢gn = 0. (See exercise 24.)

b) Let pp + ¢» = z. In the notation of exercise 26, let R, be the set R(0,n) of

optimum roots when z, < £ < za+1, and let R}, be the set of optimum roots when
T = zp. Prove that

Ry<Ry <Ry <Ry <---<R,, <Rp.
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Hence by part (a) and exercise 25 we have R(0,n—1) < R(0,n) for all z. [Hint:
Consider the case z = z5, and assume that both the trees

t(0,r—1) t(r,n) t(0,s—1) t(s,n)

at level [ at level I

are optimum, with s < r and [ > [’ Use the induction hypothesis to prove that
there is an optimum tree with root @ such that is at level I, and an optimum
tree with root @ such that is at level [.]

28. [24] Use some macro language to define a “optimum binary search” macro, whosg
parameter is a nested specification of an optimum binary tree.

29.\[40] What is the worst possible binary search tree for the 31 most common Exnglish
words)\using the frequency data of Fig. 127

30. [M3X Prove that the costs of optimum binary search trees satisfy the Quadrangle
inequality” (i, j) — ¢(i, 7—1) > c(i+1, ) — ¢(i+1, j—1) when j > i + 2,

31. [M35] (K\C. Tan.) Prove that, among all possible sets of probabilities (p1, ..., pn;
qos---,qn) With pa+ -+ + pn + g + -+ + gn = 1, the most expepSive minimum-cost
tree occurs when p; < 0 for all 7, g; = 0 for all even j, and g; = ¥/[n/2] for all odd j.

» 32, [M25] Let n+ 1 x2™ + k, where 0 < k < 2™. Ther¢/are exactly (2:) binary
trees in which all external\nodes appear on levels m and n¥+ 1. Show that, among all
these trees, we obtain one with the minimum cost for the weights (p1,...,pn;qo,---,qn)
if we apply Algorithm K to the weights (p1,...,pn; MA4qo, ..., M+qn,) for sufficiently
large M.

33. [M41] In order to find the binakxy search trge that minimizes the running time of
Program T, we should minimize the quantity//C + C1 instead of simply minimizing
the number of comparisons C. Develop a\glgorithm that finds optimum binary search
trees when different costs are associated with left and right branches in the tree.
(Incidentally, when the right cost is twige the 1&ft cost, and the node frequencies are all
equal, the Fibonacci trees turn out to/be optimumy see L. E. Stanfel, JACM 17 (1970),
508-517. On machines that cannof make three-way comparisons at once, a program
for Algorithm T will have to make two comparisons in step T2, one for equality and
one for less-than; B. Sheil and/V. R. Pratt have observed\that these comparisons need
not involve the same key, apd it may well be best to have a\binary tree whose internal
nodes specify either an edquality test or a less-than test but wot both. This situation
would be interesting to/explore as an alternative to the stated problem.)

34. [HM21] Show that the asymptotic value of the multinomial cdefficient

(o, o, ., )

piN, paN, ..., poN

as N — od is related to the entropy H(p1,p2,...,Dn)-

35. [HM22] Complete the proof of Theorem B by establishing the inequality (24).

» 36,/ [HM25] (Claude Shannon.) Let X and Y be random variables with finite range
1.+, Zm} and {y1,...,yn}, and let p; = Pr(X = ), ¢ = Pr(Y = y;), rij =
Pr(X =z, and Y = y;). Let H(X) = H(p1,...,pm) and H(Y) = H(q1,...,¢n) be the
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