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Abstract. In a recognition and localization process, active sensing techniques
allow to exploit the discriminant power of geometric features, although they are
partially occluded to some sensors. We propose the use of proximity sensors on
robot hand and non-contact guarded and compliant motions to sense these fea-
tures. To carry out recognition, we compute geometric constraints by explicitly
considering uncertainty in the acquired features.

1 Introduction

A robot works with objects in a real, prone to uncertainty, environment. To the
end of reducing the engineering which supplies the objects in prefixed locations,
the robot must be provided with sensorial capabilities. The multisensorial sys-
tem needs a mechanism to fuse the information acquired, which has an inherent
uncertainty. Basically, two approaches have been proposed to model it: some
are based on maximal ranks of error [1]; others deal with probabilistic models
[2], [3], [4]. We choose a probabilistic model to express the uncertain geometric
features acquired by the sensors. In §2 the representation of geometric features
is presented.

By using mobile sensors, the system performance is improved. We consider
a 2D vision system and mobile proximity sensors on the robot hand. The
interest of using proximity sensors comes out of its constructive simplicity, low
cost and low computational load to process the information sensed. To drive
the proximity sensors, active sensing strategies must be implemented [5], [6].
The main advantage of these techniques appears because they can optimize
the number of observations needed to identify and locate objects; in this sense
we exploit the discriminant power of some features, although they are partially
occluded. In §3 we briefly outline the method to acquire individual features with
proximity sensors. We acquire and estimate the location of geometric features
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of polyhedral objects, to the end of recognizing and locating them.
A constraint-based recognition [7] may reduce the computational cost of the

process. In this paper, we focus the attention in computing some constraints
from the sensed features, taking into account the involved uncertainty. In §4 the
geometric constraints proposed to be used in the recognition process are stated
and computed from the features acquired.

In §5 the method to match estimated and modeled constraints used when
recognizing is described.

2 Representing 3-D object geometric features

In this paper we deal with polyhedral objects. We consider them to be built by
vertexes, edges and planar surfaces. As told in the introduction, some different
approaches have been proposed to represent the features with their location
uncertainty. We use a frame attached to each feature [4] expressing its location
in a world reference. In Figure 1 the features and the frames are drawn. This
is an homogeneous representation for all these features.

In the sequel we express the generic location of frame F in the world reference
W by the location vector W xF = (px, py, pz, ψ, θ, φ)T , where (px, py, pz) is the
origin of the frame and (ψ, θ, φ) are the orientation parameters. We choose the
Yaw-Pitch-Roll as the orientation angles.

A vertex is completely defined by its position: the origin of the frame
(px, py, pz). The three orientation parameters are degrees of freedom (d.o.f.).
An edge is represented by a frame with the x axis fitting its direction. The two
d.o.f. of an edge in the space are related to one along x axis of the frame and the
other to the rotation around it. Additionally, we have a symmetry represented
by a 180o rotation around the z or y axis of the frame. The location of a plane
is represented by a frame whose origin is on the plane and its z axis is normal
to its external face. The three d.o.f. in the space are along the x and y axes and
around the z axis. As other representations proposed in the literature, this is
overparametrized. In the integration and recognition process we must remove
those parameters associated to d.o.f., because they have not valuable informa-
tion. In [4] a technique based on selection matrices to take the parameters just
needed is proposed.

To represent the location uncertainty we use an incremental transformation
F e

4
= (δpx, δpy, δpz, δψ, δθ, δφ)T associated to the feature frame F . The true

frame location is obtained as:

W xF = W x̂F ⊕ F e = W x̂F ⊕ F JW
W e = W JF

F e⊕W x̂F

where W x̂F
4
= E{W xF } = (p̂x, p̂y, p̂z, ψ̂, θ̂, φ̂)T is the estimated value of W xF ,

F e and W e are incremental transformations in F and W frames, F JW and W JF

the jacobians to relate differential transformations [8], and ⊕ is the operator
to compose transformations when they are represented as location vectors [3].
Assuming the hypothesis of Gaussian whyte noise, the location uncertainty is
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Figure 1: Geometric features and attached frames : (a) vertex V , (b) edge E,
(c) planar surface S

characterized by its estimated value, F ê = E{F e} = 0 and its covariance matrix
Cov(F e). Then, W xF is completely defined by W x̂F and Cov(F e).

Some interesting advantages of the representation proposed are: (1) uncer-
tainty is represented in a local frame to the geometric feature and so, it is
invariant with changes in the reference system; (2) values of the elements of the
covariance matrix directly show the significance of errors, (without magnifica-
tion by the distance to the reference system); and (3), as the estimate errors
are small, the covariance matrix is well defined, far from singularities.

3 Estimating location of features with proximity
sensors

In this work we model the proximity sensors taking into account measurement
device (Sed) and robot positioning errors (Rer). Our sensorial system has six
infrared proximity sensors on the robot gripper (Figure 2). Here, the two frontal
sensors are considered. The model is intimately tied to sensor layout on the
gripper. It relates the d measurement with the frame location of a point (F ).

If we choose the location of the feature in the robot frame (RxF ) as mea-
surement vector and the location of the feature in the world frame (W xF ) as
state vector, the measurement equation is:

RxF = Rx̂W ⊕W xF = Rx̂W ⊕ (W x̂F ⊕ F e) =
= (Rx̂W ⊕W x̂F )⊕ F e (1)

As Rer and Sed are differencial errors, we can compute the sensor error (F e)
as:

F e = F JR
Rer + F JS

Sed (2)

where F JR and F JS are the jacobians to relate differential transformations be-
tween frames [8].

Our proximity sensors cooperate with a fixed 2D vision system. Some fea-
tures are not observable by a vision system, but they can be explored by proxim-
ity sensors carried by the robot end-effector. We propose data driven strategies
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Figure 2: Proximity sensors on the robot gripper and involved frames

for features acquisition with proximity sensors. We consider that we have pre-
vious data about the object contours from the vision system. This information
is used to drive the robot towards the feature we are going to observe.

The features sensed using the two frontal sensors are edges and planar sur-
faces. In both, the state to be acquired is the location in the world reference
of a frame attached to it, W xF = W x̂F ⊕ F e. To sense the state of a plane,
our approach consists on obtaining two normal directions on the plane, to build
from them the normal representing the surface orientation. A frame with its z
axis fitting this normal direction and its origin being one of the sensed points
on the surface, represents the location of the plane.

To obtain the state of an edge, we sense several points belonging to it. From
them, we compute a frame which represent it. Such a frame has its x axis along
the edge, and its origin at one of the sensed points.

In both cases, the trajectories are performed by using non-contact compli-
ant and guarded motions using proximity sensors [9], [10]. These allow to sense
features accomplishing the motion near unknown surfaces, while collisions with
objects are avoided. Vertexes, are not directly measured, but computed from
intersection of sensed edges. Details about the process to sense individual fea-
tures with their location uncertainty can be found in [11] and about the control
of compliant motions in [10].

4 Computing local constraints from geometric
features

Before totally locating an object is necessary to recognize it. This can be made
by matching sensed features in the scene to features in the model [12]. We
advocate by a geometrical constraint-based recognition [7]. Exploiting local
constraints, search space in the model and therefore computational burden is
reduced. The constraints proposed and computed are: edge length, angle be-
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Figure 3: Representation of an edge on a plane

tween coplanar edges, angle between planar surfaces, distance between parallel
edges and distance between parallel planes. Most of these constraints, as angles
and distances between features, have the additional advantage of being robust
to partial occlusions. As the sensed features have uncertainty, we explicitly
consider it when we calculate the uncertainty of the constraints.

4.1 Edge length

We obtain the length as the distance between the two end points of the edge.
Each end point is computed from the intersection between two coplanar edges
which have been acquired with the sensors. Therefore, we first test the copla-
narity between edges.
Coplanarity condition

We test coplanarity by checking that each edge belongs to the same plane.
A right line is on a plane if the x axis of the frame attached to the line is on it
(Figure 3). Taking into account the uncertainty of the sensed plane and edge,
we can compute the relative transformation between their frames as:

SxE = Sx̂E ⊕ EeS

where:
Sx̂E = Sx̂W ⊕W x̂E
EeS = EJS

Se + Ee

being Se and Ee the location estimate errors of the surface and the edge, re-
spectively. Let Sx̂E = (p̂x, p̂y, p̂z, ψ̂, θ̂, φ̂)T , v1 = (0, 0, 1)T the z unit vector of
the plane frame estimate and v2 = (n̂x, n̂y, n̂z)T the x unit vector of the edge
frame estimate expressed in the plane reference. Coplanarity conditions can be
written with two equations:

vT
1 · v2 = 0 (3)

p̂z = 0 (4)

being · the dot product.
From (3) and expressing n̂z as a function of Sx̂E (Appendix 1), we have the

following condition:
n̂z = −sinθ̂ = 0



Therefore, the coplanarity conditions are:

p̂z = 0
θ̂ = ± nπ ; n = 0, 1 (5)

Uncertainty of the condition represented by Cov(pz) and Cov(θ), are directly
obtained from EeS , because they respectively correspond to its third and fifth
components. This information will be used in the recognition process.
Edge intersection

The intersection is obtained computing the point which simultaneously be-
longs to both x axes of the edge frames E1 and E2 (Figure 4). We calculate the
intersection point refered to the edge the length of which we desire to measure.
In the sequel development, it is E2.

Let E1x̂E2 = (p̂x, p̂y, p̂z, ψ̂, θ̂, φ̂)T the relative transformation between E1
and E2 edges. Let P1 = (p̂x1, 0, 0, 1)T and P2 = (p̂x2, 0, 0, 1)T the generic
homogeneous coordinates of two points on the x axis of edges E1 and E2. The
coordinates of a point on the x axis of E2 expressed in the frame E1 are E1HE2 ·
(p̂x2, 0, 0, 1)T , being E1HE2 a homogeneous matrix as defined in Appendix 1.
Equating both points, we obtain:
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 (6)

The intersection point must simultaneously verify the equations (6), obtaining:

p̂x2 = − p̂y

n̂y
= − p̂z

n̂z
(7)

Note that if E1 and E2 are parallel, n̂y = n̂z = 0, and p̂x2 doesn’t exist. If only
one of them is zero, the x axis of E2 belongs to one of the coordinate planes
of E1(XYE1, XZE1) We always test the non null condition of (7). To directly
obtain p̂x2 from E1x̂E2 (Appendix 1), we must compute:

p̂x2 = − p̂y

sinφ̂cosθ̂
=

p̂z

sinθ̂
(8)

As P is a point, the frame attached to it can have any orientation. In particular
we choose the same orientation as E2. Using the second condition of (8), the
state estimate of P in E2 is:

E2x̂P =
(

p̂z

sinθ̂
, 0, 0, 0, 0, 0

)T

= f(E1x̂E2) (9)

To reach a full knowledge about the state of the point we need to obtain the
estimate error P e expressed in the P frame, so that:

E2xP = E2x̂P ⊕ P e



which linearized is:

E2xP ' E2x̂P + J2⊕{E2x̂P , 0} · P e (10)

being J2⊕{E2x̂P , 0} the composition jacobian evaluated in {E2x̂P , 0}, as
defined in [4]. Linearizing the equation (9) in E1x̂E2 we have:

E2xP ' f(E1x̂E2) + F ∗ · (E1xE2 − E1x̂E2) (11)

where:

F ∗
4
=

∂f

∂E1xE2
{E1x̂E2} =




0 0 1
sinθ̂

0 − p̂zcosθ̂

sin2θ̂
0

O5×6




Equating the linearized equations (10) and (11) we compute P e as:

P e = J−1
2⊕{E2x̂P , 0} · F ∗ · (E1xE2 − E1x̂E2)

As E1xE2 − E1x̂E2 = J2⊕{E1x̂E2, 0} · (E2JE1
E1e + E2e) (Appendix 2), last

equation can be written as:

P e = F · (E2JE1
E1e + E2e) (12)

being F
4
= J−1

2⊕{E2x̂P , 0} · F ∗ · J2⊕{E1x̂E2, 0}.
The covariance matrix Cov(P e) is:

Cov(P e) = F · ( E2JE1 · Cov(E1e) · E2JT
E1 + Cov(E2e)

) · FT

This method can also be used to obtain a vertex location. In this case, we
express the location W xP in world reference.
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Figure 4: Frames attached to edges and intersection points to obtain the edge
length

Edge length
The length of an edge is computed as the distance between two end points

P and P ′ belonging to the edge (Figure 4). When the two frames attached
to P and P ′ have been computed, we calculate the transformation P x̂P ′ =
(p̂x, p̂y, p̂z, ψ̂, θ̂, φ̂)T . The distance between both is:

l =
√

p̂2
x + p̂2

y + p̂2
z = f(P x̂P ′) (13)

To estimate the length error we linearize (13) in P x̂P ′ :

l ' f(P x̂P ′) + F ∗ · (P xP ′ − P x̂P ′) =
= f(P x̂P ′) + εl (14)

The error can be expressed as (Appendix 2):

εl = F ∗ · J2⊕{P x̂P ′ , 0} · (P ′JP
P e + P ′e) =

= F1 · P e + F2 · P ′e (15)

being
F ∗ =

(
p̂x

l ,
p̂y

l , p̂z

l , 0, 0, 0
)

F1
4
= F ∗ · J2⊕{P x̂P ′ , 0} · P ′JP

F2
4
= F ∗ · J2⊕{P x̂P ′ , 0}

The error covariance of the edge length calculated from the uncertainty of the
constraints is:

Cov(εl) = F1 · Cov(P e) · FT
1 + F2 · Cov(P ′e) · FT

2

4.2 Angle between coplanar edges

To compute the angle between two edges we must test that both are coplanar
(§4.1). If this condition is verified, the angle can be computed from the dot
product of the x unit vector of each edge frame, both going away the intersection



point. Let v1 = (1, 0, 0)T the x unit vector in frame E1 and v2 = (n̂x, n̂y, n̂z)T

the x unit vector of frame E2, expressed in frame E1. The dot product is:

vT
1 · v2 = n̂x = cosα

being α the searched angle. From the relative transformation E1x̂E2 we obtain
(Appendix 1):

α = cos−1(n̂x) = cos−1(cosφ̂ cosθ̂) = f(E1x̂E2) (16)

We choose the smallest angle which fits (16). From this solution it is impossible
to know if the angle match with a concave or a convex corner. This ambiguity
is solved with additional measures. For example, proximity sensors can inform
in which side of the edge is the object. The angle α is a no-linear function of
E1xE2, and the error εα can be obtained in a similar way as in equations (15).
That is, εα is computed as:

εα = F1 · E1e + F2 · E2e (17)

where:
F ∗ =

(
0, 0, 0, 0, cosφ̂sinθ̂

∆ , cosθ̂sinφ̂
∆

)

F1
4
= F ∗ · J2⊕{E1x̂E2, 0} · E2JE1

F2
4
= F ∗ · J2⊕{E1x̂E2, 0}

∆
4
=

√
1− cos2φ̂cos2θ̂

The error covariance is:

Cov(εα) = F1 · Cov(E1e) · FT
1 + F2 · Cov(E2e) · FT

2 (18)

4.3 Angle between planes

The method to compute the angles between planes is similar to the method used
in §4.2. The difference is that the searched angle is obtained from the z axis of
frames attached to them (Figure 5).

At the same way that the angle between edges, the dot product between the
z unit vectors of S1 frame, v1 = (0, 0, 1)T , and of S2 frame expressed in S1,
v2 = (âx, ây, âz)T , yields the solution:

vT
1 · v2 = âz = cosα

From the relative transformation S1x̂S2 between frames attached to the planes,
we have (Appendix 1):

α = cos−1(cosψ̂cosθ̂) (19)

If the planes are parallel, âz = ±1 and we have α = 0o or α = 180o. The first
solution corresponds to planes with the same orientation. The second one to
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Figure 5: Angle between two planar surfaces

planes with opposite direction. The estimate error and the covariance have the
same expressions that equations (17) and (18), changing E1x̂E2 by S1x̂S2, E1e
and E2e by S1e and S2e, and F ∗ by:

F ∗ =
(

0, 0, 0, cosθ̂sinψ̂
∆ , cosψ̂sinθ̂

∆ , 0
)

being ∆
4
=

√
1− cos2ψ̂cos2θ̂.

4.4 Distance between parallel edges

To search the distance between parallel edges, belonging or not to the same
surface, we first verify the parallelism condition. It can be written as:

vT
1 · v2 = ± 1 (20)

being v1 = (1, 0, 0)T and v2 = (n̂x, n̂y, n̂z)T the unit vectors along x axis of the
E1 and E2 frames attached to the edges, both expressed in frame E1. From
equation (20) we reach to:

n̂x = ± 1 = cosφ̂cosθ̂ = f(E1x̂E2) (21)

where φ̂ and θ̂ are obtained from the E1x̂E2 = (p̂x, p̂y, p̂z, ψ̂, θ̂, φ̂)T transforma-

tion. The error in the parallelism condition εpc
4
= f(E1xE2)− f(E1x̂E2) can be

computed by following similar steps that in the above paragraphs as:

εpc = F ∗ · J2⊕{E1x̂E2, 0} · (E2JE1
E1e + E2e)

being
F ∗ = (0, 0, 0, 0,−cosφ̂sinθ̂,−cosθ̂sinφ̂)

The distance is calculated as the length of a normal segment to both edges.

d =
√

p̂2
y + p̂2

z



The distance error is:
εd = F1 · E1e + F2 · E2e

where E1e and E2e are the errors of the edge locations estimate, and

F1
4
= F ∗ · J2⊕{E1x̂E2, 0} · E2JE1

F2
4
= F ∗ · J2⊕{E1x̂E2, 0}

F ∗ =
(

0,
p̂y

d , p̂z

d , 0, 0, 0
)

The covariance matrix of distance error is computed as:

Cov(εd) = F1 · Cov(E1e) · FT
1 + F2 · Cov(E2e) · FT

2

4.5 Distance between parallel planes

To calculate this constraint we must verify the parallelism condition of planes,
given by the parallelism of their normals:

vT
1 · v2 = (0 0 1) ·




âx

ây

âz


 = âz = ± 1 (22)

being v1 and v2 unit vectors along z axis directions. Condition (22), expressed
as function of S1x̂S2 is (Appendix 1):

cosψ̂ cosθ̂ = ± 1 (23)

similar to condition (21).
The distance between two parallel planes is directly computed by means of

the following expression:

d = |p̂z| = f(S1x̂S2) (24)

To estimate the error εd = d− d̂, we proceed as in the previous paragraph, being
the function derivative F ∗ of (24):

F ∗ = (0, 0, 1, 0, 0, 0)

5 Constraint-based recognition and localization

In a recognition and localization process, we use at first parametric information
(shape descriptors) [4], [13], obtained from a 2D vision system . It has exten-
sively been applied because of its easy use. However, it has some limitations,
by example it is not robust to partial occlusions and may lead to ambiguity.

From the vision system, geometrical information is also obtained. To carry
out a full recognition and localization, the acquisition of additional geometric



features by others sensors is required: either to compute geometrical constraints
as explained in §4 or to eliminate ambiguity in localization.

As stated in the above paragraph, the constraints are computed with their
uncertainty. In the recognition process we carry out a statistical distance test to
compare the estimated value of a constraint with the constraints in the model. In
the univariate case, if a stochastic variable x is characterized by a normal density
function with mean x̂ and variance σ2, N(x̂, σ2), the variable D2 = (x− x̂)2/σ2

(D, Mahalanobis distance) is distributed as a χ2 with 1 degree of freedom [14].
Therefore, knowing x̂ and σ2 of a computed constraint or condition (coplanarity,
parallelism), we can know if it matchs with some in the model, allowing to accept
or reject the object hypothesis.

We fix a reject percentage α, which in a χ2 distribution, corresponds to
a maximum value of Mahalanobis distance (DM ). For a estimated value of a
constraint ĉ, with variance Cov(c) computed as shown in §4, we accept a value
in the model cm, if it verifies:

|cm − ĉ| ≤
√

Cov(c) ·DM (25)

The process is repeated for all the values in the model.

6 Conclusion

To observe geometric features, active sensing strategies using proximity sensors
carried by the robot are well suited. When using active sensing, we try to
exploit the discriminant power of some features, which may be occluded to
other sensors.

We have proposed a probabilistic model to represent geometric features. The
estimated location of a feature is the estimated location of a reference system
attached to it, and its uncertainty is represented by a differential transformation,
characterized by its mean and its covariance matrix.

As proximity sensors are used in active sensing, the measurement device and
the robot location errors have been explicitly considered in the model. Previous
information is obtained by a 2D vision system and the sensorial system takes
advantage of it to drive the proximity sensors towards features to be observed.
Some methods to acquire geometric features with proximity sensors have been
outlined.

We have computed constraints from sensed geometric features. The un-
certainty of the constraints has been obtained taking into account the feature
uncertainty. In the recognition process, matching by means of a statistical dis-
tance test between acquired and modeled features and constraints is achieved.

This work will be extended to acquire other features (circles, non-planar
surfaces,...) and to compute constraints from them. Active sensing with camera-
in-hand is also being studied.
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[9] C. Sagüés, L. Montano, and J. Neira. Guarded and compliant motions using
force and proximity sensors. In Int. Workshop on Sensorial Integration for
Industrial Robots, pages 274–280, Zaragoza-Spain, 1989.
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APPENDIX 1. Homogeneous matrices and loca-
tion vectors

A homogeneous matrix H, representing a transformation between reference sys-
tems [8], is expressed as:

H =




nx ox ax px

ny oy ay py

nz oz az pz

0 0 0 1


 =

(
R p
0 1

)

where R is a orthogonal rotation matrix and p is a position vector. A location
vector is expressed by:

x = (px, py, pz, ψ, θ, φ)T

where (px, py, pz) represent the position and (ψ, θ, φ) are the orientation Yaw-
Pitch-Roll angles:

ψ ∈ (−π, π], θ ∈ (−π

2
,
π

2
], φ ∈ (−π, π]

From a location vector, the elements of the homogeneous matrix used in the
paper are:

nx = cosφcosθ, ny = sinφcosθ

nz = −sinθ, az = cosψcosθ

APPENDIX 2. Relating errors between frames

Given the transformations F1xW and W xF2:

F1xW = F1e⊕ F1x̂W , W xF2 = W x̂F2 ⊕ F2e

we deduce the relative transformation F1xF2 and its estimate error, expressed
in one of the frames (F2):

F1xF2 = F1e⊕ F1x̂W ⊕W x̂F2 ⊕ F2e =
= (F1x̂W ⊕W x̂F2)⊕ (F2JF1

F1e⊕ F2e) =
= F1x̂F2 ⊕ F2eF1 (26)



As F2e and F1e are incremental transformations, F2eF1 ' F2JF1
F1e + F2e.

Sometimes, we have the transformation between frames expressed as:

F1xF2 ' F1x̂F2 + F2εF1 (27)

Taking into account that F2êF1 = 0, the relation between F2eF1 and F2εF1 is
obtained linearizing equation (26) in {F1x̂F2,

F2êF1}:
F1xF2 ' F1x̂F2 + J1⊕{F1x̂F2,

F2êF1} · (F1x̂F2 − F1x̂F2)
+J2⊕{F1x̂F2,

F2êF1} · (F2eF1 − F2êF1) =
= F1x̂F2 + J2⊕{F1x̂F2, 0} · F2eF1 (28)

being J1⊕{x̂, ê} and J2⊕{x̂, ê} the composition jacobians as defined in [4].
Equating (27) and (28) we reach to:

F2εF1 = F1xF2 − F1x̂F2 =
= J2⊕{F1x̂F2, 0} · (F2JF1

F1e + F2e)


