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Is it possible to use a vehicle,
starting at an

e unknown initial location,
INn an

e unknown environment,
to

e incrementally

build a map of the
environment,

(image: Paul Newman)

e and at the same time

use the map to determine the Chicken and egg
vehicle location’ oroblem?
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Simultaneous Localization
and Mapping

The solution to the SLAM problem is, in many

respects, a ‘Holy Gralil’ of the autonomous vehicle
research community, as the ability to build a map

and navigate simultaneously would indeed make a
robot ‘autonomous’.

(Newman 1999, Leonard 2000, Thrun 2001)

e There Is a large amount of potential applications
e |t gives the vehicle real autonomy
e A solution iIs indeed possible

J. Neira, Vibot 2007-2008



From Wikipedia:

e Simultaneous localization and mapping (SLAM) is a
technique used by robots and autonomous vehicles to
build up a map within an unknown environment while at the
same time keeping track of its current position.

e This is not as straightforward as it might sound due to
Inherent uncertainties in discerning the robot's relative
movement from its various sensors.

e ... Some of the statistical techniques used in SLAM include
Kalman filters, particle filters and scan matching of
range data.

e Pioneering work in this field was conducted by Hugh F.
Durrant-Whyte.

e Much of the SLAM work is based on concepts imported from
computer vision...

« SLAM has not yet been fully perfected, but it is starting
to be employed in unmanned aerial vehicles, autonomous

underwater vehicles, planetary rovers and newly emerging
‘ % domestic robots.
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Mobile Robots
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Mobile Robots
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Mobile Sensors
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Origins: the localization
problem

Triton

Otilio
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A Simple Example: MonoRoDb

e A robot moves in a mono-dimensional space:

%% Rq{7
]
dy
Uncertainty in Robot Position
e Odometry: di =di + dq
= = m
5 o S
- .8 3
e Uncertainty model: c o
B(#) = B[t a]) =

Var(dq)

@ E([a-d][d-d)") =of
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A Simple Example

. . p(x)
e Gausslanity assumption: A

F ~ N(u,0%)

j-20 -0 [L HL+o [+ 20

(image: Duda, Hart, Stork)

Pri{lz—pl|<o} ~ 0.68
Prilz —pl|< 20} 0.95
Pr{|lxz—p|< 30} ~ 0.997

R
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Robot Odometry: Example
= Odometry error model: 4. = 7, 4 d

di ~ N(u1,07%)

pr = 0
o1 =— 0.1- 51
e Example: move 0.9m ~
%4 Rq T R, = dq
0.36m Cvwr, = 0.09m

Pr{|dy |[<0.18m} ~ 0.95

UNIVERSIDAD DE ZARAGOZA
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Robot Odometry: Example

= Robot moves again 0.85m: ¢, = 0.85m

%% Ro
. > | Y

E(dy +dp) =

Var(d; + d>) =

e New estimation: B

Ro -

e > L W R2
0.49m 7EW R,

J. Neira, Vibot 2007-2008

d1 + di + do + do
p1+ po =0
o2+ 02
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Odometry error grows unbounded
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(with the square root of n)

J. Neira, Vibot 2007-2008
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Vehicle motion in 2D

1 T2
xp = | y1 xg = | y2 ]
®1 ¢2
Composition:
r1 + x2 COSp1 — y2SiN P
xé = X‘é @Xg = | y1 + z>Sin 1 + yo> COS Pq
$1 + P2
Inversion:

—x1 COS¢1 — Y1 SiN P
=Oxg = | x15in¢; —y; COSPy
-1

J. Neira, Vibot 2007-2008 16



Odometry in 2D

Odometry model:

Ry
Xp,
Elvy]

E[vjv]]

s .
. ".‘L‘o.:. L=

J. Neira,

Composition:
~B ~B ~ Ry
XRK. — XRk_l EBXRE .
Pr, ~ J1Pgr_ J{ +JoQJ3

B Ri_1
8( Ry_1 DXRy )
J1 = B
aka 1 R
B xpFh
k—1"" Ry
B Rj._1
8( Ry PXRy )
Jo = In
Ox k-1
RL’: (}?B iRk—l)
Rp._1’ "Ry,
Vibot 2007-2008 17



Odometry in 2D

Jacobians:
o (x4 @ xB [ 1 0 —=zpSing; — Y2 COS ¢y
B Y XC :
Je{xg, X0} = (8XA ) =10 1 z2C0S¢1 —y2Singy
B lzg.xf) L0 O 1
o (x4 @ xB COS¢p1 —sSingy O
B Y XC .
Jooixp.x2} = (axB ) = | sing; cCcos¢; O
C (igaig) 0 0 1
) ) @Xé) —§05q51 —singy —xz1SiNng1 — 13 C-OSgbl
Jo{xp} = ] = | sing; —COS¢1 x1COSP1 + y1Sin¢y
XB (%4) 0 0 —1

J. Neira, Vibot 2007-2008
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Odometry in 2D

How can we avoid drift?

J. Neira, Vibot 2007-2008

19



1%

The need for SLAM

MAP at Step 44, features: O, algorithm:

AU,
(A<

S

= S

ZI e
e WY, l#- G
/ 5% Jf:"“—}}h

J. Neira,

Errort+20 (prob. 0.95)

“ehicle errar in % (m) “ehicle errar in y (m)

n 20 40 N n 20 40 Bl

“ehicle errar in theta (deg)
40

20

-20

40
0

Vibot 2007-2008 20



Odometry In 2D

Ry
XR: 1 — (0,0,Qi)l)t D (xlaoao)t D (07 07¢2)t

For different rotation and translational errors

(a) (b) (c)

(image: Thrun, Burgard, Fox)

J. Neira, Vibot 2007-2008
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Ry
XRk‘

(a)

Odometry In 2D

' =(0,0,¢1)"® (21,0,0)* @ (0,0, ¢5)"

We are linearizing errors!

(b) (c)

(image: Thrun, Burgard, Fox)

J. Neira, Vibot 2007-2008
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Map-based Localization

e Cumulative odometry e A priori Map + Perception
errors

J. Neira, J.D. Tardds, J. Horn and G. Schmidt;
Fusing Range and Intensity Images for
Mobile Robot Localization, IEEE Trans.
Robotics and Automation, Vol. 15, No. 1,Feb
1999, pp 76-84.

Laser

J. Neira, Vibot 2007-2008 23



Multisensor Robot Localization

e Results (uncertainty x30)

L__T;

L

%

!

griL

g
- — s
Laser Vision
\N\ [
A
O
: :

J. Neira, Vibot 2007-2008

Laser + vision
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The need for SLAM

e In many applications the environment is unknown
e A priori maps usually are:

/
—Costly to obtain — i ”///;;
—Inaccurate ' |
—Incomplete e
—Out of date T <

= Map Building

UNIVERSIDAD DE ZARAGOZA

J. Neira, Vibot 2007-2008
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Localization and Mapping elements
e M: environment features

e U: control inputs

e X: vehicle locations

e Z. sensor measurements

(image: Durrant-Whyte)

J. Neira, Vibot 2007-2008 26



Map-based localization
e Given M, U, Z
e Compute X

k+1

(image: Durrant-Whyte)

J. Neira, Vibot 2007-2008 27



e Given X, Z
e Compute M

UNIVERSIDAD DE ZARAGOZA

24

Mapping

e ©

(image: Durrant-Whyte)

J. Neira, Vibot 2007-2008
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e Given U, Z
e Compute X, M

UNIVERSIDAD DE ZARAGOZA

SLAM

(image: Durrant-Whyte)

J. Neira, Vibot 2007-2008
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The need for SLAM

e Stochastic map + Extended Kalman Filter:

e First proposed by:

R. Smith and P. Cheeseman, “On the Representation and Estimation of
Spatial Uncertainty”, Int. J. Robotics Research 5(4), pp. 56-68, 1986.

R. Smith, M. Self and P. Cheeseman, “A Stochastic Map for Uncertain
Spatial Relationships”, In O. Faugeras and G. Giralt [{?ds. , Robotics
Research, The Fourth Int. Symp., pp. 467-474. The MIT Press, 1988

J. Neira, Vibot 2007-2008
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EKF-SLAM: approach

of elements:
f:{B, R, Fl, « e ey Fn}

e represented by a stochastic map:
ME (szB,PB)

J. Neira, Vibot 2007-2008

Environment information related to a set

32



Map Features in 2D

xB =2 ] Points:
Y2
A_ A .B_ | a1+ z2C0801 —ysSin¢;y
Xp=XpOxp = y1+$25in¢1+yzco‘3¢51]
A B _ |1 0 —zosing] —yscospy
Jiei{xp,xp} = i O 1 x5COS¢1 — yoSin¢pq
A _Br | cosey —singg
TelXpXph = | gy $1  COS¢p1 ] _ s [ o]
- Lines: xp =2
2 .
cos + 05) 4+ 47 sin +65) 4+ po |
xA = xAgxB = | %1 (1 2)¢1 3_192 (p1 4 02) + p2
7 A By _ | cos(¢1+62) sin(¢r+62) —xisin(¢pr+ 602) + yicos(pr + 62) |
1o{xp. X} = 0 0 1
: 1 —=zqSin 0 COS 0
Tow{xfh xB} = : z1 Sin (¢1 + 2)1+yl (p1 + 2)]

J. Neira, Vibot 2007-2008 33




EKE-SLAM

Algorithm 1 SLAM:

x5 = 0; PP = 0 { Map initialization
[zg, Rp] = get_measurements
(x5, P = add_new_features(x¥’. P¥, zo, Ro)

for k =1 to steps do

[xgi_ﬂ Q] = get_odometry

Fy 4

B PE ] = cmnput.e_lnmti{:rn[}cf_k Pf_l, Xp, Qi) {EKF pre-

31 Prjr—t

diction }

[z;, Ri] = get_measurements

Hy = clata..assacia,tiﬂn(xﬁk_l, Pﬁh_l, zr, Ri)

[}{f, Pf] = upcla,te_ma,p(xﬁk_k P}ak—l' zi, Ry, Hi) { EKF update}

[xf, Pf] a,{:l{:l_new_fea,tures[xf, PE. z.. Ry, Hy)

end for

J. Neira, Vibot 2007-2008
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Example: SLAM In a cloister

GROUND TRUTH, features: 104

10+
ol
ol
?'_
E_
5_
_,-_'I__
4
2_
1_
o e ,
2 0 2 4 5 a 10 12

e Red dots: environment features (columns)

‘9 Black line: robot trajetory
UNIVERSIDAD DE ZARAGOZA J. Neira, Vibot 2007-2008
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Sensor measurements

e |In polar coordinates: e |In Cartesian coordinates:
Y T = dcosg
A ~ ~ . =~
y = dSing
x = f(p)
. ) P~ JPJT
i [ Ox Ox |
! _ od 0¢
i J = | 5y &y
L - L 9d 96
T
S ~ T
~ > NI X = (.SC, y)
P = (da (25) 2
= diag(c7, 02) Px = o U:czy

J. Neira, Vibot 2007-2008 36



28+

151

0&r

SIRN

The basic EKF SLAM
Algorithms

DBESERVATIONS at step 1: 8

I I I \
1 0.5 ] 05 1 15 2 24

Sensor measurements

J. Neira, Vibot 2007-2008
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EKF-SLAM: add new features

[ xg [ xR )

B
B Fy i F1
B XF B 7 ’
X = .lak = Xk;‘l' f— : = :
<7 S -
X ? )
F.r ] B B

Linearization:

~ B =B -~

P’ =FPIF| + G RG]

Where:
. I 0 --- 0 . 0
F _8xk+_ 0 -0 G :8Xk+_ :
s = 8ka B 0 0 | k 0%Z; 0
Jio{%E .2} 0 - 0 Joe {25, 2

J. Neira, Vibot 2007-2008
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EKF-SLAM: add new features

( [;R Prp Prp, )
pp— | FrA P:Fl Ppr,
[ Pg Prr Prp, PrJi A
T | T 1T |
Prp,  Pr Prp, Prrdie :
PE, — ) ) ! :
Kt ' : | i
T T : T T !
r P;R_Fﬂ _____ P _F_‘]_E‘n ____________ P ;F_?TL_ -—-= :'r_________________:E_R_E_‘n;g__l__@__________________:
\'\J16Pr J16PRrA J16PrE, 1J16PRI1 g + J2oRiJ5s !/

UNIVERSIDAD DE ZARAGOZA

J. Neira, Vibot 2007-2008 39



EKF-SLAM: add new features

MAF at Step 1, features: 8, algarithm:
25

151

05t //{,

05k m"
[ TS

J. Neira, Vibot 2007-2008
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EKF-SLAM: compute robot motion

MAF at Step 2, features: 8, algarithm:
06+
041 /’//5’///
02r
o[>
021 \

0.4F
|
12

NEF

| 1 | | | |
0.2 a 0.2 0.4 0.6 0.a 1

J. Neira, Vibot 2007-2008



EKF-SLAM: compute robot motion

B _ _B Rp_1
XRk — XRk_l D XRk

Odometry model (white noise):

Rip_1 __ SRp-1
XR, = Xp, + Vi
Elvi] = 0
T
Elvpvi] = 6;;Qq
EKF prediction:
- ~Rp_q
[ =B ~RE—1 Jl@{ka 1’ TRy, }
R, PXR, F, = 0 |
~B . AF
' ~B cRp—1
)’ig J2g {XRk 1 XRy, }
i m,k—1 i Gk . 0
B _ B T T - .
Prik-1 = FePp1Fp + GrQrGy :

J. Neira, Vibot 2007-2008




EKF-SLAM: compute robot motion

([ Pr  Prp Prp, )
PB _ P%Fl PF]_ F1F)
k—1lk—1 = ;
T T
\ Pkr, Pr p, Pr, )
[ J316PRrIT: +I20QuIds [ J16PRE .. J10PrE, )
FEEEEEEEEs T - T
PB — | Jl@PRF]_ | PFl PFan
| T pT i T
\! JiePrE, - Ppp, Pp, )

J. Neira, Vibot 2007-2008



EKF-SLAM: Observations

IR=

0Er

0.4r

02r

02F

04k

NEF

DBESERVATIONS at step 20 4

J. Neira, Vibot 2007-2008
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EKF-SLAM: Data association

28+

151

0ar+

0.4

JCBE:Z400

z =

=
1 1 Il 1 1
a 0.5 1 1.5 2

Predicted map .vs. measurements

J. Neira, Vibot 2007-2008
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Observations at instant k:
Zp; Withe=1...s

EKF-SLAM: Observations

Association Hypothesis (obs. | with map feature J;) :

Measurement equation:

Zk;_

hy,

UNIVERSIDAD DE ZARAGOZA

%k — [jla an" '7j3]

E[ww
El[wjv

J. Neira, Vibot 2007-2008

E[wy]

T.
j.

T.
3-

Sensor model (white noise):

0
O R
0

46



EKF-SLAM: Observations

Linearization:

Zp = hk(iﬁk_l) + Hk(ka — iﬁk_l)
dh,,
k (iﬁk_l)
Hp, — oh;.  Hjp — oh,.
oxB ' oxB
Xf&:(ﬁgk_l) X?i;(igk_l)

J. Neira, Vibot 2007-2008

0)
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Data association

Innovation:
Vk — Zk‘ — Ek
Cov(y,) =H,PPH] + R/
Mahalanobis distance:

D2 — V%COV(I/]{;)_]'V]{; ~ X,g

where r =dim(vy,)

Hypothesis test:
D? < x7, = 1z compatible with z

where a = 0.05 (common)

J. Neira, Vibot 2007-2008
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EKF-SLAM: map update

State update:

~B s ~B
Xp = Xglk—1 + Ky (zg — hk(Xng_l))

Covariance update:

PE — (I_Kka)Pﬁk_l

Filter gain:

B T B T 1
Ki = Ppp—1Hy (HpPp_Hy + Ry)

UNIVERSIDAD DE ZARAGOZA

J. Neira, Vibot 2007-2008
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EKF-SLAM: map update

MAF at Step 2, features: 10, algorithm:
25

151

e N
-0arF 1 <,
| | | 1I5

J. Neira, Vibot 2007-2008
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Why we do SLAM

B

Uncertainty still grows!

J. Neira, Vibot 2007-2008
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Dead-reckoning, moving
forward

Vehicle error in x (m)

Vehicle error in'y (m)

1 4
0.5 2
0 0
-0.5 -2
-1 ‘ , ‘ - , ‘ ‘
0 50 100 150 0 50 100 150
Vehicle error in theta (deg) % 10~ sqrt(det (P))
4 2
2 15
0 1
) 0.5
-4 ‘ , ‘ 0 , ‘ ‘
0 50 100 150 0 50 100 150

J. Neira, Vibot 2007-2008
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Good news!

Loop closing reduces uncertainty!

J. Neira, Vibot 2007-2008
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Loop closing iIn EKF-SLAM

Vehicle error in x (m) Vehicle error in 'y (m)
1 1
0.5 0.5
0 0
-0.5 -0.5
1 : : , 1 : : ,
0 20 40 60 0 20 40 60
Vehicle error in theta (deg) X 10'4 sqrt(det(P))
10 8
5 6
0 4
5 2
-10 , : , 0 : ,
0 20 40 60 0 20 40 60

Loop closing reduces uncertainty!

J. Neira, Vibot 2007-2008 54
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Feature extraction: Laser

Split and merge:
1. Recursive Split:

o ¢
T T
T

e Obtain line segments from
a laser scan:

— Segmentation

I % — Line estimation

1.

2.

3.

Obtain the line passing by
the two extreme points

Obtain the point more
distant to the line

If distance > error_max,
split and repeat with the
left and right sub-scan

2. Merge:

1.

2.

If two consecutive
segments are close
enough, obtain the
common line and the
more distant point

If distance <= error_makx,
merge both segments

3. Prune short segments
4. Estimate line equation

UNIVERSIDAD DE ZARAGOZA \J - Nei ra, Vibot 2007_2008



Split and Merge

Split
o
No more Merge
Splits

J. Neira, Vibot 2007-2008

Split
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_— l.......I .,.._\. : S Y T

- - ——— d e
Less than 8cm
a_\-"‘"'l e \-‘---»l N \-L-u..-'l
oo sy .\.."A
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Split and Merge

e Elimination of small segments:

Less than 6 pixels

oy tete  afemmi AP

e Segment fusion:

Between-segments distance < 10cm

d ° Peg®0 ® o
‘-v“ﬂ—..... .ﬂ'...—rf.:-‘m—.rﬁ-‘w

UNIVERSIDAD DE ZARAGOZA
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Split and Merge

© Problemat.ic case:

° -
[+ — |
°... ‘
''''' |
Y
®
Y
®
]
..... ..
.
w, ‘
B .
.....
-
Y
7 vy [ )
Y
®
Y
®
.....
Y
Y
Y
° o 0g0ge. _"va,
ee®® o ) o, Yay

.
e,
Y.
.

e Alternatives:
— Linear regression
— RANSAC
— Hough transform

LI 1 SID 3 ZA Yclerd

J. Neira, Vibot 2007-2008 60



Split and Merge

@ Not robust to complex and/or spurious data

J. Neira, Vibot 2007-2008 61



RANSAC

e Given a model that requires n data points to
compute a solution and a set of data points P,
with #(P) > n :

—Randomly select a subset S1 of n data points
and compute the model M1

—Determine the consensus set S1* of points is
P compatible with M1 (within some error
tolerance)

—If #(S1*) > th, use S1* to compute (maybe
using least squares) a new model M1*

—If #(S1*) < th, randomly select another
subset S2 and repeat

—If, after t trials there is no consensus set with
th points, return with failure

UNIVERSIDAD DE ZARAGOZA

J. Neira, Vibot 2007-2008



RANSAC

: Z acceptable probability
" of failure
: t tries ¢?
(1 —w)l =2
p no. of points . - logz
n points to build ~ |log (1 — w™)
model
w probability that W 0,
a point is good n 2
O(p" ibl del 2 0,05
(p")_possible_models t 11

J. Neira, Vibot 2007-2008
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RANSAC

“ra,, | N0 0 S & M
| —_————====. TLS

RANSAC
=~ T, —— RANSAC+TLS

J. Neira, Vibot 2007-2008 64
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RANSAC

I I \ I I I \ I I \
1 2 3 4 5 6 7 8 9 10

Robust statistics deal with spuriousness

J. Neira, Vibot 2007-2008
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RANSAC for 3D planes

2000 ..

1000 -

1000

P.M. Newman, J.J. Leonard, J. Neira and J.D. Tardos: Explore and
Return: Experimental Validation of Real Time Concurrent Mapping
and Localization. IEEE Int. Conf. Robotics and Automation, May, 2002

J. Neira, Vibot 2007-2008 66



IR
o
1

UNIVERSIDAD

DE ZARAGOZA

Laser scan

—%— Sonar returns

/
\ \ /
Vol
2F vty
vy
\ L
L SRR
VNV
of dEdR oo
RS AE RN
N e
-2+ // \\\
\K
_4 1 1 1 1 1 J
-4 -2 0 2 6 8 10
Very sparse and noisy data
J. Neira, Vibot 2007-2008 67



Move and build a local map

People|
I ) * [ \\\\W\\N\
0 ‘ ’ et e semme ll

. , . |

Exploit redundancy Use a good sensor model

UNIVERSIDAD DE ZARAGOZA
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Sonar Model for Points

Possible Point

/ Apparent

L Sonar Return

Hough Voting
for i1 in 1..n_positions
for j in 1..n_sensors
Compute x®';
for 63, in -B/2..5/2 step 5
_ Compute 068, pBl,
> Vote(6°l,, p®)
end
end
end

J. Neira, Vibot 2007-2008
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e Sonar returns vote for points
e Look for local maxima

Hough Table for Points

150

100

50

Theta (deg)
o

-50

-100

-150

UNIVERSIDAD DE ZARAGOZA

- B

145
140
135
130
125
120

115 1

110

Point Groups

J. Neira, Vibot 2007-2008
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Sonar Model for Lines

L — Possible Line
Apparent
Sonar Return

Hough Voting

for 1 in 1..n_positions
S < for j in 1..n_sensors
X S Compute xBi,

. for 05, in -B/2..p/2 step &

Compute 068, pBl,
Vote(6°l,, p®)
end
end
end

J. Neira, Vibot 2007-2008 71




Theta (deg)

-100

-150

150

100

50

-50

_ The Hough gives robust

e Sonar returns vote for lines
e | ook for local maxima

Hough Table for Lines

Line Groups

1 45
140
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130 - i
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E
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-1k 1
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110

Ro (m)

data associations

J. Neira, Vibot 2007-2008

72



Hough Transform
e Imaging sonar

S0m

150
2
[7r]
e
2
St 4100
E
8
v
"4
50
0 5 10 15 20 0

Distance (m)

J. Neira, Vibot 2007-2008
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Hough Transform

1o 150f
=104y
5
50 4% 5
£ B
z 2
] =
50 1€
51
100
2 3=
10 150
-10 -5 0 5 10 bz 4 6 10
Dristance (m) Rha (m)
(a) (b)

Fig. 3. Hough transform for line detection. (a) High echo-amplitude refurns
and the winning lines. (b)The obtained Hough voting space

Distance (m)

Distance (m)

D. Ribas, P. Ridao, J. Neira, J.D. Tardds, SLAM using an Imaging
Sonar for Partially Structured Underwater Environments, The 2006
IEEE/RSJ International Conference on Intelligent Robots and Systems.
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Outline

1. Basic EKF SLAM
1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

2. The Data Association Problem
1. Introduction
2. Continuous Data Association
3. The Loop Closing Problem
4. The Global Localization Problem

3. Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM
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EKF-SLAM

Algorithm 1 SLAM:
xp' = 0; P§ = 0 { Map initialization

[zg, Rp] = get_measurements
[x, PF] = add_new_features(x¥, P¥, zo, Ro)

for k = 1 to steps do

[xg’;_ﬂ Q] = get_odometry

. R
[xﬁk—l' Pf}k—l] = cmnput.e_lnmtmn[xf_k Pf_l, }{R: ', Q) {EKF pre-
diction }

[z, Rz] = get_measurements

Hy = cl:zl,t.a._asmcia,tiﬂn(xﬁk_k Pﬂk—r zi, Ri)
[xf, Pf] — upcla,te_ma,p(xﬁk_k Pﬁ&—l* zi, R, Hi) { EKF update}
[}{f, Pf] = a,{:lcl_new_fea,tures[xf, Pf, zr, Rp, Hi)

end for

J. Neira, VIBOT, 2008



Example: SLAM In a cloister

» Red dots: environment features (columns)
» Black line: robot trajectory
» Black semicircle: sensor range

J. Neira, VIBOT, 2008




The Data Assocliation Problem

e n map features: F={F...Fp}
e M sensor measurements: £ ={E;...En}

e Data association should return a hypothesis that
associates each observation E; with a feature F;

Hm =[j1.--Ji-- Jm]
E’i/\Fji

g Non matched observations: J; = 0O
J. Neira, VIBOT, 2008




The Correspondence Space

Interpretation tree
(Grimson et al. 87):

OO

S
...... A

Green points: measurements
Blue Points: predicted features

™ (n + 1) possible hypotheses

J. Neira, VIBOT, 2008



When data association is difficult
e Low sensor error e High sensor error

B

@®
®®
® e

o o /
A \\A

J. Neira, VIBOT, 2008




When data association is difficult
e Low odometry error e High odometry error

OO OO
D G TS
N S
ST T

® ® @
® e AN

J. Neira, VIBOT, 2008



When data association is difficult
e Low feature density e High feature density

J. Neira, VIBOT, 2008



B

How important is data
associliation?

B

UNIVERSIDAD DE ZARAGOZA

A good algorithm A bad algorithm

J. Neira, VIBOT, 2008



5

Why it’s difficult?

B

UNIVERSIDAD DE ZARAGOZA

A good algorithm

A bad algorithm

J. Neira, VIBOT, 2008
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Importance of Data Association
e EKF update:

I Values that depend on I’Hm
T 5.
X = Xg|k— 1§ kVk
PB_ (I — Kka)Pk\k 1
K =Py Hy (H Py, Hy +Ry)”

= If the association of E; with feature F; iIs.....
correct: Spurious:

error: » X — X 1 "‘
covariance: P 1 1

@ Consistency Divergence!

J. Neira, VIBOT, 2008




Outline

1. Basic EKF SLAM
1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

2. The Data Association Problem
Introduction

Continuous Data Association
The Loop Closing Problem

The Global Localization Problem

mWONE

3. Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM

J. Neira, VIBOT, 2008
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Individual Compatibility

- Measurement equation for observation E; and
feature F;

5 Elw;w/] = R,
z; = hj;(x7) +w;

B 5 B . — b
z; ~ h;;(X7) + H;;(x” —x7) 9T x| gm
= E; and F; are compatible If:
D = (z— hzj(iB))TP@-_jl(Zz’ —h;;(®P)) < x7,
P@J = HZJPBHg + R; d =length(z)

O

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008



Nearest Neighbor

Algorithm 2 Individual Compatibility Nearest Neighbor ICNN (E4......, Fi...p,)

for i = 1 to m do {measurement E;}

2
Dmin

~— mahalanobis2 (E;, F .
T ) Greedy algorithm: O(mn)
for j = 2 to n do {feature F;}

JD;?J — mahalanobis2 (E;, F)

if D?j < D2, then
nearest <« j
Dgin o D?j
end if
end for
if D2, < Xgi.l—['t then

H; «— nearest
else

H, — 0

end if
end for

return H

J. Neira, VIBOT, 2008
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The Fallacy of
the Nearest Neighbor

Unrobust

J. Neira, VIBOT, 2008
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Joint Compatibility

e Given a hypothesis H =[j1, j2, -, Js]
e Joint measurement equation

23 = hy(x”) 4+ wy
by,
hy = hQ:jQ
5 ths .
e The joint hypothesis is compatible if:
D3, = (z3 —hy RPN O (29 — by (RP)) < X7,
Cyn = HyPPHL + Ry d = length(2)

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 16



Joint Compatibility Branch and Bound

e Find the largest hypothesis with jointly consistent pairings

procedure JCBB (H, i): -- find pairings for observation E;

if i > m -- leaf node?
~ if pairings(H) > pairings(Best)
Best = H
O fi
else
~ for j in {1...n}
if individual compatibility(i, j) and then
joint_compatibility(H, i, j)
JCBB([H jl, i + 1) -- pairing (E;, Fj) accepted
fi
rof 3
if pairings(H) + m - i> pairings(Best) -- can do better?
JCBB([H 0], i + 1) -- star node, E; not paired

Selects the largest set of pairings

where there is consensus
J. Neira, VIBOT, 2008 17




The Fallacy of
the Nearest Neighbor

0 B
o

J. Neira, J.D. Tardds. Data Association in Stochastic Mapping using
the Joint Compatibility Test IEEE Trans. Robotics and Automation,
Vol. 17, No. 6, Dec 2001, pp 890 —897




NN

J. Neira,

VIBOT, 2008

JCBB
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SLAM without odometry

e No estimation of the e Segments in the
vehicle motion environment

J. Neira, VIBOT, 2008 20



SLAM without odometry

i

"

Assuming small motions

A

J. Neira, VIBOT, 2008
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SLAM without odometry

R

Data association using Joint Compatibility

) .
~ 4

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008

22



SLAM without odometry
e

_— _/

\ "

Vehicle motion estimation

J. Neira, VIBOT, 2008
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SLAM without odometry

T

J. Neira, VIBOT, 2008
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Outline
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mWNPE

3. Advanced EKF SLAM
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J. Neira, VIBOT, 2008
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J. Neira, VIBOT, 2008
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The loop closing problem

e Loop beginning e Loop end

J. Neira, VIBOT, 2008
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The loop closing problem

J. Neira, VIBOT, 2008

29



The loop closing problem

| | | | |
100 150 200 250 300 350

| |
-100 -50

|
50

I
0

- Measurements (red) and predicted features (blue)
J. Neira, VIBOT, 2008
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The loop closing problem

e Individual compatibility e Joint Compatibility

-50-
_50,
[ ]
[ ]
= i v ° °
° ; /"4\:\““ \\‘—' O- °
AN XYW
AN Q
/ ,A’ \ ‘
‘M'ﬁ.&"} 25 . .
‘ \
50- ‘x .
50- . .
(]
[ ]
° [ ]
[ ]
[ ]
[ [ ]
x ° °
100 , °
0 20 40 60 80 100 120 140 160 180 100-. ' o ' ‘ Lo ‘ L ‘ L

0 20 40 60 80 100 120 140 160 180

: J. Neira, VIBOT, 2008 31



The loop closing problem

MAF at Step 290, locations 290, features: 34
e

or “_‘Elg “-I—
o2

-b00

-500

-400

A

-300

-200

-100

| | | | | | |
-700 -600 -500 -400 -300 -200 -100 0

J. Neira, VIBOT, 2008
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Outline

1. Basic EKF SLAM
1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

2. The Data Association Problem
Introduction

Continuous Data Association

. The Loop Closing Problem

. The Global Localization Problem

SESENES

3. Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM
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Global Localization
e Robot placed in a previously mapped environment

60 -
40
* o *
® .
20+ d . ¢ * .
™ . L
LI . o
s B - ® .
0 - . » 5
g ® L I o . -
. . ® * . o e °® ° L
=20 o . =~ [ ]
L [ ] . ® . e ® - S .-‘
el . *® o9 *
®
L
®
—60 - ® o t
f; = (x;, y;)
—80 -
—80 —60 —40 —20 0 20 40 60 80 100

http://www.acfr.usyd.edu.au/homepages/academic/enebot/victoria_park.htm 34




Problem Definition

e On-board sensor obtains m measurements:

=1

60

40

20

Z={z1,...,2Zm}

Ohszervations: 16

—60 —40 —20 0 20 40 60 80

http://www.acfr.usyd.edu.au/homepages/academic/enebot/victoria_park.htm

J. Neira, VIBOT, 2008
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Problem Definition

Observations: 16

60 -
40 - 3
= [ ]
° [ ] .' . °
20F L . . . 2 .'. ‘e
. : LI . .‘.' . L] . 3 ° . e o
U | .. . = . [ ] ' o - ¥ & 80 —&60 —40 —20 4] 20 40 60 80
» ® e o 9 ' @ . '- . « .
. . L - L] ° .
20 F . bt . .' L] &
. * * ® ¢ @ o ™ * e ® .-‘
—-tl-ﬂ— * .- .- . % .
. . ¢ » Twofold question:
—60 F ® ] - -
— Is the vehicle In
80 the map?
80 -60 —40 —20 0 20 40 60 80 100 — If so, where?

http://www.acfr._usyd.edu.au/homepages/academic/enebot/victoria_park.htm

J. Neira, VIBOT, 2008 36



Global Localization algorithms

e Correspondence space

— Consider consistent combinations of measurement-
feature pairings.

» Branch and Bound (Grimson, 1990)
» Maximum Clique (Bailey et. al. 2000)
» Random Sampling (Neira et. al. 2003)

e Configuration space
— Consider different vehicle location hypotheses.
» Monte Carlo Localization (Fox et. al. 1999)
» Markov Localization (Fox et. al. 1998)

J. Neira, VIBOT, 2008
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INn correspondence space

J. Neira, VIBOT, 2008
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No vehicle location
e Unary constraints:

pij = (B, F})?

depend on a single matching (size, color,...)
—Trees: trunk diameter

OK

—Walls: length, corners: angle....
61 714 354 176 000 valid hypotheses

@ m constraints

J. Neira, VIBOT, 2008 30



No vehicle location
e Binary constraints:

pij = (E;, )7 |
pr1 = (B, F1)7?

500 -

900 -

800 |-

distances between
points:

400 -

300 -

200 -

100 -~

0 100 200 300 400 500 600

m(m—1)
2

. Neira, VIBOT, 2008 40
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Locality

- Features F; and F; may belong to the same
hypotesis iff they are ‘close enough’.

| 0
T 10
\ '~

_______________________________________________ l J

! = 56 | - |
E “Yx : > ?t |
60/ “ﬂ' |
/ !j 700 50 60 70
. nz = 755
| //

A FL COViSipi|ity
| matrix

- Limit search in the map to subsets of covisible features

- Locallty makes search linear with the global map size
"""" = J. Neira, VIBOT, 2008
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Algorithm 1: Geometric Constraints
Branch and Bound (Grimson, 1990)

procedure GCBB (H, 1):
if 1 > m -- leaf node?
if pairings(H) > pairings(Best) -- dud better?
estimate_location(H)
if joint_compatibility(H)
Best = H
fi
fi
else
for j in {1...n}
if unary(i, j) A binary(i, j, H)
GCBB([H jl, i + 1) -- (&, Fj) accepted
fi
rof
if pairings(H) + m - i > pairings(Best)
GCBB([H 0], i + 1) -- try star node

J. Neira, VIBOT, 2008
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Algorithm 2: Maximum Cligue

e All unary and binary constraints can be
precomputed

e Build a compatibility graph where:
— Nodes represent unary compatible pairings
— Arcs represent pairs of binary compatible pairings

b3

o r

)

Eq r, 2

©
)
©
(4

e Carrahan, Pardalos (1990)

J. Neira, VIBOT, 2008
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Algorithm 3: Generation Verification

procedure GV (H, i): g
if i > m @
if pairings(H) > pairings(Best) %:
Best = H >

fi

elseif pairings(H) ==
estimate location (H)
if joint_compatibility(H)
JCBB(H, i) -- hypohtesis verification
fi
else

for j in {1...n}

if unary(i, j) A binary(i, j, H) <
GV([H j1, i + 1) g
£i o
rof %;
if pairings(H) + m - i > pairings(Best) =
GV([H 0], i + 1)
fi
_fi
Eﬁ%Eﬁ%EEE%‘ J. Neira, VIBOT, 2008 a4




Algorithm 4: RANSAC

LT P P Y

procedure RS (H, i):
if i >m
 if pairings(H) > pairings(Best)
Best = H
. f1
elself pairings(H) =
. estimate locatlon.(H)
if joint_compatibility(H)

JCBB(H, i) -- hqpohhszsuerdﬁatun&

. fi |
else -= branch and bound without star node
for j in {1...n}

if unary(l, j) A binary(i, j, H)

RSC[H j1, i + 1)

J. Neira, VIBOT, 2008 a5




Experiments

. No significant difference in effectiveness of the
considered algorithms

. All algorithms are made linear with the size of
the map

. Efficiency when the vehicle is in the map

7_

6_

5 -o—- GCBB
-0~ GV

mean time .vs. m i : glgxcu

I I I I 1 I I I ]
6 7 8 9 10 11 12 13 14 15

J. Neira, VIBOT, 2008
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Experiments
4. When the vehicle is NOT in the map:
random measurements, 100 for each m=3..30

10

or | == MAXCLI
.. | —e= RS

mean time .vs. m .

I I I I I |
0 5 10 15 20 25 30

J. Neira, J.D. Tardds, J.A. Castellanos, Linear time vehicle relocation in SLAM.
IEEE Int. Conf. Robotics and Automation, Taipei, Taiwan, May, 2003

J. Neira, VIBOT, 2008 a7
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INn configuration space

J. Neira, VIBOT, 2008
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INn Configuration Space:
RANDOM sampling

e Consider s randomly chosen vehicle locations

hypotheses:
x = (z,y, ¢)
ol -
- ED_
r € [Tmin, Tmax]
Y € [Ymin> Ymaz] el [z - — e
_ - ¢l' - -
¢ € [bmin, Pmaxl e ‘Eg ee e
[} tm ik e = ® o &[:} z".[::; *
Di L ¢ o|F ¢ & et ¢ = Q,& . .
* '[:3} * - [%E}' ® 4.[::3: *
S0k . .
= Monte Carlo TUBS et et s
Localization “0r S SRS =,
[ [ "
)8 * $ o t-
_BD 1 | 1 1 | 1 1 |

1 1
-80 6O -40 20 a 20 40 2l 850 100 120

J. Neira, VIBOT, 2008




Alternative 1:
location-driven

e Consider each alternative location hypothesis in
turn

Algorithm 1 Loc driven:

votes = 0
for each hypothesis x € X do
for each measurement z; € Z do
F, = predict_features(x, z;)
If any _compatible feature(F;, F) then
votes(x) = votes(x) + 1
end if
end for
end for

J. Neira, VIBOT, 2008
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INn Configuration Space:
GRID sampling

= Uniformly tessellate the space in s = n, n, n, grid
cells:

x = (z,y, )"

al -
_ ED_
T Lors o
< -y maz] = - S
Y € [Ymin> Ymaxz] . . .
_ * -] .
¢ E ?bmznaﬁbmax] ED_- I::;b",l [= [z [:g“ Q,E& at[::' n B
ok Y * e"-‘ .
; ® e o & ® @& L ‘a e e, ® L
B R I R v
® MarkOV * '& = : *« & =x * - .:.'i. Qﬁ-‘
Localization E S N R e
®
" - - *
_E|:|_

_ED 1 1 | | | 1 1 1 | |
-80 80 40 -0 0 20 40 1l il 100 120

J. Neira, VIBOT, 2008
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Voting In configuration space

e Each

measurement-feature pairing constrains the

set of possible vehicle locations:

60

40

20

J. Neira, VIBOT, 2008 5o



Alternative 2:
pailring-driven

e Consider each measurement-feature pairing in
turn

Algorithm 2 Pair driven:

votes = 0
for each measurement z;, € Z do
for each feature f; € F do
X;; = hypothesize locations(f;, z;)
Xy =
compute_compatible_locations(X;;, X)
votes(Xy) = votes(Xy) + 1
end for
end for

J. Neira, VIBOT, 2008
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— Resolution: 1.5m for x and y, and 1° for theta

Woting Takle with the maximum having O wotes for 16 measurements

250

-150

J. Neira, VIBOT, 2008
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Computational Complexity

Sensor Loc_driven Pair driven
Range and bearing | O(ng - ny - ng - m) O(n-m-ny)
Range-only O(ng -ny-ng-m-ng) | O(n-m-ny-ng)
Bearing-only O(ng-ny-ng-m-ny) | O(n-m-ny-ny)

e How do they compare?

Pair_driven n

) — — P
Loc driven Ng - Ny

e Pair_driven is better in proportion to the density
of features In the environment.

e Victoria Park: 18321 sq. m.,sample every 1.5m,
expect pair_driven to be 82 times faster.

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008



Voting for map based
localization

meters

Ribas D., Palomeras, N. Hernandez, E., Ridao, P., Carreras, M.
ICTINEU AUV Wins the First SAUC-E Competition

2007 IEEE International Conference on Robotics and
Automation, Rome, Italy.

J. Neira, VIBOT, 2008 56



Conclusions

e A solution to SLAM is indeed possible

e Data association: algorithms based on some form
of consensus provide the best results

» Joint Compatibility
» RANSAC
»Hough Transform

But...

e \What happens at a large scale?

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008
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Continuous Data Association
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The Global Localization Problem

rLDhE

3. Advanced EKF SLAM
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The EKF SLAM algorithm

Algorithm 1 SLAM:

x5 = 0; P§ = 0 {Map initialization}

[zg, Ro] = get_measurements

[x), PP] = add_new_features(x, P§, zo, Ro)
for £ =1 to steps do

[XRk 1

, Qr] = get_odometry

(101> Prx_1] = EKF prediction(x;’ ;, P, ng Y Qr)
[z, Ri.] = get_measurements

H,;, = data_ assomatlon(xﬁk y Pk|k s Zk, Ry)

[x;), P;)] = EKF update(x;}, 1, Py 1, 2k, Ri, Hi)

[XkB, PkB] = add_new_features(XkB, Pk, zr, R, Hy)

end for

J. Neira, VIBOT, 2008



Without loss of generality...

e Environment to be mapped has more or less
uniform density of features

) :. o® F)
[ ] .. . ... ‘ :..~ [ ] .
[ ] e
\ e e v
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° °
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Without loss of generality...

e Enviroment to be mapped has more or less
uniform density of features

J. Neira, VIBOT, 2008



Without loss of generality...

e Onboard range and bearing sensor obtains m
measurements

J. Neira, VIBOT, 2008



Without loss of generality...

e Vehicle performs an exploratory trajectory, re-
observing r features, and seeing s = m — r new
features.

J. Neira, VIBOT, 2008



The prediction step
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EKF SLAM prediction

6 “D
X P X
Rk_];& I%k/
~B L F
Xplk—1 = S

s B

XFm,k—l

Pie—1 = FiPp1Fp + GrLQGy

J. Neira, VIBOT, 2008
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EKF SLAM: prediction

PT. Pp ... Ppp
Prap-1=| T .t 0
\ PEFR Pgan .. Pg, ) 1
@ —% J10PrITy + J20QuI%s 1 J10PRR - J16Prp,
o VAR » Y A
p _ | J1ePrA - Pp PrF,

klk—1 = | | : : :

i T T i T

\ | JiePrE, - YRE, Pp,

EKF prediction is O(n)

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 o




Adding new features

J. Neira, VIBOT, 2008
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EKF SLAM: add new features

( B \ ( ng \ ( ng \
5k XF, XF,
X’CB — XFl,k = XB+ - : ’ = : ,
: k B B
\ XF; e ) E»’FM€ BF

Linearization:
)y o~ %+ Fr(xy) — %) + Gz — )
PP = F,PPFL + G Ry G{

Where:
5 I 0 -0 5 0
F :8Xk+: 0 . 0 G =8Xk+: :
k B 0 0 --- I |'“k= 5 0
8Xk AB R ZZ
Jia {ka, zi} 0 -0

Jog {?c%k, 2; |

k
UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 11



EKF SLAM: add new features

( P;R Prp, Prp,
p— | Fre Pr PrF,
T T: H
\ PRFn PFan Pg, / 1
[ Pg Prr Prp, PrJi A
T | T 1T |
Prr, Pp Prp Prrdie |
T T | T 1T |
Pre,  Prrp, o P PrrJie
\'\J16Pr J1aPRrpA J16PrE, 1J16P R s + J2oRy 5, 1)

Adding new features is O(n)

J. Neira, VIBOT, 2008 12
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The update step

J. Neira, VIBOT, 2008
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EKF SLAM: map update

m observations:

2 = hy(xZ) +wy
k= hk(i%w—l) T Hk(x% - i%;m—l)
oh,
Hiy = 8){2 B
¢ (Xfmk—l)
M - — T

Innovation Matrix: Sk = Hﬁkalk—leﬁc ™ ]f"k
Filter gain: K. = Pﬁg|k—1H;g (Sk)™
State update: X = Xpk—1 + Ki (2 — hy(Xp5-1))

Covariance update: P = (I — KiHg) Py

J. Neira, VIBOT, 2008
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The Innovation matrix

S, = ( Hg Pr_1 ) HE + Ry
Xr rXn NXnN NXr IXr
N\ /
'Xn /
\ Xr /
| e
) '

m= -4+ r2n 4+ rz2

Comn >

J. Neira, VIBOT, 2008 15




The Innovation matrix

Egk — ( Iik I)k“p—] ) Iigj_% E{k

IXr I'XC NXn CXr Xr

Com >

J. Neira, VIBOT, 2008 16




The Kalman gain matrix

IC&T:: I)k“ﬁ—] Iigf (E;k)_q_

NXr NXn NXC IXr

o D

J. Neira, VIBOT, 2008




The covariance matrix
Pk‘. — (I — Kka‘.)PkMt—l

..... K,L;_ H;f_ Pk\k—]

NXr cXn NXn

EKF update step is O(n?)

J. Neira, VIBOT, 2008
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The mixed blessing of Covariance

1

0.9

0.8

1 0.7

1 0.6

1 0.5

104

0.3

0.2

0.1

0

e Covariance provides data association
e But the covariance matrix is full

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008



EKF-SLAM updates are O(n?)

Mean Time by Local Maps
0.4

]

] |0cal maps

0.35-

0.3

I

0.25

Time (seQ)
o
= o
g N

o
=

0.05

|
50 100 150 200 250
Steps

J. Neira, VIBOT, 2008



Total EKF SLAM is O(n3)

e The total cost of computing a map os size n, with
m observations per step, with s=m-r new
features per step:

n/s n/s
O (Z (ks)Q) = O (32 Z kQ)
k=1 k=1
_ ) (Sg(n/sxn/s +1)(2n/s + 1))
§)
— O(%2n3/3—|—3n2—|—ns)
= (0(n®)

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008
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Time (segQ)

Total cost of EKF-SLAM

Mean Time by Local Maps

[ERN
=

[EEN
i

[EEN
e

®

| | | |
50 100 150 200 250
Number of Features

Total SLAM is O(n3)

J. Neira, VIBOT, 2008
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Continuous data association

\ ;[} %

\

VA
WQ% ;|2 @

|

ndividual compatibility is O(nm) = O(n)

J. Neira, VIBOT, 2008
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Map tessellation

\

V% N
4 \
W | ‘%\\
| { v T s 3
J
-

Individual compatibility can be O(1)

J. Neira, VIBOT, 2008



Global localization:
Computational Complexity

Sensor

Palr_driven

Range and bearing
Range-only
Bearing-only

O(n-m-ngy)
O(n-m-ng-ngp)
O(n-m-ny-n,)

Global localization is O(nm) = O(n)

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008
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Outline

1. Basic EKF SLAM
1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

2. The Data Association Problem
Introduction

Continuous Data Association

. The Loop Closing Problem

The Global Localization Problem

rLDhE

3. Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM

J. Neira, VIBOT, 2008
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Consistency of EKF-SLAM

e Nice “convergence” properties of ng

(Dissanayake et al. 2001):

— Landmark covariance decreases monotonically

— In the limit, landmarks become fully
correlated

— In the limit, landmark covariance reaches a
lower bound related to the initial vehicle

covariance

e But SLAM is a non-linear problem

— The inherent approximations due to
linearizations can lead to divergence

(inconsistency) of the EKF

‘% » see for example (Jazwinski, 1970)
UNIVERSIDAD DE ZARAGOZA J. Neira, VIBOT, 2008
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EKF-SLAM: Robot Motion

B _ _B Ry_1
ka—ka_l@ka

Odometry model (white noise):

Rip_1 _ SRp-1
Xp, = Xp + Vi
E[Vk] = 0
7 —
Elvpvi] = 0 Qp
EKF prediction:
;] SRg—1 ] Jig <% % th-1 0
X b X 1O\ *Rp_1> "Ry,
Ry Ry, 0 1
B = P = .
Xklk—1 = Al 0 .
> B . _Ry_
N XFHL,;U—]. - JQEB {ng—l’ XR‘;: 1}
B _ B T T — 0
@_1 = F, P2 FT +G,Q,GI % |
0

Linearization

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 28




EKF-SLAM: Map Update

Feature observations:

7z, = hp(xP) + wy

Qg hy, (X5, _1) + Hy(xf - iﬁkD

ohy, Linearization
8X£

I{k —

=B
(Xk:|k—1)

EKF map update:

> < ~B
Ry = Xilk—1 T Kr(zp — hip(Xgp_1))
B
PE — (I_Kka:)Pk|k_1
T —1
K, = P, (Hp (HP, (Hi +Ry)

J. Neira, VIBOT, 2008
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The Consistency Problem

EKF-SLAM
True map value estimation
X1 %),
%%
P
e An estimator iIs consistent If:
E [XE/ — )’izv = 0 Unbiased
T The Mean Square
E !(x}év — izv) (xzv — izv) — P%V Error matches the fil-
- ter computed Cova-
riance

— Pessimistic covariance is OK (but not too pessimistic)

— Optimistic covariance = Inconsistency = Filter
divergence

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 30




Consistency Testing

1. Normalized Estimation Error Squared NEES

D= (< - =l)" () (el - =)

D? < 2 True map required
- Simulations

2. Innovation test (observation i > map feature j)

2 2 Critical when
Dz <
Xd,1-a closing big
loops

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 31



EKF-SLAM: Real Example




EKF-SLAM: Real Example

Standard data association
cannot close a 250m loop

Computational complexity

was not a problem here!




EKF-SLAM: Simulation

e Simulation conditions
— Perfect data association
— ldeal odometry and measurement noise
» white, Gaussian, known covariance

e Advantages of simulation:

— Consistency can be tested against the true
map

— A simulation with noise=0 gives the
theoretical map covariance (without
linearization errors)

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008
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- - Perfect dat lati
EKF-SLAM: Simulai Perec,daa associaiion

J. Neira, VIBOT, 2008 35



EKF-SLAM: Covariance

Optimistic Miolates
P lower bound
— Errar
’ — Eror I — Sigma Experimental
—  Sigma Experimental Y A — - Sigma Thearetical Y STt
LRl Sigrma Thearetical LAl | e T T T
e | 2{
1 - |
. - " .
A L VR
.IIv'Dr w&\-k
s T’Pr -
= |
= 0
e |
o5t o~
\b\-x'lﬁm%% Iy l A
H‘-I'ﬁ'l.wﬁ- s ] I A
1r H‘H,_H': *"Rmfmnd'”" S 1 !'f
- I
15} B et
_2 | | | | | _3 | | | 1 1
0 a0 100 150 200 250 0 a0 100 150 200 250
Initial uncertainty = 0 Initial uncertainty > 0O

J.A. Castellanos, J. Neira, J.D. Tardos, Limits to the Consistency of
L *) EKF-based SLAM, 5th IFAC Symposium on Intelligent Autonomous
. Vehicles, Lisbon, July 2004
ROBOTICS J. Neira, VIBOT, 2008 36
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Outline

Basic EKF SLAM

1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

The Data Association Problem
Introduction

Continuous Data Association

. The Loop Closing Problem

The Global Localization Problem

mWNPE

Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM

J. Neira, VIBOT, 2008
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Local submaps

J. Neira, VIBOT, 2008
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Local map building
e Periodically, the robot < EKF approximates the

starts a new map, conditional mean:
relative to its current - By R T TR
- o1l ~u 1 1...kq 1...k1
location: Xpy > E [xz | DM, wl-h]
igo = 0 ] t= 33.700s
PR = 0 |
Ro
1 P2
e Given measurements: o yBW}/ S=4y
q x YN R1
1.ky _ x
D" = {ul Z1 ... Uy, Zkl} ol
u, = ig:_l Pl ySS

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008 39




Local map building
e Second map: pkitl..k2 — {uk1+1 Zjy 41 - - - Uk, Zkg}

________________ Foo
= No information is 1 t=4aes
<hared- T
Dl.kl m Dk1+1.k2 — @ 15
| o =
Maps are uncorrelated T ot
o yS]- ......................................
= Common reference: ® __J/a ------
B> = Ry 1

_2 1 1 1 1 1 1 1 1 L 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 25 3 3.5

J. Neira, VIBOT, 2008 40



Outline

Basic EKF SLAM

1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

The Data Association Problem
Introduction

Continuous Data Association

. The Loop Closing Problem

The Global Localization Problem

mWNPE

Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM

J. Neira, VIBOT, 2008
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Map Joining: Example

R
1.5
T
ot «
"B2Y % x

aT
S S

y T IS e
A Pl S3
1 y 1

15 1 05 0 05 1 15 2 25 3 35 % 15 1 05 0 05 1 15 2 25 3 35
t= 48.492s €| t= 48.492s
28 2.5
1.5 1
T =) 1
- + i 4

° 81 ° ’B1
d y y R2 q y R2X
0 0

y y y
T B I 1 Py s3 .
15 /\y S3 S5 oy y !

15 1 05 0 05 1 15 2 25 3 35 % 15 1 05 0 05 1 15 2 25

Joined map After matching and fu5|on

J D Tardds, J. Neira, P.M. Newman and J.J. Leonard, Robust
ping and Localization in Indoor Environments usm Sonar )

| Da a, The Int. Journal of Robotics Research, Vol. 4, April,

BOTIC 2002, pp 311 —330
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Map Joining

J. Neira, VIBOT, 2008
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Map Joining Step

e New state vector:

-~

XA

-

XB

XA4B =
e New covariance matrix:

_ | Py O 0 0
e = [ o) [0 w
Parsg = Pa
nxn nixnl

n=nl+n2

n2xn2

Map joining Is O(n2,) on the maps




Matching and Fusion Step

e Matching function:

wa(X) =0
e Joint matching function for the hypothesis:
£, (x)
ffH(X) = : ~ h'H -+ H/H(X — f() =0
_fmjm(X)_

e Map update using EKF:
__ T
Ky

;l—I-B (SH)_l
(I - KyHy) Py

Puts A+B

J. Neira, VIBOT, 2008
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The Innovation matrix

SH — HH A+B HH
rXr rXc nxn CXT

J. Neira, VIBOT, 2008



The gain matrix

Pit5 Hl,

NXn CXr

o D

J. Neira, VIBOT, 2008
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The update

= (I-KyHy)P . 5
KH HH ;l—I—B
nxr rxc nxn

Matching and fusion is O(n?)

J. Neira, VIBOT, 2008 48



Cost of Map Joining per step

Time (seQ)

0.4~

0.35

0.3

0.25

o
ix

0.15

0.1

0.05

Mean Time by Local Maps

] |0cal maps

== 8 |0cal maps

50 100 150 200

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

14-
12-

10-

Time (segQ)

Mean Time by Local Maps

| |
50 100 150
Number of Features

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

Time (segQ)

[ERN
=

[EEN
i

[EEN
e

®

Mean Time by Local Maps

/

| | | |
50 100 150 200 250
Number of Features

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

Mean Time by Local Maps

14-
12-

10-

Time (segQ)

o

—t

| | | |
50 100 150 200 250
Number of Features

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

Mean Time by Local Maps

= = =
= " =

®

Time (segQ)

| | |
50 100 150 200 250

Number of Features

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

Mean Time by Local Maps

= = =
= " =

®

Time (segQ)

| | |
50 100 150 200 250

Number of Features

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

14-
12-

10-

Time (segQ)

Mean Time by Local Maps

|

50 100 150
Number of Features

J. Neira, VIBOT, 2008
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Total SLAM with Map Joining

Mean Time by Local Maps

14-
12-

10-

Time (segQ)

| | |
50 100 150 200 250

Number of Features

J. Neira, VIBOT, 2008



Total SLAM with Map Joining

Mean Time by Local Maps

= = =
= " =

Time (segQ)
®

_ %

|
50 100 150 200 250
Number of Features

@ There is an optimal submap size

J. Neira, VIBOT, 2008 57
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Time (segQ)

Optimal local map size

14

12

10

Mean Final Time

p=14
N =128

—A— Local Map Size p

| |
50 100 150
Local Map Size p

J. Neira, VIBOT, 2008

| |
200 250
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EKF-SLAM: remember?




Map Joining closes the loop!

Speed
x50

t= 0.000s

10-

-10-

-20-

-30L

-40-

-50-

-60-

-70-

-80

o0

J. Neira, VIBOT, 2008



Montecarlo Simulations

Simulation conditions

— Perfect data association

— ldeal odometry and measurement noise
» white, Gaussian, known covariance

Advantages of simulation:

— Consistency can be tested against the true
map

— A simulation with noise=0 gives the
theoretical map covariance (without
linearization errors)

— Run several algorithms using the same data
Carry out a large amount of runs

J. Neira, VIBOT, 2008
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Consistency Testing

1. Define the consistency index CIl as:

D2
Cl = ——,
Xﬂl—&

2. When CI < 1, the estimation is consistent with
ground truth

3. When CI > 1, the estimation IS inconsistent

UNIVERSIDAD DE ZARAGOZA

J. Neira, VIBOT, 2008
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Index value

Mean map consistency

Map final Consistency index by local maps
1.12-

—=&A— Map final Consistency
1.1+ f p=14 Bound

N =128

1.08 p

1.06

1.04

1.02

0.98

0.96

09 1 | I | 1
0 50 100 150 200 250

Local Map Size p

J. Neira, VIBOT, 2008 63



Mean feature location

—— EKF
al SRREEE Mapjgining

index value

50 100 150 200 250

NMumber of Fearures
J. Neira, VIBOT, 2008




Mean feature location

14
EKF theorical uncertainty
= = = FKF real uncertainty
12| —+— EKF Error
Map joining Theorical Uncertainty /
— — — Map joining real uncertainty
10| o+ Map joining Error

E
p—
o
o
-
o
L

150 200 250
Number of Fearures
J. Neira, VIBOT, 2008 65
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Map Joining is a
'more for less’
algorithm:

e |t improves the consistency of the resulting map
e |t reduces the computational cost

Limitations:
e Map joining is still O(n?)
e Environment size must be known

Overcoming limitations:
g Can we have EKF-SLAM updates in O(n)?

J. Neira, VIBOT, 2008
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Outline

Basic EKF SLAM

1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction

4. Data Association

The Data Association Problem
1. Continuous Data Association

2. The Loop Closing Problem

3. The Global Localization Problem

Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps
1. Sequential Map Joining
2. Divide and Conquer SLAM
3. Hierarchical SLAM

J. Neira, VIBOT, 2008
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D&C: Map Hierarchy

e Tree of local maps of half the size their ancestors
e Leaves: m=n/P local maps of limited size P

1 join, 1 resulting map

....................... 2 joins
___________________ 4 joins

(@) (@) (@]

(@) (@] (@)

(@) (@) (@)

4 |
———————————— F e ke
2p 2p e 2P m/2 joins
—— —— [ I |

D D D D 0 D ---m local maps

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 2

y position(m)

X position(m)

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 1

y position(m)

X position(m)

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 2

y position(m)

X position(m)

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 3

E

IS

z

o

o

y
P 2
—— ——
b b p

X position(m)

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 2

E

S

z

o

o

o] -
2p§
——

| [ [

X position(m)

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 1

(w)uonisod A

X position(m)

J. Neira, VIBOT, 2008
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Map Hierarchy

Number of Maps : 2

y position(m)

X position(m)

J. Neira, VIBOT, 2008 75



Map Hierarchy

Number of Maps : 3

y position(m)

X position(m)

J. Neira, VIBOT, 2008 76



Map Hierarchy

Number of Maps : 2

y position(m)

X position(m)

J. Neira, VIBOT, 2008 77



Map Hierarchy

Number of Maps : 3

y position(m)

X position(m)

J. Neira, VIBOT, 2008 78



Map Hierarchy

Number of Maps : 4

y position(m)

X position(m)

J. Neira, VIBOT, 2008 79



Map Hierarchy

Number of Maps : 3

y position(m)

X position(m)

UNIVERSIDAD DE ZARAGOZA
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Map Hierarchy

Number of Maps : 2

y position(m)

X position(m)

J. Neira, VIBOT, 2008 81



Map Hierarchy

Number of Maps : 1

y position(m)

X position(m)

J. Neira, VIBOT, 2008 82



Divide and Conquer SLAM
e m maps of size P, cost O(P3) each
e joined into m/2 maps of size 2P, cost O((2P)2)
e joined into m/4 maps of size 4P, cost O((4P)?2)
e ... joined into 1 local map of size n, cost O(n?)

o Qm

I092 n/P

C

|
@

J. Neira, VIBOT, 2008 83



Divide and Conquer SLAM

e This Is a geometric progression of the type:

_
Zr r—l

1=1

e Thus In this case:

C

2|092’n/P—|—1 _9
O (P2n+Pn )

2—1
O (Pzn + Pn(2n/P — 2))
O (PQn —@— 2Pn)
O(n?)

J. Neira, VIBOT, 2008
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Total cost of D&C SLAM

8000

1

7000

T

6000

5000

T

4000

T

Time (s)

3000

T
7

2000

1000

T

\
I\/\\\/\
|

*A
50 100 200 250
Step

e VIRvVARL A

. Neira, VIBOT, 2008
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Computational cost per step

0.95

0.8 D&C

0.7/
0.67

05" ()(nz) Hfﬁ‘

0.4r _-r._:"'.":

03 :':.-‘.:“‘::;‘.-,:; 1 O (n 2)

Time (s)

0.27

100 150 200 250
Step

J. Neira, VIBOT, 2008




Computational cost per step

Step: 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 ..
11 1 11 1 11 1 11 1 1 1 1 1..

22 22 22 22 22 22 22 22 ...

42 42 42 42 ...

82 82 ...

162 ...

J. Neira, VIBOT, 2008
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Computational cost per step

Step: 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 ..
11 1111111111 1 1 1 1..

22/\\'1 22 22 22 22 22 22 22 ...
/4
.\;/' 42 =~ - _ N 47 42 42 ..
\
L‘~ P 4 N . 2
~=4.," 8 ~ —— 8° ...
v’ I Notneed —————— p
—————— ed un N
R LT 1

J. Neira, VIBOT, 2008
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Computational cost per step

Step: 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16 ..
11 1 11 1 11 1 11 1 1 1 1 1..

22 22 22 22 22 22 22 22 ...

42 42 42 42 ...

82 82 ...

162 ...

UNIVERSIDAD DE ZARAGOZA
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Amortized cost per step

e First idea:
Step: 1 2 3 4 6 8 9 10 11 12 13 14 15 16 ..
1 1 1 1 1 1 1111111 1 1.
2 2112 202 212 d2 22 212 2[2.][
4 4 4 4|4 4 4 4|4 4 4 4|4
8 8 8 8 8 8 8 8[8.
16

J. Neira, VIBOT, 2008 90



e First idea:
Step: 1 2 3 4 5 6 7 8 910 11 12 13 14 15 16
111 1 11 111 11 1 11 1 1.
2222I22I22!22I22I22I2...
4 4}\5{\,\\@\4\‘4&@94 4\(\“\3@...
Méﬁsssssm
16

Amortized cost per step

J. Neira, VIBOT, 2008
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e Better idea:

Step:

1
1

Amortized cost per step

2
1

Al W

J. Neira, VIBOT, 2008

4 5 6 7 8 910 11 12 13 14 15 16 ..
11 1 1 1 1 1 1 1 1 1 1 1.
4 4 4 4 4 4
8 8 8 & 8 8
16 16 16 16
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Amortized cost per step

-ty
e
5
.'f
Al
._,...!'
rar
surd

D&C SLAM is O(n) per step

=
a1
o

ot -"'-'
CPUCL
0.1 Loy
. : ey
e ans et ¥
H Y
- a0 n

50 100 150 200 250
Step

- Tthe full map can be recovered at any time in a single O(n?)
step

‘ 9 e But no part of the algorithm or process requires it
UNIVERSIDAD DE ZARAGOZA J. Neira, VIBOT, 2008 o3




Consistency: LOOP

J. Neira, VIBOT, 2008
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Consistency: LAWN

J. Neira, VIBOT, 2008
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Consistency : SNAIL

J. Neira, VIBOT, 2008
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Consistency: Montecarlo runs
mean consistency

‘9 D&C SLAM is always more consistent

J. Neira, VIBOT, 2008
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6DOF SLAM with stereo

Step = 601, Observations m= 20
LEFT Image RIGHT Image

AL PROJECTION
: 10
RY PROJECTION: Current Submap with 20 featuges
18 1
J 5
107 §
g N\ % E )|yt st
T oar | 5 0 s e
= 4 %
or [
-5
Ik 0 2B 20 15 10 5 1] 5
Y-EHIS
-10
0 & 10 15
x-axis

L. Paz, P. Pinies, J. Neira and J.D. Tardds Large Scale 6DOF SLAM
( with Stereo-in-Hand. Conditionally accepted, IEE Transactions on

Robotics, 2008.
RObL . J. Neira, VIBOT, 2008 o8




6DOF SLAM with stereo

RIGHT Image

FE T

=20

H-axis

-30

-40

-a0

B0 . . . 1
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L. Paz, P. Pinies, J. Neira and J.D. Tardos Large Scale 6DOF SLAM

with Stereo-in-Hand. Conditionally accepted, IEE Transactions on
Robotics, 2008.
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6Dof Stereo SLAM, outdoors
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6DOF SLAM with stereo

QUEVEDO BUILDING
Step = 3, Observations m = 23
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6Dof Stereo SLAM, Indoors
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Outline

1. Basic EKF SLAM
1. Introduction: the need for SLAM
2. The basic EKF SLAM algorithm
3. Feature extraction
4. Data Association

2. The Data Association Problem
Introduction

Continuous Data Association
The Loop Closing Problem

The Global Localization Problem

N

3. Advanced EKF SLAM
1. Computational complexity of EKF SLAM
2. Consistency of the EKF SLAM
3. SLAM using local maps

1. Sequential Map Joining

2. Divide and Conquer SLAM

3. Hierarchical SLAM
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Hierarchical SLAM

e Global level: adjacency graph and relative
stochastic map

- L]
- h P X A eseee’

J. Neira, VIBOT, 200. 104



Hierarchical SLAM

e Local maps:

T B T B .. B
B — : - P = : . :
Xf_ é ] f_ é . é

L XFn - | P nR o P nLn _

e Global relative map:

o O

: .0
X = ﬁ@ ; P = 0 I)é
: O O

Block diagonal

UNIVERSIDAD DE ZARAGOZA
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Hierarchical SLAM

e Global relative map before loop closing:

: 0 O O
. %11 |. o _|0 Py, 00
x='FP=l0 0 . o0
Xy 0 0 Pj
e After loop closing:
[ ] . 0 0O 0 0°
Xi41 0 E’Fi+1 P,y15;, 0 O
x=| %5 [;P=|0P,,,. Py 00
5 0 0 0] .0
I X . | O O O 0 P, |
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Imposing loop constraints

20+
401
60|

-80 -

-100 & |
-60

h(x)=x19xX0D - DX,—1 D Xn
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Nonlinear constrained
optimization

e Minimize corrections to the global map, subject to
the loop constraint:

min %(x ~ TP 1(x — )
h(x) =0
e Sequential Quadratic Programming (SQP) :

oh
8X1

oh
X; X2

)fi@ 8Xn—1

oh
. 8Xn iz

X3

|

—1
P, = Po—PoH/ (H;PoH}) H;Pg

~ ~ N -1
%41 = % — P;PgN(& — %) — PoH/ (HPoH/) b

» Iterate until convergence
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Nonlinear constrained
optimization

e A more efficient version:
- . —1 R R .
%;41 = Xo+PoH/ (HPoH]) ~ (H; (% — Xo) — hy)

» Iterate until convergence

e Complexity:
— P, 1s block diagonal
— H; is sparse with nonzeros only for the maps in the loop

— The iteration is linear with the number of maps in the
loop

e Convergence:
— Converges in 2 or 3 iterations (for loops around 300m)

@ — For bigger errors, may it converge to a local minimum ??
UMNIVERSIDAD DE ZARAGOZA \]. Neira, VIBOT, 2008
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Nonlinear constrained
optimization

e Generalization to closing several loops
simultaneously:

hj(x) =x;, %, & - 0%, , ®xj, =0
by
h = h:2
| by

J. Neira, VIBOT, 2008 110



Iterated Extended Kalman
Filter

e Jacobian of the measurement function:

oh

| oh oh
Hi — [ 0xq

ii 8X2

oh

)fi@ 8X’n,— 1

oh

. Ox A.]
X; VX

e |terated EKF equations:

—1
P; = Po—PoH/ [HPoH] +P.| H;Pg
~ ~ -1, ~ - —1 ~
%41 = % — PP(X —Ro) + PoH] (HPoH] +P.)  (z—hy)

e With exact loop constraint, z = 0 and P, = O, IEKF
IS equivalent to nonlinear optimization with SQP
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C. Estrada, J. Neira, J.D. Tardds, Hierarchical SLAM: real-time
accurate map-ping of large environments. To appear in the I1EEE
Transactions on Robotics
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Experiment
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L. Clemente, A. Davison, |. Reid, J. Neira and J.D. Tardoés
Mapping Large Loops with a Single Hand-Held Camera
2007 Robotics: Science and Systems, June 27-30, Atlanta, USA
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Keble College, Oxford
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Seguence of local maps
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Seguence of local maps

15 maps with 1505 features
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Loop closing

15 maps with 1505 features
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Keble College, Oxford (290m)
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Results

e Local Map building in real-time @30Hz
— 60 features per map using inverse depth
— Bigger maps if converted to (X,y,z)

e Joint Compatibility search adds only 2ms in the
worst case

e Map-to-map matching in 1s (in Matlab)
— With a new algorithm based on graph theory

e Loop optimization takes 800ms (6 iterations)

e The scale drifts along the map

UNIVERSIDAD DE ZARAGOZA
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Conclusions

Loop 30m Loop 300m Longer loop
EKF-SLAM weak ——- ——-
Nearest Neighbor Inconsistent
EKF-SLAM very good ——- ——-
Joint Compatib. Inconsistent
Map Joining excellent weak ——-
Joint Compatib.
Hierarchical SLAM overkill excellent future work

Relocation
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INFORMATION

1st Summer School 2002, Stockholm

http://www.cas.kth.se/SLAM/
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http://www.robots.ox.ac.uk/—SSS06/
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