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1 | INTRODUCTION

Newton'’s method is a well-known iterative method for solving systems of nonlinear equations.>? Regardless, it remains an area of active research
and a recent SIAM Review paper by Kelley® investigates the use of mixed precision arithmetic in the context of Newton'’s method. In this paper we
consider the need for accuracy when executing general quasi-Newton methods. More formally, let @ C R™ be open, let F : Q — R™ and consider the
problem of solving

F(x)=0,

with respect to x € Q. If F is differentiable and if the Jacobian F’ of F is nonsingular, then Newton’s method is given by

Xir1 =X+ Sk, FO) + F' ()8 = 0.
A quasi-Newton method is any iteration of the form

Yier = Ve + e, Fi) + F' (vt = 0.
In exact arithmetic, we expect local quadratic convergence from Newton’s method.* Quasi-Newton methods normally converge locally and at least
linearly and some methods, such as the secant method, have super-linear convergence.? In finite precision arithmetic, we cannot expect our iter-
ation to converge and we must settle for stagnation near a zero. In this paper we analyze the convergence of quasi-Newton methods in exact

and finite precision arithmetic using three different techniques. We extend work by Ypma,> Dennis and Walker® and Tisseur’ and derive an upper

bound for the relative error where a general quasi-Newton method will stagnate. We extend work by Forsgren® and show that any sufficiently exact
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quasi-Newton method will in fact converge quadratically until stagnation. We confirm our analysis by computing square roots and solving bond con-
straint equations in the context of molecular dynamics. This is an extended version of a paper that was presented at PPAM-2022.° The new material
includes a presentation of the techniques applied by previous authors in order to compare their approach to ours. Moreover, we include details
and comments about our own work that were omitted from the conference paper due to page constraints. Finally, we include new experiments and
observations related to Forsgren’s variation® of the simplified Newton method.!

1.1 | Applications

Inthis section we explain why our topic is relevant for large-scale scientific computing. Consider the familiar problem of solving a nonsingular sparse

linear system Ax = b using a parallel computer. Let X denote the computed solutionand let e = % denote the normwise relative error with respect
to the 2-norm. Without additional information about the underlying application that produced the linear system our natural instinct is to reduce ¢
as much as feasible. How will we solve the linear system? We need to choose a method. It will either be an iterative method or a direct method. If
we choose the GMRES algorithm, then the normwise residual ||b — AX||, will decay monotonically until stagnation. Therefore, we expect that e will
decrease with the number of iterations. If our accuracy goal is tiny, then a large number of iterations is arealistic expectation. Every iteration requires
interprocessor communication which can be very expensive when the computer is large. In order to counter this issue, communication-avoiding
Krylov subspace methods have been developed, see the PhD-theses by Hoemmen,'© and Carson! and the many references therein. If we choose
a direct method, say, a variant of Gaussian elimination, then we can reduce the backward error by applying pivoting during the LU-factorization
phase. However, pivoting requires dynamic data structures and interprocessor communication which we are trying to avoid. An alternative to piv-
oting is static pivoting, diagonal boosting and iterative refinement as implemented in SuperLU g by Sherry Li et al.}? With this paper, we pause and
question the need for accuracy in the first place. We explain that high accuracy is not strictly necessary when solving the linear systems needed for
quasi-Newton methods for systems of nonlinear equations. We explain why the consequences of being inaccurate are rather mild. This information

is relevant to anybody solving large-scale nonlinear equations on a parallel computer.

2 | BASICASSUMPTIONS AND NOTATION

We shall make the following assumptions. The set @ € R™ is open. The function F : Q — R™ is of class C! and F’(x) is nonsingular for all x € Q. There
exist positive real constants K and M such that for all x € Q

IFeOH <K, IF el < M.

There exists a positive real constant L such that for all x,y € Q

IF' G0 = F'll < Llix = yll.

These assumptions are in effect throughout the paper. They are far more powerful than absolutely necessary, but they will allow us to complete the
analysis rapidly and illustrate three different techniques without being distracted by technical details. If z € R™ and § > O then B(z, §) Cc R™ is the
open ball given by

B(z,8) = {x e R™ : ||x —z|| < &}.
If || - || is a norm on R™, then we induce a submultiplicative matrix norm on R™™ using the standard procedure, that is, if A € R™™ then

IAIl = sup{lIAx|| : |Ix]| < 1}

3 | AUXILIARY RESULTS

In this section we derive a few well-known results that are useful in the analysis of quasi-Newton methods. It is convenient to define Newton’s

method as the functional iteration

Xir1 =806), 8% = x = F (007 'F(x),

and utilize this function when analyzing quasi-Newton methods. The following result shows that our assumptions ensure that F is Lipschitz with
Lipschitz constant M. We shall use this result to bound the residual F(x) near a zero z of F as ||F(x)|| < M||z — x||.
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Lemma 1. Ifz € Qand B(z,5) C Q, thenforall x,y € B(z, )
IFCO = FIl < Mlix =yl
Proof. Letx,y € B(z, §) be given and consider the auxiliary function ¢ : [0, 1] — R™ given by
@(t) = F(tx + (1 = tyy).
The ¢ is well-defined because B(z, §) is convex and the chain rule implies that ¢ € C*([0, 1], R™) with
@'(t) = F(tx+ (L= ty)x—y).

By the fundamental theorem of calculus we have
1 1
F(x) = F(y) = ¢(1) — ¢(0) = / F(tx+ (1 - Hy)x - y)dt = (/ Ftx+(1- t)y)dt> x=y).
0 0
By the triangle inequality we have

1
IFOO = Fll S/ IF'(tx + (1 = tyy)lidtllx = »)l.
0

By applying our basic assumption that F’ is bounded we can immediately conclude that

1
[IFCO = Fll < / Mdt||x - y|l = Mlix = yI|.
0
This completes the proof. n

The following result allows us to measure the effect of a single iteration of Newton’s method.

Lemma 2. Ifzisazero of F and B(z, §) C Q, then for all x € B(z, 5)
z—8(x) = CO)(z - x),

where
1
Co)=F )t < / [F'00 = F'(tx + (1 - t)2)] dt) )
0

Moreover, the new error z — g(x) can be bounded in terms of the current error z — x, that is,

1
llz—g00ll < 5 LKliz - x|12.
Proof. Let x € B(z,5) C Q. Then the function g is defined at x and

300 -2 = (x=2) = F(0 " (F) = F@) = F 0™ [F (0(x = 2) = (Fx) — F(2)]

1
=F (! / [F'00 = F'(tx + (1 = H)2)] (x — 2)dt = COO(X — 2).
0

It follows that

llz = g0l < [ICEOIINIZ = xII.

By the triangle inequality we have

1
ool < IIFo0 / IF 00 = F/(tx -+ (1 = )] dtlx - 2.
0
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Since F’ is Lipschitz continuous with Lipschitz constant L we have
! 1
ICoOll < IIF’(X)’1II/ L(1 - dlIx - z||dt = EIIF'(X)’lllLIIX -Z||.
0
By applying our bound on the inverse of F(x), we can now conclude that
10—t 2 1 2

llz=8Coll < ICEOllIz — x|l < EIIF )7 ILNz = X117 < EKLIIZ—XII .

This completes the proof. n

Lemma 2 implies that Newton’s method will converge locally and that the order of convergence will be at least quadratic. The analysis of

quasi-Newton methods in terms of the so-called relative residual will include an application of this lemma, see Section 4.1.

Lemma 3. Letz € Q be a zero of F. Then there is a 6 > O such that if x, € B(z, §), then Newton’s method is defined, x, € B(z, §) and {x;} oo
is convergent with limit z. Moreover, the order of convergence is at least quadratic.

Proof. Since Qis open thereisaé > 0such that B(z, ) C Q and by Lemma 2 we have
llz - gl < Cliz - xII?,
where C = %LK. Without loss of generality, we may assume that 6 < C-1. It follows that
lz— gl < (Collz = x|| < llz— x| < 6.

This shows that if x, € B(z, ), then x4 = g(xx) € B(z, §). Moreovery, if x, € B(z, §) then

Cllz = X ll < CPllz = xilI? = (ClIz = %)
By applying the principle of mathematical induction we conclude that

Cliz =l < (Cllz— X0l

Since Cl|z - xo|l < C5 < 1 we see that the sequence {x,}5, is convergent with limit z and that the order of convergence is at least

quadratic. This completes the proof. n

The following lemma allows us to write any approximation as a very simple function of the target vector. This lemma will be used to analyze

quasi-Newton methods in terms of the distance to Newton’s method, see Section 4.3.
Lemma 4. Let x € R™ be nonzero, lety € R™ be an approximation of x and let E € R™" be given by
E= i(y —x".
xTx
Then

lIx =yl
[Ix]|

y=(+Ex, ||E||=O< > y—=X Y#X

In the special case of the 2-norm we have

lIx—yll2

lEll2 =
lIx112

Proof. It is straightforward to verify that

(I+Ex=x+ %(y—x)xTx=x+(y—x)=y.
X' X
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Moreover, if zis any vector, then

1 xT|I11x X —
IEZll < —= Iy = xUlIXT Izl = (” l ”) (u) Il

lIx113 lIx112 I
In the case of the 2-norm, we have

lIx—yll2
lEzllz < ———lIzll2,

lIx]I2

for all z # 0 and equality holds for z = x. This completes the proof. n

4 | ANALYSISOF QUASI-NEWTON METHODS

In this section we shall illustrate three different techniques for analyzing the convergence of quasi-Newton methods.

41 | Usingthe relative residual

This is the approach introduced by Dembo, Eisenstat and Steinhaug in the seminal paper.’® Let x € Q and let t = t(x) denote the correction needed

to compute the quasi-Newton approximation x + t, that is,
F(x) + F(x)t~ 0.

Then the relative residual n = 5(x, t) is given by

IFG) + F 0ot
IFeOll

We shall now explain how quasi-Newton methods can be analyzed and controlled in terms of the relative residual. Let z € Q denote a zero of F and

choose 6 > O such that B(z, 5) C Q. Let x € B(z, §) and let s denote the correction needed to compute Newton’s approximation x + s, that is,
F) +F(x)s=0.
Now consider the quasi-Newton approximation x + t. It is straightforward to use the definition of g to verify that
Z—(x+t) =2-38x) — F) X FX) + F (x)t).
By the triangle inequality and our bound for the inverse of F’(x) we find
llz = (x+ DIl < 11z = gl + KIIFX) + F (0t
At this point it becomes apparent how the relative residual enters into the analysis. We simply write ||F(x) + F'(x)t|| = 5||[F(x)|| so that
llz—(x+ Dl < llz =80l + nKIFCOII.
We can now use Lemma 1 and Lemma 2 and estimate
2= (x+ Bl < ZKLIzZ= X1 + 1KMllz = x].
We can now conclude that

Iz = x+ Dl < A mllz = x],
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where we have defined
1
A, ) = 5KL||z —X|| + nKM.

Now given any fixed 4 € (0, 1) we are free to choose 7 > 0 and § > O such that

1

EKLa +nKM < A,
Now if xq € B(x, §) and if we ensure that the relative residuals all satisfy i, < 5, then

1Z = X1 ll < Allz = Xl
We can now conclude that our quasi-Newton sequence {x}? ; is contained in B(z, §) and convergent with limit z. Moreover, the order of convergence
is at least linear. If we are prepared to gradually reduce the relative residual as we approach the zero, then higher orders of convergence can be
achieved. In particular, if we ensure that
n < C'IFGOll,
for some C’ > 0 independent of x, then we can estimate
llz— X+l < llz-gell + CKIF®I? < Cllz—-x||>, C= %KL +C'KM?.

This is precisely the situation analyzed in Lemma 2. We need only choose 6 > 0 such that B(z,5) € Q and Cé < 1. If xg € B(z, 6) and if the relative

residuals satisfy
e < C'IFOa)IL

then our quasi-Newton sequence {x },—o is contained in B(z, §) and convergent with limit z, Moreover, the order of convergence is at least quadratic.

The advantage of using the relative residual is particularly clear when we are using an iterative solver to solve the linear equation
F(x)+ F'(x)s =0,
with respect to s. Since the nonlinear residual is readily available, the iteration can be terminated when the linear residual satisfies

IF) + F'ootll < CIF0N2.

4.2 | Usingforward and backward errors

Thisis the approach applied by Ypma,> Dennis and Walker,® and Tisseur.” While Tisseur’s primary objective was to understand the impact of rounding
errors on Newton’s method, this approach applies to general quasi-Newton methods. We shall now illustrate the main idea.

Let z € Q be a zero of F and let x € Q denote our current approximation of z. Let t = t(x) denote the correction needed to compute the
quasi-Newton approximation x + t. Due to the limitations of floating point arithmetic we cannot hope to compute the exact value of t and we have
to settle for an approximation which we denote t. Let f—'(x) denote the computed value of F(x). We assume that the function value F(x) is computed

with a forward error E; (x) that is small in the normwise relative sense, that is,

Fx) = FoO +E1(0, IEs)ll < ellFOoll,
where the size of ¢ > 0 reflects the difficulty of computing F(x) and our skill as computer programmers. We shall now suppress most references to
the point x and write, say, F instead of F(x). Moreover, we shall write J (short for “Jacobian”) instead of F'(x) as this is shorter. We shall now treat t as

an approximation of the solution of the linear system

Js+E=0. (1)
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Let # = n(}) denote the normwise relative backward error. By theorem 7.1 of Higham'’s textbook# there exists a square matrix AJ and a vector AF

such that tis the exact solution of the perturbed equation
U+Aht+E+aF=0,
and
Al = nlJIl, IAF] = nllFil.

Let y denote the computed value of quasi-Newton approximation y = x + t. Our objective is to bound the error z — § in terms of the current error

z — x. We shall now assume that

nx(J) <1,
where x(J) is the condition number of J, that is,
k() = I
This assumption ensures that
g="tAd) <1,

so that Banach’s lemma implies that J + AJ is nonsingular with

-1 _ -1 _ -5 LA K qa nx(J)
J+AN T =1+5U71, S_S(X)_g{( JLADK, ”S”S_l—qs—l—mcu)'

It follows that the computed value y of y = x + t satisfies
7= +D)x — (I + S)JLE + AF)),

where D = D(x) is a diagonal matrix that represent the floating point error associated with the addition x + . We shall now isolate the expression

for the function g that defines Newton’s method, that is,
g(x) =x — F 00 F(x),
which we shall write as g = x — J-IF. It follows that

y=31+D) (x — A+ NF+E, + Afr))
=(+D) (x S = S YE + AF) — SINF+Ey + Aﬁ))

= (1 +D)(g — JXEy + AF) - SITYF + AP).
We now define
h=J"YE; + AF) + SITUE + AF),
so that we can write
y=0U+D)g-h.
Now let zdenote a zero of F. We have

z—y=z—-(+D)g—-h)y=z—g+h-D(g-h).
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It follows that
llz=9Il < llz—gll + lhll + DI + [thID.
It is now convenient to write g = z — (z — g) so that we may bound ||g]| using
lisll < lizll + 1z - gl

and

llz= Il <X+ IDIDlIz—gll + (1 + IDIDIIAI + 1D IzII.
We shall now estimate h. We begin with the simple upper bound

Al < 17 Il + IAFID + ST IAFN + AFID.

We now consider the individual terms on the right-hand side. We have

nx(J)

I <K, lEsll < ellFll, I < @ +olFIl, AR =nllFl, 1S <
1-nx(J))

. NIFl < Miiz = x]I.

It follows that

nx(J)

hl| < 1
Il < e+l +0)+ £ 2

1 +e)1+n)]| KM|z-x].
We can now conclude that
lz= Il < (L +IDINCX, e, m)llz = x|| + DIzl

where we have defined

Coxe.n) = %LK||z—x||+ e+nl+e)+ 1”K(J)

It follows that the normwise relative error satisfies

iz -9l llz = x|
< (1+[IDIHCX €, 1)
Izl o LT

+1ID1l.

We observe that the function C satisfies

C(x,e,n) = 0, (x,e,n7) = (2,0,0).

We are certain that the relative error will be reduced provided that

llz=xIl llz=xII
1+ ||D|NCx, €, +|ID|| < ,
(A 1IDIDCOx &= + 1D < =
or equivalently
IDI| llz = xIl 2
1- @ +IDIDC(x, €, 1) lIzIl

Conversely, if inequality (2) is not satisfied, then there is no guarantee that the relative error will be reduced. In this case we expect the iteration to
stagnate. As observed by Ypma,® we note that this threshold, below which we cannot guarantee that the relative error will be reduced, is controlled
by the size of € and #. As observed by Tisseur,” we see that if the software used to evaluate the function F is sufficiently normwise forward stable

(e small) and if the software used to evaluate the Jacobian and solve the linear system F(x) + F'(x)s = O is sufficiently normwise backward stable (4
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small) and if MK is not too large, then Newton’s method will converge at least linearly until stagnation, provided that we start sufficiently close to

our zero. This is very reassuring.

4.3 | Usingthe distance to Newton'’s correction

This is the approach that has recently been applied by the authors of the present paper, that is, Kjelgaard Mikkelsen, Lopez-Villellas and
Garcia-Risuefio.” We proceed as follows. Let z € Q be a zero of F and let x € B(z, §) C Q. Let t denote the correction needed to compute the
quasi-Newton approximationy = x + t and let f denote the computed value of t. Let § denote the computed value of y. Our first objective is to bound
the new error z — y in terms of the current error z — x. We shall write

y=(0+D)x+1),
where D is a diagonal matrix that represents the floating point errors associated with the addition x + f. Let s denote the correction needed to

compute Newton’s approximation x + s, that is, the solution of the linear system F(x) + F'(x)s = 0. We now choose to view t as an approximation

of s. We now use Lemma 4 to write

: s — & s — i,
t=(1+E), |E =O( ) Ell; = —=.
IEN ) el = e

We shall now relate y to g = x + s. We have
y=(0+D)x+(U+Es)y=x+U+E)s+Dx+(+E)s)=x+s+Es+Dx+s+Es)y=g+Es+D(g+Es)=g+k,

where we have introduced

k = (I + D)Es + Dg.
It follows that

z-y=(z-9 -k
We shall use Lemma 2 to bound z — g as

Iz - gll < SLKliz =,
In order to bound k, it is convenient to write
§=z-(z-9),

and estimate

ligll < llz—gll + llzIl-
It follows that

kIl < DIz = gll + (L + IDIDIENIsI + IDIIzII.
We can now conclude that
llz =9Il <@+ IDIDlIz—gll + (L + IDIDIEN I + 1Dl lIzIl.

Since s = F~1(x)F(x) we can use Lemma 1 to obtain the bound

lIsll < KMIliz = x]|.
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It follows that
N 1
llz=yll < 5(1 + IDIDLK]Iz = x||? + (1 + IDIDIIEIMK]|z = x| + IDIMK||z = x|| + [|DIl||zI.

In summary, we have established the following theorem (cf. theorem 1 of Reference 9).

Theorem 1. Let z denote a zero of F and consider a general quasi-Newton method x,., = X, + t,. Then the computed values X, of x, satisfy a
functional iteration of the form

Risr = (I + DK + (I + E)sp),
where Dy is a diagonal matrix that represents the rounding error associated with the addition X, + t, and E represents the relative error between
the computed value t, of the correction t, needed for the quasi-Newton approximation X, + t, and the correction s, needed for the Newton
approximation X, + sy. Moreover, the error z — X, satisfies the functional iteration
Z =K1 =2 — g(X) — ExSk — Di(8(X) + Exsp),
and the bound
1z = Kl < %(1 + IDIDLKIIZ = XlI? + (1 + IDeIDIIEKIKMI|Z = Xl + D121 (3
We shall now explore the consequences of this result. It is convenient to focus on the case of z # 0 and restate inequality (3) as
Fer1 < %LK(l + IDIDNZIIrF + IEIKM(L + IDgIDric + 1D ll, 4
where ry is the normwise relative forward error given by
re =1z = xkll/1lzll.

43.1 | Stagnation

There is every reason to believe that rounding errors will prevent our iteration from converging to z. It is clear that we cannot hope to do better than

fier1 & [IDill.
because inequality (4) reduces to r,1 < ||Di|| whenry = 0. In practice, we can only do finitely many iterations, so we choose k., < oo, define
D = max{[IDcll : k < kmax},  E=max{[[Ecll : k < Kmax}, (5)
and impose the restriction
k < kiaxs
for the remainder of this subsection. By inequality (4) we can now conclude that
Py < %LK(l +D)l|z|F? + EMK(1 + Dyr, + D.
It is certain that the relative error will be reduced, that is, r,.1 < r, when
D<r - <%LK(1 +D)l|zIr? + EMK(1 + D)rk> = (1— EMK(1 + D)yr, — %LK(l +D)ljz|Ir?.
This condition is equivalent to the following inequality:

D - [1— EMK(1 + D)Jr, + %LK(l +D)ljz|Ir? <.
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The left-hand side is a polynomial in r, of the second degree. We have equality whenr = r, wherer, is given by

[1 - EMK(1 + D)] + \/[1 — EMK(1 + D)]2 — 2LK(1 + D)D|[z]|
ry = :
* LK(1 + D)|izll

If D and E are sufficiently small then the roots are positive real numbers and the error will certainly be reduced provided
ro<rno<r,.

It follows that we cannot expect to do better than

_llz=xdl

k
lIzIl

If D and E are sufficiently small, then a Taylor expansion ensures that

D
- * ACEMK1+D)?’

is a good approximation. We cannot expect to do better thanr,,, = r_, but this value is not particularly sensitive to the size of E.

432 | Thedecayoftheerror

As in Section 4.3.1 we accept that any practical application is necessarily limited to finitely many iterations. We therefore choose k., < o0, define

D and E using Equation (5) so that

Vk < kmax * (IIDll < DA |IEcll < E), (6)

and impose the restriction k < k.. for the remainder of this subsection. Now suppose that

D < Crk. (7)

for C > 0. In this case, inequality (4) implies

Mot < Pl i = %LK(l +D)|izllr + EKM(1 + D)+ C. (8)

If C < 1,then we may have p; < 1, whenr, and E are sufficiently small. This explains when and why local linear decay is possible. We now strengthen

our assumptions. Suppose that thereisa A € (0, 1]and C; > O such that

Ell < Cyrf, 9
and that
D < Corl*, (10)
for C, > 0. In this case, inequality (4) implies
M1 < %LK(l +D)llzllr{™* + CLKM(1 + D) + Cy | ri*2, (11)

This explains when and why local superlinear decay is possible.

433 | Convergence

We cannot expect a quasi-Newton method to converge unless the addition x;, 1 = x, + ti is exact. Then D, = 0 and inequality (4) implies

1
Mot <Ml M= <§LK||Z||Vk + ||EI<||KM> .
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We may have i, < 1for all k, provided E = sup ||E|| and rq are sufficiently small. This explains when and why local linear convergence is possible. We

now strengthen our assumptions. Suppose that thereisa 4 € (0, 1]and a C > O such that
vk e N : |l <Crl.
In this case, inequality (4) implies
k

Fepr < (%LKuznr;* + CKM) i,

This inequality allows us to establish local convergence of order at least 1 + A.

5 | HOWACCURATEDO WEHAVETO BE?

Our objective is to answer what is essentially the titular question of this paper, that is, what accuracy is required to achieve quadratic convergence
when computing the corrections needed for Newton’s method. We will assume the use of normal IEEE floating point numbers and we will apply the
analysis given in Section 4.3.2. If we use the 1-norm, the 2-norm or the co-norm, then we may choose D = u, where u is the unit roundoff. Suppose
that Equations (9) and (10) are satisfied with A = 1. Then

lEkIl < Cir,  IIDIl < Cori,

and inequality (11) reduces to

a1 < %LK(1+u)||z|| +CKM(1 +u) + G, | r2. (12)
Due to the basic limitations of IEEE floating point arithmetic we cannot expect to do better than

fe1=0W), u—->0, u>0. (13)
From inequality (12) we see that Equation (13) is satisfied provided
e = (0] (\/a) .
Because we assumed that ||E|| < C;r, we can now conclude that we never need to do better than
lEdl =0(/u), u—0, u>O0.

Thereisasimple argument that can be used to support this observation. Quadratic convergence is often loosely described by the fact that the number
of correct significant figures doubles from one iteration to the next. This is not really true! What is true is that the number of new correct significant
figuresis doubling from one iteration to the next. In particular, asequence such as 107%,1077,107%, 107 Bis displaying quadratic convergence toward
zero. Now suppose that we are executing Newton’s method using IEEE double precision floating point arithmetic and that we are experiencing
quadratic convergence and that we have just gained four significant figures compared with the previous approximation. Rounding errors aside, we

now expect to gain eight significant figures from computing x,,1 = x; + si. To that end we do not need to know all 16 digits of s;. It is sufficient to

know the eight most significant digits of s;.

6 | NUMERICALEXPERIMENTS

In this section we consider three different numerical experiments thatillustrate and support the main Theorem 1 and its consequences. In Section 6.1
we consider the problem of computing square roots of real numbers. This experiment is suitable for a lecture on elementary numerical analysis.
In Section 6.2 we use quasi-Newton methods to solve nonlinear equations in the context of molecular dynamics with constraints using the GRO-
MACS?> package. Section 6.2.2 supports the main theorem through the use of a quasi-Newton method with a fixed symmetric approximation of the
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Jacobian. This method exhibits linear convergence. Section 6.2.3 demonstrates the quadratic convergence of Forsgren’s variation of the simplified
Newton method.
6.1 | Computingsquare roots
Let @ > O and consider the problem of solving the nonlinear equation
f=x*—a=0,
withrespecttox > Ousing Newton’s method. Let r, denote the relative error after k Newtoniterations. A simple calculation based on Lemma 2 yields
2 ok
Ireeal < Ined®/2, Il < 2(1r0l/2)7 .
We see that convergence is certain when |ry| < 2. The general case of « > 0 can be reduced to the special case of « € [1, 4) by accessing and manipu-
lating the binary representationdirectly. Let xy : [1,4] — R denote the best uniform linear approximation of the square root function on the interval
[1,4]. Then
Xo(@) = a/3+17/24, |rp()| < 1/24.
In order toillustrate Theorem 1 we execute the iteration
Xix1 = X — (1 + €O /F (i)
where e is a randomly generated number. Specifically, given e > O we choose e, such that |e,| is uniformly distributed in the interval [%e, €] and the
sign of e, is positive or negative with equal probability. Three choices, namely € = 1072 (left), ¢ = 107 (center) and ¢ = 1072 (right) are illustrated in
Figure 1. We used IEEE double precision arithmetic to execute this experiment. In each case, eventually the perturbed iteration reproduces either
the computer’s internal representation of the square root or stagnates with a relative error that is essentially the double precision unit roundoff
u=2" 107 When e = 1072 the quadratic convergence is lost, but the relative error is decreased by a factor of approximately e = 1072 from
oneiterationto the next, that is, extremely rapid linear convergence. Quadratic convergence is restored when eisreducedtoe = 108 » \/U Further
reductions of ¢ have no effect on the convergence as demonstrated by the case of e = 1072, We shall now explain exactly how far this experiment
supports the theory that is presented in this paper.
6.1.1 | Stagnation
By Section 4.3.1 we expect that the level of stagnation is essentially independent of the size of E, the upper bound on the relative error between the
computed step and the step needed for Newton’s method. This is clearly confirmed by the experiment.
6.1.2 | Errordecay
Since we are always very close to the positive zero of f(x) = X2 — a we may choose
L~2, Klz|~1/2, MK=~1,
In the case of ¢ = 1072, Figure 1 (left) shows that we satisfy inequality (7) with D = uand C = ¢ < 1, that is,
u<er, 0<k<5.

By Equation (8) we must have

M1 < el pe~2e, 0<k<5.
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FIGURE 1 Theimpact of inaccuracies on the convergence of Newton’s method for computing square roots. Newton’s corrections have been
perturbed with random relative errors of size e ~ 1072 (left), e ~ 1078 (center) and e ~ 1072 (right). In each case, the last iteration produces an
approximation that matches the computer’s value of the square root at many sample points. In such cases, the computed relative error is 0.
Therefore, it is not possible to plot a data point and this is why the last curve of each plot is discontinuous.

This is exactly the linear convergence that we have observed. In the case of € = 1078, Figure 1 (center) shows that we satisfy inequality (10) with
C, =1and 4 = 1, thatis,

u<r?, k=01
By inequality (11) we must have quadratic decay in the sense that

e <Crl, Cx=, k=01

N w

Manual inspection of Figure 1 reveals that the actual constant is close to 1 and certainly smaller than C ~ g By Section 5 we do not expect any
benefits from using an e that is substantially smaller than \/U This is also supported by the experiment.

6.2 | Constrained molecular dynamics

The present paper deals with a question that arose naturally during our ongoing investigation of constrained molecular dynamics.”141” We therefore
choose toillustrate Theorem 1 in using constrained molecular dynamics. Molecular dynamics (MD) is a popular method for simulating time-evolution
of atomic systems, MD simulations are frequently performed by imposing constraints on the internal degrees of freedom of the analyzed molecules.
In this case, some degrees of freedom (usually bond lengths) are set to a constant value. This procedure permits the use of larger time steps, and
hence the simulation of longer time intervals and the analysis of a wider range of physical phenomena. However, it is now necessary to compute
the constraint forces that maintain the selected degrees of freedom at their chosen values. In constrained MD the objective is to solve a system of
differential algebraic equations

q(t) = v(b),
Mu(t) = f(a(t)) — g’ @) Ab),
3@qt) =0.
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Here g and v are vectors that represent the position and velocity of all atoms, M is a nonsingular diagonal mass matrix and f represents the external
forces acting on the atoms, g — g(q) is a vector function where each component represents a unique constraint, 8’(q) is the Jacobianof gatgand 1is
the vector of Lagrange multipliers. The constraint forces are represented by the term —g’(q)" A. In the field of computational chemistry, the standard
method for solving this particular system of differential algebraic equations is the SHAKE algorithm.® It uses a pair of staggered uniform grids and
takes the form

Vis1/2 = Va_1j2 + hM7 (f(@n) — 8'@0) An)
An+1 =dn + hvn+1/27

8(n+1) =0, (14)

where h > Ois the fixed time step and q, = q(t,), v,, 1

& V(toy1/2), wheret, =nhandt 1 = (n+ 1/2)h. Equation (14) is usually a nonlinear equation
2

for the unknown Lagrange multiplier 4,, specifically
S =0 ho(A) =dy+h (v, s +hM (@) ~g'@)'4) ).
In this context, Newton’s method takes the form

g <¢n (AL“)) +A,(M)5, =0

A = A0 + 5, (15)

where n identifies the current time, k is the index used by Newton’s method and the central matrix A, is the Jacobian of the mapping 4 — g(¢,(4))

with respect to A. By the chain rule of differentiation we have
An(4) = ((n(1)) =g (Bn(AP(A) = —h?g (Pp(ANM ' (@)
We observe that A, is almost symmetric because
¢n(A) =a,+0OCh), h—-0, h>0,
so that
An(d) = 5,(4),
where
Sa(1) = —h?g' @M g’ @), (16)
is symmetric negative semi-definite.

The most popular methods for constrained molecular dynamics are the SHAKE!® and LINCS'? algorithms. In the original SHAKE algorithm the
constraint equations are solved using the nonlinear Gauss-Seidel method. Parallel versions of SHAKE exist that apply Newton’s method and use the
preconditioned conjugate gradient method to solve the necessary linear systems.?° The LINCS'? algorithm and its parallelization PLINCS?! rely on
atruncated Neumann series to approximate the solution of the relevant linear systems. As an alternative to SHAKE and (P)LINCS we are developing

our own constraint algorithm based on direct solvers (ILVES?2), which solves the same differential algebraic equations as SHAKE, yet using Newton’s

method together with a specialized parallel solver that exploits the topology of the molecule.'”

6.2.1 | Description of our experiments

We shall now describe the physical details and the parameters that are shared between our experiments with constrained molecular dynamics. We
simulated a single lysozyme molecule submerged in water inside a cubic box. Lysozyme? is a protein consisting of 129 amino acid residues and
1960 atoms with 1984 covalent bonds, four of them being disulfide bonds. Water molecules were simulated as rigid bodies. Our simulation included

all the stages of a realistic MD calculation.?* The first one was solvation, that is, including explicit water molecules which fill the simulated box.
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FIGURE 2 Datagenerated during a simulation of lysozyme in water using GROMACS. The GROMACS solver has been replaced with the
quasi-Newton method given by Equation (17). (A) The maximum relative constraint violation always stagnates at a level that is essentially the IEEE
double precision unit roundoff after 6 quasi-Newton iterations. The convergence is always linear and the rate of convergenceis u ~ 1072.(B) The
evolution of the relative error r, between the relevant zero z, that is, the Lagrange multiplier 4, for the current time step and the approximations
generated by k iterations of the quasi-Newton method. The convergence is always linear and the rate of convergence is u ~ 1072. Further
information about this experiment can be found in Figure 3. (A) Constraint violation; (B) relative error.

We then added ions to the system (protein and water) to make it electrically neutral. Afterwards we performed an energy minimization using the
steepest descent algorithm until the module of the maximum force on every single atom was below 1000.0 kJ/(mol-nm). Then we executed 100 ps of
atemperature equilibration step using a V-Rescale thermostat in the NVT ensemble (with 77 set to 0.1 ps) to stabilize the temperature of the system
at 310 K; in this stage the bond lengths of the protein which involve one hydrogen atom were constrained using LINCS with its default parameters
in GROMACS. We then stabilized the pressure of the system at 1 bar for another 100 ps using a V-Rescale thermostat and a Parrinello-Rahman
barostat (with zp set to 2.0 ps) in the NPT ensemble; the H-bonds were also constrained using LINCS. After these preparatory stages we executed
the production run, from which we extracted the information summarized in Figures 2-6. The production run, in the NPT thermodynamic ensemble,
simulated a total time of 100 ps, with a time step of 2 fs (i.e., 50k time steps). Again, the employed thermostat and barostat were V-Rescale and
Parrinello-Rahman'’s, respectively (with 7= 0.1 ps, 7p = 2.0 ps). In the production stage all bond lengths of the protein were constrained using our
own implementation of Newton’s method.

We shall now describe the details of the hardware and the software used to complete our simulations of molecular dynamics. The experi-
ments were conducted using GROMACS 2021 compiled using GCC-10.1.0 in double precision mode (-DGMX_DOUBLE=o0n). Our experimental setup
consisted of a system featuring one Intel Xeon Platinum 8160 processor and 48 GB of DDR4 main memory operating at 2667 MHz.

6.2.2 | Aquasi-Newton method with a fixed symmetric approximation of the Jacobian

For this experiment we simulated lysozyme using the GROMACS package as explained in Section 6.2.1. We replaced GROMACS's constraint solver

with our own implementation of Newton’s method (15) as well as the quasi-Newton method given by

g (0 (X)) + St =0

XD = B g (17)

where S, is the symmetric approximation of the Jacobian given by Equation (16). For a subsequence of all time steps (every 5 ps, startingatt =5
ps, for a total of 20 sample points) we first computed a good approximation of the Lagrange multiplier 4, by running Newton's method until stag-
nation. We then recomputed the Lagrange multiplier using the quasi-Newton method (17). For each quasi-Newton iteration, we computed the

following data:
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FIGURE 3 Thisfigure and Figure 2 are based on the same experiment, that is, a simulation of lysozyme in water using GROMACS and the
quasi-Newton method given by Equation (17). In this figure the fractions v, = r,1/(r«||Ex|l2) are plotted for k = 0, 1,2, 3,4, 5. When v is O(1) we
have experimental verification that the rate of convergence is essentially ||E;||. This is the case for k = 0, 1, 2, 3, 4, but not k = 5 because the
iteration has stagnated when k = 6.

1. The maximum relative constraint violation, specifically the maximum relative error for any bond length, see Figure 2A.

(k)

2. The normwise relative error of x,,

against the value 4, obtained by Newton’s method, that is,

k
A =Xl
= 1A =% 2
12112

3. The normwise relative error of the correction t, against the correction s, needed for Newton’s method, that is,

IIsk = till2
[1Ekllz = ———
[Isll2

Figure 2A shows that the quasi-Newton method solves the constraint equation and that the convergence is linear. Figure 2B
shows that the quasi-Newton method finds the same solution as Newton's method. These two observations are mainly of inter-
est to computational chemists. We now turn to the theory developed in this paper. By Equation (8) we have r4 < pify, but
we cannot hope for more than r4 ~ pry where p, = O(||Ei|l,) and this is indeed what we see in Figure 3 right until the point
where we hit the level of stagnation and the impact of rounding errors is keenly felt. This shows that the rate of convergence is

essentially ||Ex||2.
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FIGURE 4 The convergence of the simplified Newton method and Forsgren’s variant. The simplified Newton method shows rapid linear
convergence toward the target, while Forsgren’s variant shows quadratic convergence. Both methods stagnate at essentially the same level. (A)

Simplified Newton method; (B) Forsgren’s algorithm.
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FIGURE 5 Total running time and total (outer) iteration count for the three analyzed algorithms for constrained molecular dynamics. (A)

Execution time in seconds; (B) Number of outer iterations.
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FIGURE 6 The total number of linear solves completed by three different algorithms.

6.2.3 | Forsgren’s variant of the simplified Newton method

For this experiment we also simulated lysozyme usingthe GROMACS package, see Section 6.2.1. However, instead of GROMACS's constraint solvers,
we used our own implementation of three different constraint solvers. Specifically, we used Newton’s method (15), the simplified Newton method
(Algorithm 1) and Forsgren’s variant of the simplified Newton method (Algorithm 2).

The advantage of Algorithm 1 is that the Jacobian F(x,) is computed only once and if we can compute one of the standard factorizations (LU,
QR, Cholesky) of F(xy), then this factorization can be recycled and used to compute the corrections t,. The disadvantage is that the order of con-
vergence is linear and not quadratic. Forsgren® has proposed an interesting variation of the simplified Newton method that restores the quadratic
convergence. This is Algorithm 2. This variant uses m, = 2" iterations of the simplified Newton method in order to approximate the solution of the
linear equation

F(xi) + F'(x)sc = 0,

needed for Newton’s method.
We see that k., iterations of the outer for-loop of Algorithm 2 requires Zﬁfz)“le = 2kmax _ 1 linear solves using the fixed (constant)

ke _ 1 jterations of the simplified Newton method. There-

matrix F'(xg). This is the same number of linear solves that is required to do 2
fore it may appear that ki, iterations of Algorithm 2 is essentially equivalent to 2kmac _ 1 jterations of the simplified Newton method.
The key difference between the two algorithms is the number of function evaluations that are performed. In order to complete k.
outer iterations of Algorithm 2 we do k. evaluations of the function F and the Jacobian F'. In order to complete 2kma _ 1 jterations of
the simplified Newton method we do 2 — 1 evaluations of F and F’. The difference between k and 2 — 1 is significant even for mod-
est values of k. Finally, by theorem 3.2 of Forsgren’s paper® the convergence of Algorithm 2 is at least quadratic in the number of outer
iterations.

We shall now describe the data that we collected. For a subsequence of time-steps we first computed a good approximation of the exact
Lagrange multiplier by running Newton’s method until stagnation. We then recomputed the Lagrange multiplier using the simplified Newton method
as well as Forsgren’s algorithm. We computed the normwise relative error of the Lagrange multipliers against the approximation produced by New-

ton’s method. We did this for each iteration of the simplified Newton method and for each outer iteration of Forsgren’s method. The results were

Algorithm 1. The simplified Newton method

1: fork =0, 1,2, ... until convergence do

2 Solve F(xy) + F'(xo)t, = O with respect to t;
3: X1 < Xi + bk

4: end for
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Algorithm 2. Forsgren’s variation of the simplified Newton method

1: fork=0,1,2,... until convergence do

2 my « 2k

3 deo < 0 €R™

4: fori=0,1,2....m,-1do

5 Solve F'(xo)pk; = —(F(xx) + F'(xx)d;) with respect to py;;
6 Aiiv1 < dij + Py

7
8

end for

t, < dk.mk
9: Xyt < Xy + ty
10: end for

exactly as expected, see Figure 4. The quasi-Newton method converges linearly and Forsgren’s variant converges quadratically with the number
of outer iterations. We repeated the experiment and measured the total time needed to reduce the relative constraint violation below a variety of
tolerances by applying Newton’s method, the simplified Newton method and Forsgren’s variant. The results are given in Figures 5 and 6. This experi-
ment emphasizes a very practical limitation of Forsgren’s variant. Specifically, the number of linear solves completed is limited to the set of numbers
consisting of {1, 3,7, 15,31, ... }, whereas the simplified Newton has the opportunity to terminate after the completion of each linear solve. As a
specific example, consider the case of = = 1072, For each time step we need essentially four iterations (four linear solves) of the simplified Newton
method while we need three outer iterations (seven linear solves) of Forsgren's variant. Since four is significantly smaller than seven, it is not surpris-
ing that the simplified Newton method is actually faster than Forsgren’s variant in this particular case. This point is emphasized by Figure 6 which
illustrates the total number of linear solves completed by each algorithm. Naturally, this does not imply that Forsgren’s variant cannot be faster under
the right circumstances. The issue here is the rapid convergence of the simplified Newton method. Had the simplified Newton method converged

very slowly and had the function evaluations been very expensive, then the outcome of the experiment would have been quite different.

7 | CONCLUSION

The convergence of quasi-Newton methods can be analyzed and controlled in terms of the relative residual as done by Dembo, Eisenstat, and Stein-
haug,? in terms of forward and backward errors as done by Ypma,®> Dennis and Walker,® and Tisseur,” and in terms of the distance to the correction
needed to execute aNewtoniteration.? The first approachis very well suited to the situation where the correction needed for the next approximation
is computed using aniterative solver. The second approach yields very mild conditions on the software that ensure that many quasi-Newton methods
will converge at least linearly until stagnation. The third approach imposes even milder conditions on the implementation of general quasi-Newton
methods x,.1 = X, + t, and reveals that quadratic convergence is restored provided that we approximate the corrections s, = F'(x,)"*F(x,) needed
for Newton’s method with an accuracy that is O(||sx — txll/lIsk|l) and which need never exceed O(\/a) where u is the unit roundoff. This fact rep-
resents an opportunity for improving the time-to-solution for certain nonlinear equations. When implementing a quasi-Newton method it is very
natural and proper to rely on a general purpose library for solving the relevant linear systems. However, such libraries are normally written with the
express goal of delivering solutions with maximum accuracy. In particular, a direct solver based on Gaussian elimination will usually pivot in order to
reduce the backward error. However, parallel pivoting requires interprocessor communication and if the system is sufficiently sparse, then we may
wish to consider whether pivoting is truly necessary. In the context of quasi-Newton methods, the consequences of an inaccurate solve are rather
mild. Specifically, while we certainly expect to lose quadratic convergence, we have reason to expect rapid linear convergence. This may well be fast
enough for the task at hand. Therefore, it may be worthwhile to use parallel sparse direct solvers that do not pivot for the sake of numerical stability.
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