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Abstract

The long interest in finding efficient solutions to dead-
lock occurrence induced by resource sharing is persistent
in the context of concurrent control software production.
Petri net-based correction techniques which were tradi-
tionally applied in the context of flexible manufacturing
systems (FMS) constitute a promising new approach. In
this vein, Gadara nets were introduced as an attempt to
import the strengths of these techniques into the software
domain. In this paper, we prove that these Petri nets are
close to a subclass of S4PR (a widely-exploited class in the
context of FMS) and provide some related equivalence re-
sults. Some limitations which Gadara nets present for the
modelling and automated correction of software are also
unveiled. Last but no least, we present formal proofs of
the theorems characterising non-liveness in Gadara nets.
To our knowledge, no such proofs were published before.

1. Introduction. Modelling control software

Finantial, spatial, technical. Whatever the reason, re-
source scarceness is a traditional scenario in diverse sys-
tems engineering disciplines. Consequently, available
resources are often shared among concurrent processes,
which must compete in order to be granted their alloca-
tion. Discrete event systems of this kind are named Re-
source Allocation Systems (RAS). Deadlocks arise when a
set of processes is indefinitely waiting for resources that
are already held by other processes of the same set [1].

Formal methods-based techniques, and specifically
those based on Petri nets [11], constitute a fertile ground
to deal with such deadlocks. Many of these real-world
RAS can be abstracted into a conceptualization con-
structed around two entities: processes and resources.

Petri nets feature a simple, orthogonal syntax and an
appealing graphical representation for modelling these ab-
stractions [2]. Besides, there exist powerful structural re-
sults for certain subclasses of Petri nets for RAS which en-
able powerful analysis and synthesis techniques for identi-
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fying and fixing potential or factual deadlocks [4, 12, 15].
The life cycle is closed with the deployment of the correc-
tions computed for the model over the real-world system.

This methodology has been successfully applied to
flexible manufacturing systems (FMS) where processes
follow predefined production plans and resources can be
artifacts such as robots, machines or conveyor belts, or
passive elements such as storage area. Diverse classes of
Petri net models, such as S3PR [4], S4PR [12, 15] and
many others [6, 17] were defined for this aim, with spe-
cific attributes for modelling different configurations.

However, all of them prove insufficient for modelling
the control software driving the evolution of a FMS, which
can also incur in deadlocks [10]. Indeed, the complexity
of multithreaded control software is ever-increasing due to
technological advances and an eagerness for configuration
versatility, sublimated by the emergence of agile automa-
tion systems [7]. In this context, the access to physical
resources can be encapsulated through software virtual re-
sources, such as mutexes or semaphores [3].

Nevertheless, the structure of this category of RAS in-
troduces new challenges due to the particularities of pro-
gramming languages. First, the control flow of the pro-
cesses (threads) can contain internal cycles, in the vein
of recirculations, due to iterative programming. Second,
release operations occassionally precede allocation oper-
ations on semaphores, albeit being used in a conservative
way. These and other issues are tackled in [10] from the
perspective of general-purpose multithreaded software.

Gadara nets [8, 16] are a new class of Petri nets for
RAS modelling in software. The main goal is adding sup-
port for internal cycles to the control flow of the processes.
However, they were apparently defined trying to retain a
structure-based liveness characterization. Unfortunately,
this is too ambitious in the general case [10]. Therefore,
the authors applied some syntactic restrictions to the class.

In section 2, we review Gadara nets and some of their
limitations for modelling multithreaded control software.
In section 3, a formal proof of the existence of a structural
liveness characterization for Gadara nets is presented. In
section 4, we prove the equivalence between Gadara nets
and a restricted subclass of S4PR with respect to their cor-
rection through net state equation-based structural meth-
ods, e.g., [15]. Section 5 summarizes the conclusions.
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2. The Gadara approach

Gadara nets belong to the family of Petri nets con-
ceived for modelling RAS. They are modular nets that
generalize the S4PR class in allowing general state ma-
chines but constrain the S4PR class in forbidding the al-
location of resources in conflicting transitions inside the
state machines (i.e., there is no inclusion relation between
these two net classes). A more technical constraint is re-
lated to the weights of the minimal p-semiflows associated
to resources, which are equal to one. This means that an
active thread at most uses one copy per type of resource.

The formal definition, as presented in [16], follows.
The reader can find the basic notation of Petri nets in [13].

Definition 1 [16] Let 𝐼𝒩 be a finite set of indices. A
Gadara net is a connected ordinary pure P/T net 𝒩 =
⟨𝑃, 𝑇, 𝐹 ⟩ where:

1. 𝑃 = 𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅 is a partition of 𝑃 such that:
(a) [idle places] 𝑃0 = {𝑝01 , ..., 𝑝0∣𝐼𝒩 ∣};
(b) [process places] 𝑃𝑆 = 𝑃1 ∪ ... ∪ 𝑃∣𝐼𝒩 ∣, where
∀𝑖 ∈ 𝐼𝒩 : 𝑃𝑖 ∕= ∅ and ∀𝑖, 𝑗 ∈ 𝐼𝒩 , 𝑖 ∕= 𝑗: 𝑃𝑖∩𝑃𝑗 = ∅;
(c) [resource places] 𝑃𝑅 = {𝑟1, ..., 𝑟𝑛}, 𝑛 > 0.

2. 𝑇 = 𝑇1 ∪ ... ∪ 𝑇∣𝐼𝒩 ∣, where ∀𝑖 ∈ 𝐼𝒩 : 𝑇𝑖 ∕= ∅, and
∀𝑖, 𝑗 ∈ 𝐼𝒩 , 𝑖 ∕= 𝑗: 𝑇𝑖 ∩ 𝑇𝑗 = ∅.

3. For all 𝑖 ∈ 𝐼𝒩 the subnet generated by restricting
𝒩 to ⟨{𝑝0𝑖} ∪ 𝑃𝑖, 𝑇𝑖⟩ is a strongly connected state
machine. This is called the 𝑖-th process subnet.

4. For all 𝑝 ∈ 𝑃𝑆: if ∣𝑝∙∣ > 1, then ∙(𝑝∙) = {𝑝}.
5. For each 𝑟 ∈ 𝑃𝑅, there exists a unique minimal p-

semiflow associated to 𝑟, 𝑌𝑟, fulfilling: ∥𝑌𝑟∥∩𝑃𝑅 =
{𝑟}, ∥𝑌𝑟∥ ∩ 𝑃0 = ∅, ∥𝑌𝑟∥ ∩ 𝑃𝑆 ∕= ∅ and 0≤/ 𝑌𝑟≤/ 1.

6. 𝑃𝑆 =
∪

𝑟∈𝑃𝑅
(∥𝑌𝑟∥ ∖ {𝑟}).

The next definition is included as an extra condition to
definition 1 in [16]. For coherence reasons with our previ-
ous works, we have extracted it, neatly separating the net
structure and marking. Note that this definition presents
the other fundamental difference with the class of S4PR
systems: in Gadara systems, resource places are binary.

Definition 2 [16] Let 𝒩 = ⟨𝑃, 𝑇, 𝐹 ⟩ be a Gadara net.
An initial marking 𝑚0 is acceptable for 𝒩 iff 𝑚0[𝑃0] ≥
1,𝑚0[𝑃𝑆 ] = 0,𝑚0[𝑃𝑅] = 1.

Figure 1 depicts a Gadara net with an acceptable ini-
tial marking. As we will see later, the non-liveness of a
Gadara net is characterized by the existence of a structural
artifact, a bad siphon, that eventually gets insufficiently
marked or empty. This can be prevented by inserting a
monitor place which restricts the system behaviour:

Definition 3 [16] Let 𝒩 = ⟨𝑃, 𝑇, 𝐹 ⟩ be a Gadara net. A
controlled Gadara net is a connected generalized pure P/T
net 𝒩𝑐 = ⟨𝑃 ∪ 𝑃𝐶 , 𝑇, 𝐹 ∪ 𝐹𝑐,𝑊𝑐⟩ such that, in addition
to all conditions in Definition 1 for 𝒩 , we have:

7. For each 𝑝𝑐 ∈ 𝑃𝐶 , there exists a unique minimal p-
semiflow associated to 𝑝𝑐, 𝑌𝑝𝑐

∈ IN∣𝑃∪𝑃𝐶 ∣, fulfilling:
∥𝑌𝑝𝑐

∥ ∩𝑃𝐶 = {𝑝𝑐}, ∥𝑌𝑝𝑐
∥ ∩𝑃𝑅 = ∅, ∥𝑌𝑝𝑐

∥ ∩𝑃0 =
∅, ∥𝑌𝑝𝑐

∥ ∩ 𝑃𝑆 ∕= ∅ and 𝑌𝑝𝑐
[𝑝𝑐] = 1.
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Figure 1. A (non-live) Gadara net

Definition 4 [16] Let𝒩𝑐 = ⟨𝑃0 ∪𝑃𝑆 ∪𝑃𝑅 ∪𝑃𝐶 , 𝑇, 𝐹 ∪
𝐹𝑐,𝑊𝑐⟩ be a controlled Gadara net. An initial mark-
ing 𝑚0 is acceptable for 𝒩𝑐 iff 𝑚0[𝑃0] ≥ 1,𝑚0[𝑃𝑆 ] =
0,𝑚0[𝑃𝑅] = 1 and for every 𝑝𝑐 ∈ 𝑃𝐶 , 𝑝 ∈ 𝑃𝑆 :
𝑚0[𝑝𝑐] ≥ 𝑌𝑝𝑐

[𝑝].

The net of figure 1 has three bad siphons. The minimal
siphon 𝐷 = {𝑅1, 𝑅2, 𝑅3, 𝑅4, 𝐴2, 𝐴5, 𝐵2} is empty at
the reachable marking 𝑚 = {𝐴1, 𝐵1, 𝐴3}. This siphon
can be controlled by aggregating a control place 𝑝𝑐 which
would have arcs from 𝑇𝐴1 and 𝑇𝐴2 with the following
non-unitary weights: 𝐶[𝑝𝑐, 𝑇𝐴2] = −𝐶[𝑝𝑐, 𝑇𝐴1] = 2.
Those non-unitary arc weights are due to the fact that 𝐴1
belongs to the support of the minimal p-semiflow of two
different resource places, 𝑌𝑅1 and 𝑌𝑅4. Out of curiosity,
there exists another minimal siphon, 𝐷′ = {𝑅1, 𝑅2, 𝑅3,
𝐴2, 𝐴4, 𝐵2} which is also empty at 𝑚. If we control
𝐷′ then we obtain a control place with only unitary arcs.
This, of course, does not always happen. As a result,
𝑌𝑟 ∈ {0, 1}∣𝑃∪𝑃𝐶 ∣ but 𝑌𝑝𝑐

∈ IN∣𝑃∪𝑃𝐶 ∣, in general.
Please note that, from now onwards, we will use the

term Gadara nets for referring to controlled Gadara nets.
As discussed in [10], very complex phenomena can ap-

pear when internal cycles are allowed in the control flow
of the processes. This is true even in safe nets with no
resource lending [10] or overlapped (i.e., not nested) in-
ternal cycles, as the net system in figure 2 reveals. In this
case, no bad siphon ever becomes insufficiently marked,
even when the net is non-live. Thus, the classic structural
characterization [15] does not work in the general context.

The “good behaviour” of Gadara nets originates from
the fact that conflicts induced by process places are free-
choice. This seems to approximate these models to the
kind of systems with linear processes, such as the L-S3PR
class [5]. This modelling assumption can however be
overrestrictive for modelling software systems: some kind
of software cannot be modelled with Gadara nets, due
to the usage of non-blocking allocation primitives, which
are supported by (e.g.) POSIX locks. A similar argu-
ment can be applied when conditional statement expres-
sions must be evaluated atomically. Additionally, general,
non-binary semaphores are not supported, and the case of
signal operations preceding wait operations is neither
considered. These uncovered aspects in the modelling of
real software restrain an automated translator to Petri nets
from working, unless we constrain the kind of programs
that the engineer can construct.
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Figure 2. A S5PR with no bad siphon ever
becoming insufficiently marked

3. The liveness characterization

In [16], the authors enunciate a liveness characteri-
zation for Gadara nets based on the existence of an in-
sufficiently marked siphon at a reachable marking (there
captured by the equivalent concept of resource-induced
deadly marked siphon). Unfortunately, we have been un-
able to find any formal proof of this claim in the existing
literature. Instead, it is stated that the same proof strat-
egy to that followed for S4PR can be extended for Gadara
nets [16], albeit this is a dubious claim. Please mind that
conflicts induced by process places are not free-choice, in
general, for S4PR nets. This is a restriction imposed by
Gadara nets that must be taken into account in the proof:
otherwise, it would be also generalizable for nets like the
one in figure 2. Hence, the liveness theorem needs further
proof in order to be unequivocally validated.

We will prove the liveness theorem over a superclass of
controlled Gadara nets which we will define next.

Definition 5 An extended Gadara (e-Gadara) net is a
connected generalized pure P/T net 𝒩 = ⟨𝑃, 𝑇, 𝐹,𝑊 ⟩
(or, equivalently, 𝒩 = ⟨𝑃, 𝑇,𝐶⟩) following definition 1
except for condition 5, which is generalized as follows:

5. For each 𝑟 ∈ 𝑃𝑅, there exists a unique minimal
p-semiflow associated to 𝑟, 𝑌𝑟 ∈ IN∣𝑃 ∣, fulfilling:
∥𝑌𝑟∥ ∩ 𝑃𝑅 = {𝑟}, ∥𝑌𝑟∥ ∩ 𝑃0 = ∅, ∥𝑌𝑟∥ ∩ 𝑃𝑆 ∕= ∅
and 𝑌𝑟[𝑟] = 1.

Definition 6 Let 𝒩 = ⟨𝑃, 𝑇,𝐶⟩ be an e-Gadara net. An
initial marking 𝑚0 is acceptable for 𝒩 iff 𝑚0[𝑃0] ≥ 1,
𝑚0[𝑃𝑆 ] = 0 and ∀𝑟 ∈ 𝑃𝑅, 𝑝 ∈ 𝑃𝑆 : 𝑚0[𝑟] ≥ 𝑌𝑟[𝑝].

Please note that the control places are included in 𝑃𝑅

in definition 5 (therefore, no subset 𝑃𝐶 is defined). As a
result, definition 4 is consistent with definition 6.

Some more definitions follow which will be instrumen-
tal both for the liveness theorems enunciations and proofs.

Definition 7 Let𝒩 = ⟨𝑃, 𝑇,𝐶⟩ be an e-Gadara net. The
set of holders of 𝑟 ∈ 𝑃𝑅 is the support of the minimal p-
semiflow 𝑌𝑟 without the place 𝑟: ℋ𝑟 = ∣∣𝑌𝑟∣∣ ∖ {𝑟}. This
definition can be extended to sets of resources 𝐴 ⊆ 𝑃𝑅 in
the following way: ℋ𝐴 = ∪𝑟∈𝐴ℋ𝑟.

Definition 8 Given a marking 𝑚 in an e-Gadara net, a
transition 𝑡 is said to be 𝑚-process-enabled (𝑚-process-
disabled) iff its input process place is (not) marked, and
𝑚-resource-enabled (𝑚-resource-disabled) iff all (some)
input resource places have (not) enough tokens to fire it,
i.e., 𝑚[𝑃𝑅, 𝑡] ≥ 𝑃𝑟𝑒[𝑃𝑅, 𝑡] (𝑚[𝑃𝑅, 𝑡] ≱ 𝑃𝑟𝑒[𝑃𝑅, 𝑡]).

Before proceeding with liveness theorems 13 and 14,
we will deal with four instrumental and easy lemmas.

Lemma 9 [9] Every e-Gadara net is consistent.

Proof:
The process subnets of 𝒩 are strongly connected state
machines and therefore each one is consistent, i.e.,
every transition 𝑡 of 𝒩 is covered by at least a t-
semiflow of the state machine containing 𝑡. We prove
that these t-semiflows are also t-semiflows of the net
𝒩 . Indeed, if 𝑋 is a t-semiflow of 𝒩 without re-
sources it is enough to prove that ∀𝑟 ∈ 𝑃𝑅 :
𝐶[𝑟, 𝑇 ] ⋅ 𝑋 = 0. Taking into account definition 5.5,
𝐶[𝑟, 𝑇 ] = −∑

𝑝∈∥𝑌𝑟∥∖{𝑟} 𝑌𝑟[𝑝] ⋅ 𝐶[𝑝, 𝑇 ], and therefore,
𝐶[𝑟, 𝑇 ] ⋅ 𝑋 = −(∑𝑝∈∥𝑌𝑟∥∖{𝑟} 𝑌𝑟[𝑝] ⋅ 𝐶[𝑝, 𝑇 ]) ⋅𝑋 =

−∑
𝑝∈∥𝑌𝑟∥∖{𝑟} 𝑌𝑟[𝑝] ⋅ 𝐶[𝑝, 𝑇 ] ⋅𝑋 = 0. Therefore, 𝒩 is

consistent. ♦

Lemma 10 Let ⟨𝒩 ,𝑚0⟩ be an e-Gadara net with an ac-
ceptable initial marking. Then, for every 𝑡 ∈ 𝑇 , there
exists a t-semiflow containing 𝑡 being realizable from 𝑚0.

Proof:
We will prove that a single token can be extracted from
any idle place at 𝑚0 and be freely moved in isolation
through its corresponding state machine. Let 𝑀1 be
the subset of reachable markings such that one and only
one process place is (mono-)marked, i.e., 𝑀1 = {𝑚 ∈
𝑅𝑆(𝒩 ,𝑚0) ∣ ∃∣𝑝 ∈ 𝑃𝑆 : 𝑚[𝑝] = 1, ∣∣𝑚∣∣ ∩ 𝑃𝑆 = {𝑝}}.

First, every 𝑡 ∈ 𝑃0
∙ is enabled at 𝑚0 since ∙𝑡 ⊆ 𝑃0 ∪

𝑃𝑅 and, by the definition of acceptable initial marking,
𝑃0 ⊂ ∣∣𝑚0∣∣ and ∀𝑟 ∈ 𝑃𝑅 : 𝑚0[𝑟] ≥ 𝑌𝑟[𝑞] = 𝑃𝑟𝑒[𝑟, 𝑡],
with 𝑞 = 𝑡∙ ∩𝑃𝑆 . By firing 𝑡 a marking of 𝑀1 is reached.

Without loss of generality, let 𝑚 ∈ 𝑀1. We prove
that every 𝑚-process-enabled transition 𝑡 is enabled. If
𝑡∙ ∩ 𝑃𝑆 = ∅ then 𝑚[𝑃𝑅] ≥ 0 = 𝑃𝑟𝑒[𝑃𝑅, 𝑡]. Thus,
𝑚 𝑡−→𝑚0. Otherwise, let {𝑝} = ∙𝑡 ∩ 𝑃𝑆 and {𝑞} = 𝑡∙ ∩
𝑃𝑆 . Then ∀𝑟 ∈ 𝑃𝑅 : 𝑃𝑟𝑒[𝑟, 𝑡] = 𝑚𝑎𝑥(𝑌𝑟[𝑞] − 𝑌𝑟[𝑝], 0).
By definition 6, ∀𝑟 ∈ 𝑃𝑅 : 𝑚0[𝑟] ≥ 𝑌𝑟[𝑞]. Then
𝑚[𝑟] = 𝑚0[𝑟] − 𝑌𝑟[𝑝] ≥ 𝑌𝑟[𝑞] − 𝑌𝑟[𝑝]. Also, 𝑚[𝑟] ≥ 0.
Thus, 𝑚[𝑃𝑅] ≥ 𝑃𝑟𝑒[𝑃𝑅, 𝑡]; i.e. 𝑚 𝑡−→𝑚′, 𝑚′ ∈𝑀1.

We have proven that an isolated token can be carried
from 𝑚0[𝑃0] to any arbitrary 𝑝 ∈ 𝑃 . If 𝑝 belongs to a cir-
cuit, we can take that token and make it travel around the
circuit. Since every t-semiflow corresponds to a circuit in
a state machine (the dual is proven in [11]), and e-Gadara
nets are consistent by lemma 9, the new lemma holds. ♦

Since a token in a strongly connected state machine can
be moved in isolation to any other arbitrary place, the next
lemma is obvious. Thus, the proof is omitted, yet provided
in [9]. Note that 𝝈 denotes the firing count vector of 𝜎.
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Lemma 11 [9] Let ⟨𝒩 ,𝑚⟩, 𝒩 = ⟨𝑃, 𝑇,𝐶⟩, be a set of
isolated marked strongly connected state machines, and
let 𝑃0 ⊂ 𝑃 be an arbitrary subset of places such that
𝑃0 contains one and only one place of each strongly con-
nected state machine. Then there exists at least one firing
sequence 𝜎, 𝑚 𝜎−→𝑚′, such that there exists no t-semiflow
𝑋 ∕= 0 of 𝒩 , with 𝝈 −𝑋 ≥ 0, and ∥𝑚′∥ = 𝑃0.

Lemma 12 Let ⟨𝒩 ,𝑚⟩, 𝒩 = ⟨𝑃, 𝑇,𝐶⟩, be a set of
isolated marked strongly connected state machines. Let
𝑝 ∈ 𝑃 be a marked place at 𝑚, 𝑚[𝑝] > 0, and let 𝜎 be
a firing sequence, 𝑚 𝜎−→𝑚′, such that 𝑚′[𝑝] = 0. Then

there also exists a firable sequence 𝜎′, 𝑚 𝜎′
−→𝑚′, with

𝝈′ = 𝝈 and ∃𝑡 ∈ 𝑝∙, 𝜎′′ ∈ 𝑇 ∗ : 𝜎′ = 𝑡 𝜎′′.
Proof:
Since 𝑝 ∈ ∥𝑚∥ ∖ ∥𝑚′∥, there exists at least one transition
in 𝑝∙ which appears once or more times in 𝜎. Let 𝜎 be
defined as 𝜎 = 𝑢 𝑡 𝑣, where 𝑢 ∈ (𝑇 ∖ 𝑝∙)∗, 𝑡 ∈ 𝑝∙ and
𝑣 ∈ 𝑇 ∗; i.e., 𝑢 is the maximal prefix before the first firing
of a transition in 𝑝∙. We prove that 𝜎′ = 𝑡 𝑢 𝑣 is firable
from 𝑚. It is enough to prove that 𝑡 𝑢 is firable, since
it implies that a marking 𝑚2 is reached from which 𝑣 is
firable (because it is the same marking 𝑚2 reached when
fired the prefix 𝑢 𝑡 of 𝜎). Since 𝑚[𝑝] > 0, we can fire 𝑡
from 𝑚 and we reach 𝑚1, with 𝑚1[𝑝

′] ≥ 𝑚[𝑝′], ∀𝑝′ ∈
𝑃 ∖ {𝑝}. Since 𝑚 𝑢−→ and every transition 𝑡 that appears
in 𝑢 holds 𝑝 /∈ ∙𝑡 then 𝑢 must also be firable from 𝑚1. ♦
Theorem 13 Let ⟨𝒩 ,𝑚0⟩ be an e-Gadara net with an ac-
ceptable initial marking. ⟨𝒩 ,𝑚0⟩ is non-live iff ∃𝑚 ∈
𝑅𝑆(𝒩 ,𝑚0) such that the set of 𝑚-process-enabled tran-
sitions is non-empty and each one of these transitions is
𝑚-resource-disabled.
Proof:
⇒) Let 𝑚′ be a reachable marking such that at least one
transition 𝑡 in 𝒩 is dead. Let 𝒩𝑃𝑆 be the net 𝒩 with-
out the resource places, and 𝑚′

∣𝑃𝑆
(𝑚0∣𝑃𝑆

) denote the

marking 𝑚′ (𝑚0) restricted to the places of 𝒩𝑃𝑆 . Let
Σ = {𝜎 ∣ 𝑚′

∣𝑃𝑆

𝜎−→𝑚0∣𝑃𝑆
and there is no t-semiflow 𝑋

with 𝝈 −𝑋 ≥ 0}. By lemma 11, the set Σ is non-empty.
Besides, since the unitary vector of dimension ∣𝑇 ∣ is a t-
semiflow of𝒩𝑃𝑆 , every 𝜎 ∈ Σ holds ∣𝜎∣ < 𝐾 ⋅ ∣𝑇 ∣, where
𝐾 =

∑
𝑝∈𝑃𝑆

𝑚[𝑝]. Consequently, the set Σ is finite.
Let 𝜎1 be the sequence of Σ which has the longest pre-

fix 𝑢, 𝜎1 = 𝑢 𝑣, such that 𝑚′ 𝑢−→ in 𝒩 . If 𝑢 = 𝜎1,
𝑚′ 𝑢−→𝑚0. But 𝑡 would be eventually firable by lemma
10, contradicting the hypothesis that 𝑡 is dead at 𝑚′.
Therefore 𝑢 ∕= 𝜎1, and 𝑚′ 𝑢−→𝑚, 𝑚 ∕= 𝑚0. Thus,
𝑚[𝑃𝑆 ] ∕= 0. The set of 𝑚-process-enabled transitions is
non-empty.

Now we prove that every transition in (∥𝑚∥ ∩ 𝑃𝑆)
∙ is

disabled at 𝑚. Without loss of generality, we take an ar-
bitrary 𝑝 ∈ ∥𝑚∥ ∩ 𝑃𝑆 . Let 𝑚∣𝑃𝑆

denote the marking 𝑚
restricted to𝒩𝑃𝑆 . By lemma 12, there exists 𝑡 ∈ 𝑝∙, 𝑣′′ ∈
𝑇 ∗ such that 𝑣′ = 𝑡 𝑣′′ is firable from ⟨𝑁𝑃𝑆 ,𝑚∣𝑃𝑆

⟩ with
v = v′. Then the sequence 𝜎2 = 𝑢 𝑡 𝑣′′ is firable from
⟨𝑁𝑃𝑆 ,𝑚′

∣𝑃𝑆
⟩ and belongs to Σ, since 𝝈2 = 𝝈1. But 𝑢 𝑡

is not firable from 𝑚′ since otherwise 𝑢 would not be the

longest fireable prefix of every sequence in Σ. Since 𝑡 is
𝑚-process-enabled, 𝑡 must be 𝑚-resource-disabled, with
∙𝑡∩𝑃𝑅 ∕= ∅. Then, by definition 1, point 4, ∣𝑝∙∣ = 1. Thus
every transition in 𝑝∙ is 𝑚-process-enabled, 𝑚-resource-
disabled, and so is every transition in (∥𝑚∥ ∩ 𝑃𝑆)

∙.
⇐) Let 𝑡 ∈ (∣∣𝑚∣∣ ∩ 𝑃𝑆)

∙. In order to fire 𝑡 some more
tokens are needed in some places belonging to 𝑃𝑅 ∩ ∙𝑡.
Since tokens in the process places cannot progress at 𝑚,
we can only change the marking of such resources by
activating some idle processes. Let 𝐸𝑇 be the set of
𝑚-process-enabled transitions, let 𝐴𝑃 = ∙𝐸𝑇 ∩ 𝑃𝑆 ,
and let 𝑚 𝜎−→𝑚′. We are going to prove, by induction
over the length of 𝜎 that: (i) ∣∣𝜎∣∣ ∩ 𝐸𝑇 = ∅, and (ii)
∀𝑝 ∈ 𝐴𝑃 : 𝑚′[𝑝] ≥ 𝑚[𝑝].

Doing so, and since 𝑚[𝑃𝑆 ∖ 𝐴𝑃 ] = 0, it can be de-
duced that ∀𝑝 ∈ 𝑃𝑆 : 𝑚′[𝑃𝑆 ] ≥ 𝑚[𝑃𝑆 ]. But then
∀𝑟 ∈ 𝑃𝑅 : 𝑚′[𝑟] = 𝑚0[𝑟] −

∑
𝑝∈𝑃𝑆

𝑚′[𝑝] ⋅ 𝑌𝑟[𝑝] ≤
𝑚0[𝑟]−

∑
𝑝∈𝑃𝑆

𝑚[𝑝] ⋅ 𝑌𝑟[𝑝] = 𝑚[𝑟]. Therefore, no tran-
sition of 𝐸𝑇 can be 𝑚′-resource-enabled.

∙ Case 𝜎= t. Since no transition of 𝐸𝑇 is enabled at 𝑚,
then 𝑡 ∈ 𝑃0

∙ and then 𝑡 /∈ 𝐸𝑇 . On the other hand, if
𝑡 /∈ ∙𝐴𝑃 , ∀𝑝 ∈ 𝐴𝑃 : 𝑚′[𝑝] = 𝑚[𝑝]. If 𝑡 ∈ ∙𝐴𝑃 , let
𝑡∙∩𝑃𝑆 = {𝑞} ∈ 𝐴𝑃 . In this case, 𝑚′[𝑞] = 𝑚[𝑞]+1
and 𝑚′[𝑝] = 𝑚[𝑝] for every 𝑝 ∈ 𝐴𝑃 ∖ {𝑞}.

∙ General case. 𝑚 𝜎′′
−→𝑚′′ 𝑡−→𝑚′, where 𝜎′′, 𝑚′′ ver-

ify the induction hypothesys. But since ∀𝑝 ∈ 𝐴𝑃 :
𝑚′′[𝑝] ≥ 𝑚[𝑝] then ∀𝑟 ∈ 𝑃𝑅 : 𝑚′′[𝑟] ≤ 𝑚[𝑟], so
every transition of 𝐸𝑇 is 𝑚′′-resource disabled, and
𝑡 /∈ 𝐸𝑇 . Therefore, ∀𝑝 ∈ 𝐴𝑃 : 𝑚′[𝑝] ≥ 𝑚′′[𝑝] ≥
𝑚[𝑝], and we can conclude. ♦

It is worth mentioning that the second half of the proof
of theorem 13 is almost literally that presented in [14] for
S4PR nets. This is also true for the next theorem:

Theorem 14 Let ⟨𝒩 ,𝑚0⟩ be an e-Gadara net with an ac-
ceptable initial marking. ⟨𝒩 ,𝑚0⟩ is non-live iff ∃𝑚 ∈
𝑅𝑆(𝒩 ,𝑚0) and a siphon 𝐷 such that 𝑚[𝑃𝑆 ] > 0 and the
firing of each 𝑚-process-enabled transition is prevented
by a set of resource places belonging to 𝐷.
Proof:
⇐) Each 𝑚-process-enabled transition is 𝑚-resource-
disabled and 𝑚[𝑃𝑆 ] > 0. Hence ⟨𝒩 ,𝑚0⟩ is non-live.
⇒) Let 𝑚 be a marking such that the set of 𝑚-process-

enabled transitions is non-empty and each 𝑚-process-
enabled transition is 𝑚-resource-disabled. We construct
𝐷, with 𝐷 = 𝐷𝑅 ∪𝐷𝑆 , as follows: (i) 𝐷𝑅 = 𝐷 ∩ 𝑃𝑅 =
{𝑟 ∈ 𝑃𝑅 ∣ ∃𝑡 ∈ 𝑟∙ : 𝑚[𝑟] < 𝑃𝑟𝑒[𝑟, 𝑡]∧𝑚[∙𝑡∩𝑃𝑆 ] > 0},
and (ii) 𝐷𝑆 = 𝐷 ∩ 𝑃𝑆 = {𝑝 ∈ ℋ𝐷𝑅

∣𝑚[𝑝] = 0}.
We are going to prove that 𝐷𝑆 ∕= ∅ and 𝐷𝑆 ⊂ ℋ𝐷𝑅

.
Let us suppose that 𝐷𝑆 = ∅. Let 𝐹 be a directed path
defined as 𝐹 = 𝑝0𝑡0𝑝1𝑡1...𝑝𝑘𝑡𝑘 such that ∀𝑖 ∈ {1, ..., 𝑘} :
𝑝𝑖 ∈ ∙𝑡𝑖 ∩ 𝑃𝑆 , 𝑝0 ∈ ∙𝑡0 ∩ 𝑃0 and ∃𝑗 ∈ {1, ..., 𝑘} :
𝑡𝑗 ∩ ∙𝐷𝑅 ∕= ∅. Such a path must exist since the process
nets are strongly connected state machines: thus, for every
𝑖 ∈ 𝐼𝒩 , 𝑡𝑗 ∈ 𝑇𝑖, exists a circuit containing 𝑝0𝑖 and 𝑡𝑗 such
that 𝑝0𝑖 and 𝑡𝑗 appear only once.
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Figure 3. A net belonging to the controlled
Gadara class with no minimal siphon be-
coming insufficiently marked

Let 𝑡 be the last transition in the directed path 𝐹 such
that 𝑡 ∈ ∙𝐷𝑅. Let 𝑟 ∈ 𝑡∙ ∩𝐷𝑅. Since 𝑃𝑆 ∩ ∙𝑡 ∈ ℋ𝑟 and
𝐷𝑆 = ∅, 𝑚[𝑃𝑆 ∩ ∙𝑡] > 0, i.e. 𝑡 is 𝑚-process-enabled.
Since 𝑡 /∈ 𝐷𝑅

∙ (if 𝑡 ∈ 𝐷𝑅
∙, and taking into account that

the net is self-loop free and 𝑃0∩∪𝑟∈𝑃𝑅
∣∣𝑌𝑟∣∣ = ∅, 𝑡 could

not be the last one), then 𝑡 is also 𝑚-resource-enabled and
therefore 𝑡 can fire contradicting the hypothesys that from
𝑚 only transitions in 𝑃0

∙ can occur.
If 𝐷𝑆 = ℋ𝐷𝑅

, since 𝑚[𝐷𝑆 ] = 0, ∀𝑟 ∈ 𝐷𝑅 : 𝑚[𝑟] =
𝑚0[𝑟] which makes impossible for 𝑟 to prevent the firing
of any transition (𝑚0 is acceptable). Then, 𝐷𝑆 ⊂ ℋ𝐷𝑅

.
Let us now prove that 𝐷 = 𝐷𝑅 ∪𝐷𝑆 is a siphon. Let

𝑡 ∈ ∙𝐷; two cases must be checked.
First case (𝑡 ∈ ∙𝐷𝑅). Let 𝑟 ∈ 𝐷𝑅 be such that 𝑡 ∈

∙𝑟. Let 𝑝 ∈ ℋ𝑟 ∩ ∙𝑡 (there exists such 𝑝 because there
is an arc from 𝑡 to 𝑟). If 𝑚[𝑝] = 0, then 𝑝 ∈ 𝐷𝑆 , and
𝑡 ∈ 𝐷𝑆

∙. Otherwise, since 𝑡 is disabled, ∃𝑟′ ∈ (𝑃𝑅∩∙𝑡) :
𝑚[𝑟′] < 𝑃𝑟𝑒[𝑟′, 𝑡], i.e. disabling it. Then 𝑟′ ∈ 𝐷𝑅, and
in consequence, 𝑡 ∈ 𝐷𝑅

∙.
Second case (𝑡 /∈ ∙𝐷𝑅). Then ∃𝑝 ∈ 𝐷𝑆 : 𝑡 ∈ ∙𝑝 and

∃𝑟′ ∈ 𝐷𝑅 : 𝑝 ∈ ℋ𝑟′ . If ∃𝑟 ∈ (∙𝑡 ∩ 𝐷𝑅), 𝑡 ∈ 𝐷∙ and
we can conclude. Let us now suppose that ∙𝑡 ∩𝐷𝑅 = ∅.
In this case, 𝑡 cannot be 𝑚-process-enabled; if it was, by
theorem 13, 𝑡 has to be 𝑚-resource-disabled, and then,
there would exist 𝑟 ∈ ∙𝑡 ∩ 𝐷𝑅. Let {𝑞} = ∙𝑡 ∩ 𝑃𝑆 (this
place exists because 𝑝 ∈ ℋ𝑟′ and ∙𝑡 ∩ 𝐷𝑅 = ∅). Since
𝑡 is not 𝑚-process-enabled, 𝑚[𝑞] = 0. Moreover, since
𝑝 ∈ ℋ𝑟′ , 𝑝 belongs to a minimal p-semiflow containing 𝑟′

in its support and since 𝑟′ /∈ ∙𝑡, 𝑞 is also in the support of
such p-semiflow, which implies that 𝑞 ∈ ℋ𝑟′ . Therefore,
𝑞 ∈ 𝐷𝑆 (𝑞 is not marked), and 𝑡 ∈ 𝐷𝑆

∙.
By construction, the firing of each m-process-enabled

transition is prevented by some resource places in 𝐷. ♦

A siphon that holds the condition of theorem 14 is said
to be a bad siphon that becomes insufficiently marked at
𝑚. Note that minimal siphons are insufficient to character-
ize non-liveness for controlled Gadara nets. The net in fig-
ure 3 is non-live: the siphon 𝐷 = {𝑅𝐶1, 𝑅𝐶2, 𝐴3, 𝐵2}
becomes insufficiently marked at 𝑚 = 𝐴1+𝐵1+𝑅𝐶1+
𝑅𝐶2+𝑅3, but it is not minimal, since it contains the mini-
mal siphon 𝐷′ = {𝑅𝐶2, 𝐴3, 𝐵2}. 𝐷′ is not insufficiently
marked for any reachable marking. It is worth noting that
no siphon, be it minimal or not, is ever fully emptied.

4. Approaching Gadara by means of CPR

Gadara nets can be transformed into CPR nets (a re-
stricted subclass of S4PR) so that controlling a Gadara net
through net state equation-based structural methods [15]
can alternatively be conducted in the space of the trans-
formed net: as we will prove onwards, both classes are
equivalent at that level.

Paradoxically, the syntactic restriction enforced to re-
tain a structural characterization places Gadara nets into
an instrumental role from the angle of structural liveness
analysis and synthesis: the maturity of the techniques in-
troduced for S4PR nets [12, 15] suggests working in the
transformed space.

We will start by introducing the subclass of CPR nets.

Definition 15 Let 𝐼𝒩 be a finite set of indices. A net of
Confluent Processes with Resources (CPR net) is a con-
nected generalized pure P/T net 𝒩 = ⟨𝑃, 𝑇, 𝐹,𝑊 ⟩ (or,
equivalently, 𝒩 = ⟨𝑃, 𝑇,𝐶⟩) defined with the same con-
ditions of definition 1 except conditions 4 and 5, which are
redefined as follows:

4. For all 𝑝 ∈ 𝑃𝑆: ∣𝑝∙∣ = 1.
5. For each 𝑟 ∈ 𝑃𝑅, there exists a unique minimal

p-semiflow associated to 𝑟, 𝑌𝑟 ∈ IN∣𝑃 ∣, fulfilling:
{𝑟} = ∥𝑌𝑟∥ ∩ 𝑃𝑅, ∥𝑌𝑟∥ ∩ 𝑃0 = ∅, ∥𝑌𝑟∥ ∩ 𝑃𝑆 ∕= ∅
and 𝑌𝑟[𝑟] = 1.

Clearly, CPR nets are a subclass of e-Gadara nets. The
corresponding definition of acceptable initial marking is
consistent with definition 6 (indeed the conditions are
identical) and has been omitted for space considerations.

Also, a CPR net is an S4PR such that there is no con-
flict induced by a process place, i.e. ∀𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ = 1.
Again, it must be noticed that the concept of acceptable
initial marking for CPR nets is consistent with that pro-
vided for the superclass S4PR [15].

In the same vein, the rest of definitions are inherited
from the e-Gadara superclass. In all cases, these defini-
tions collapse perfectly with those given for S4PR nets.

Next, we will introduce a rule to transform Gadara nets
into CPR nets. The free choice constraint in the pro-
cess subnets of Gadara nets makes that, from the point
of view of the allocation of resources, a process first de-
cides the computation path and, after that, the allocation
of resources is deterministic. In other words, resources
do not participate in the internal choices of the processes.
Choices on resources only happen in the competition re-
lations between processes for the resources.

We take advantage of this behaviour and introduce a
transformation for Gadara nets such th at this a priori de-
cision about the internal computation path to be carried
out when choices appear is dealt from the initial state.

Definition 16 Let 𝒩 = ⟨𝑃, 𝑇,𝐶⟩, 𝑃 = 𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅,
be an e-Gadara net such that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1. Let 𝑝0𝑖
be the idle place of the process subnet to which 𝑝 belongs.
The net 𝒩𝑒 = ⟨𝑃, 𝑇𝑒 ∪ {𝑡}, 𝐶𝑒⟩ is said to be a conflict
expansion of 𝑝 in 𝒩 , where:
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∙ 𝑇𝑒 = 𝑇 ∖ (𝑝∙ ∩ ∙𝑃0).
∙ ∀𝑡′ ∈ 𝑇 ∖ 𝑝∙ : 𝐶𝑒[𝑃, 𝑡

′] = 𝐶[𝑃, 𝑡′].
∙ ∀𝑡′ ∈ 𝑝∙ ∖ ∙𝑃0, 𝑝

′ ∈ 𝑃 ∖ (𝑃𝑅 ∪ {𝑝, 𝑝0𝑖}), 𝑟 ∈ 𝑃𝑅 :
𝐶𝑒[𝑝

′, 𝑡′] = 𝐶[𝑝′, 𝑡′] (thus: 𝐶𝑒[𝑝
′, 𝑡′] ≥ 0),

𝐶𝑒[𝑟, 𝑡
′] = 𝐶[𝑟, 𝑡′]− 𝑌𝑟[𝑝] (thus: 𝐶𝑒[𝑟, 𝑡

′] ≤ 0),
𝐶𝑒[𝑝, 𝑡

′] = 0, 𝐶𝑒[𝑝0𝑖 , 𝑡
′] = −1.

∙ ∀𝑝′ ∈ 𝑃 ∖ (𝑃𝑅 ∪ {𝑝, 𝑝0𝑖}), 𝑟 ∈ 𝑃𝑅 :
𝐶𝑒[𝑝

′, 𝑡] = 0,
𝐶𝑒[𝑟, 𝑡] = 𝑌𝑟[𝑝] (thus: 𝐶𝑒[𝑟, 𝑡] ≥ 0),
𝐶𝑒[𝑝0𝑖 , 𝑡] = −𝐶𝑒[𝑝, 𝑡] = 1.

Corollary 17 𝒩𝑒 is an e-Gadara net and for every 𝑟 ∈
𝑃𝑅 its associated minimal p-semiflow 𝑌 𝑒

𝑟 holds 𝑌 𝑒
𝑟 = 𝑌𝑟.

Corollary 18 If there exist no more conflicts in the pro-
cess subnets of 𝒩𝑒, then 𝒩𝑒 is a CPR net.

The proof of corollary 17 (which is intuitive but cum-
bersome to prove) is left to the reader. Corollary 18 is
straightforward. A consequence of these corollaries is
that, starting from an e-Gadara net, we can always obtain
a CPR net by way of sucessively expanding its conflicts.

Next, we will prove an interesting result regarding
(non-)liveness preservation after the net transformation.
Since the set of places of 𝒩 is equal to the set of places
of𝒩𝑒, markings over𝒩 will be trivially mapped over𝒩𝑒,
and viceversa. This will be assumed for the rest of the pa-
per, and transitively extended to nets obtained by way of a
sucession of conflict expansions starting from 𝒩 .

Theorem 19 Let ⟨𝒩 ,𝑚0⟩,𝒩 = ⟨𝑃0∪𝑃𝑆∪𝑃𝑅, 𝑇, 𝐶⟩, be
an e-Gadara net with an acceptable initial marking such
that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1, and 𝒩𝑒 = ⟨𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅, 𝑇𝑒 ∪
{𝑡}, 𝐶𝑒⟩ be an e-Gadara net being the conflict expansion
of 𝑝 in 𝒩 . ⟨𝒩 ,𝑚0⟩ is non-live⇒ ⟨𝒩𝑒,𝑚0⟩ is non-live.

Proof:
Let 𝑚 ∈ 𝑅𝑆(𝒩 ,𝑚0) such that 𝑚[𝑃𝑆 ] > 0 and every 𝑚-
process-enabled transition is 𝑚-resource-disabled. Such
𝑚 must exist by theorem 13. Let 𝜎 be a firing sequence
of 𝒩 such that 𝑚0

𝜎−→𝑚. Let 𝑇 ′ = {𝑡′ ∈ 𝑇 ∣ 𝐶[𝑝, 𝑡′] <
0}. We will contruct a firing sequence 𝜎𝑒 of 𝒩𝑒 such that
𝑚0

𝜎𝑒−→𝑚 by copying 𝜎 after making some replacements
in it, following these two rules: (i) For each occurrence of
a transition 𝑢 ∈ 𝑇 ′ ∖ 𝑇𝑒 in 𝜎 we replace 𝑢 per 𝑡 in 𝜎′, and
(ii) For each occurrence of a transition 𝑣 ∈ 𝑇 ′ ∩ 𝑇𝑒 in 𝜎
we replace 𝑣 per the sequence 𝑡𝑣 in 𝜎′.

The sequence 𝜎′ must also be firable from 𝑚0, since
𝐶[𝑃, 𝑇 ∖ 𝑇 ′] = 𝐶𝑒[𝑃, 𝑇 ∖ 𝑇 ′], and (i) ∀𝑢 ∈ 𝑇 ′ ∖ 𝑇𝑒 :
𝐶𝑒[𝑃, 𝑡] = 𝐶[𝑃, 𝑢], and (ii) ∀𝑣 ∈ 𝑇 ′ ∩ 𝑇𝑒 : 𝐶𝑒[𝑃, 𝑡] +
𝐶𝑒[𝑃, 𝑣] = 𝐶[𝑃, 𝑣] and 𝑡 must be firable in 𝒩𝑒 whenever
𝑣 is firable in 𝒩 , since 𝑡 has the same input process place
than 𝑣 and no input resource place. Thus, 𝑚0

𝜎𝑒−→𝑚.
Finally let 𝑇𝑚𝑝𝑒 be the non-empty set of 𝑚-process-

enabled transitions of 𝒩 . For every 𝑢 ∈ 𝑇𝑚𝑝𝑒, 𝑢 is the
unique output transition of its input process place in 𝒩 .
Otherwise, 𝐶[𝑃𝑅, 𝑢] = 0 and therefore 𝑢 would not be
𝑚-resource-disabled. Thus, 𝑝 is not the input place of
𝑢, ∀𝑢 ∈ 𝑇𝑚𝑝𝑒, and therefore 𝑇𝑚𝑝𝑒 ∩ 𝑇 ′ = ∅. Then

𝐶𝑒[𝑃, 𝑇𝑚𝑝𝑒] = 𝐶[𝑃, 𝑇𝑚𝑝𝑒]. Thus, 𝑇𝑚𝑝𝑒 is also the set
of 𝑚-process-enabled transitions of 𝒩𝑒, and every transi-
tion in 𝑇𝑚𝑝𝑒 is 𝑚-resource-disabled over𝒩𝑒. By theorem
13, ⟨𝒩𝑒,𝑚0⟩ is non-live. ♦

The reverse of theorem 19 is not true in general, since
there may exist killing spurious solutions in a live sys-
tem ⟨𝒩 ,𝑚0⟩ which are reachable deadlocks in ⟨𝒩𝑒,𝑚0⟩.
Nevertheless, theorem 19 allows us to work over the trans-
formed net in order to enforce liveness, since if ⟨𝒩𝑒,𝑚0⟩
is live then ⟨𝒩 ,𝑚0⟩ is live. However, this is only rea-
sonable if the number of siphons to be controlled is not
severely increased. The next result is related to this:

Lemma 20 Let 𝒩 = ⟨𝑃, 𝑇,𝐶⟩, 𝑃 = 𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅, be
an e-Gadara net such that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1, 𝒩𝑒 =
⟨𝑃, 𝑇𝑒 ∪ {𝑡}, 𝐶𝑒⟩ be a conflict expansion of 𝑝 in 𝒩 , and
𝐷 ⊆ 𝑃 . If 𝐷 is a siphon of 𝒩𝑒 then 𝐷 is a siphon of 𝒩 .

Proof:
Let 𝑇 ′ = {𝑡′ ∈ 𝑇 ∣ 𝐶[𝑝, 𝑡′] < 0} and 𝑃𝑟𝑜𝑝1(𝑡1) ≡
[(∃𝑝1 ∈ 𝐷 : 𝐶[𝑝1, 𝑡1] > 0) ⇒ (∃𝑝2 ∈ 𝐷 : 𝐶[𝑝2, 𝑡1] <
0)], for every 𝑡1 ∈ 𝑇 . We must prove that ∀𝑡1 ∈ 𝑇 :
𝑃𝑟𝑜𝑝1(𝑡1). Since ∀𝑡3 ∈ 𝑇 ∖ 𝑇 ′ : 𝐶[𝑃, 𝑡3] = 𝐶𝑒[𝑃, 𝑡3], it
is enough to prove that ∀𝑡1 ∈ 𝑇 ′ : 𝑃𝑟𝑜𝑝1(𝑡1).

Let us prove that ∀𝑡1 ∈ 𝑇 ′ ∖ 𝑇𝑒 : 𝑃𝑟𝑜𝑝1(𝑡1). Without
loss of generality, let 𝑡1 ∈ 𝑇 ′ ∖ 𝑇𝑒. If ∄𝑝1 ∈ 𝐷 such that
𝐶[𝑝1, 𝑡1] > 0, then 𝑃𝑟𝑜𝑝1(𝑡1) ≡ 𝑇𝑟𝑢𝑒. Let 𝑝1 ∈ 𝐷 such
that 𝐶[𝑝1, 𝑡1] > 0. Note that ∀𝑟 ∈ 𝑃𝑅 : 𝐶[𝑟, 𝑡1] = 𝑌𝑟[𝑝],
𝐶[𝑝0𝑖 , 𝑡1] = 1, 𝐶[𝑝, 𝑡1] = −1, and ∀𝑝2 ∈ 𝑃 ∖ (𝑃𝑅 ∪
{𝑝0𝑖 , 𝑝}) : 𝐶[𝑝2, 𝑡1] = 0. Thus, 𝐶𝑒[𝑃, 𝑡] = 𝐶[𝑃, 𝑡1].
Then 𝐶𝑒[𝑝1, 𝑡] = 𝐶[𝑝1, 𝑡1] > 0. Since 𝑝1 ∈ 𝐷 and 𝑝 is the
unique input place of 𝑡, then 𝑝 ∈ 𝐷. Since 𝐶[𝑝, 𝑡1] < 0,
𝑃𝑟𝑜𝑝1(𝑡1) ≡ 𝑇𝑟𝑢𝑒.

We will now prove that ∀𝑡1 ∈ 𝑇 ′ ∩ 𝑇𝑒 : 𝑃𝑟𝑜𝑝1(𝑡1).
Without loss of generality, let 𝑡1 ∈ 𝑇 ′ ∩ 𝑇𝑒.

Suppose that ∄𝑝1 ∈ 𝐷 such that 𝐶𝑒[𝑝1, 𝑡1] > 0. Since
the unique output place of 𝑡1 in 𝒩𝑒 is a process place, if
𝐶[𝑃𝑅, 𝑡1] = 0, then ∄𝑝2 ∈ 𝐷 such that 𝐶[𝑝2, 𝑡1] > 0, and
𝑃𝑟𝑜𝑝1(𝑡1) ≡ 𝑇𝑟𝑢𝑒. If 𝐶[𝑃𝑅, 𝑡1]≥∖ 0, let 𝑟 be an arbitrary
𝑟 ∈ 𝑃𝑅 such that 𝐶[𝑟, 𝑡1] > 0. Then 𝑌𝑟[𝑝] > 0 and
therefore 𝐶𝑒[𝑟, 𝑡] = 𝑌𝑟[𝑝] > 0. Since 𝑝 is the unique input
of 𝑡, then 𝑝 ∈ 𝐷. Since 𝐶[𝑝, 𝑡1] < 0, 𝑃𝑟𝑜𝑝1(𝑡1) ≡ 𝑇𝑟𝑢𝑒.

Otherwise, ∃𝑝1 ∈ 𝐷 such that 𝐶𝑒[𝑝1, 𝑡1] > 0. Then
𝐶[𝑝1, 𝑡1] ≥ 𝐶𝑒[𝑝1, 𝑡1] > 0 and ∃𝑝2 ∈ 𝐷 such that
𝐶𝑒[𝑝2, 𝑡1] < 0. If 𝑝2 ∈ 𝑃0 then 𝑝 ∈ 𝐷, since 𝑝 is the
unique input place of 𝑡 and 𝑡 is an input transition of 𝑃0.
Since 𝐶[𝑝, 𝑡1] < 0, 𝑃𝑟𝑜𝑝1(𝑡1) ≡ 𝑇𝑟𝑢𝑒. If 𝑝2 /∈ 𝑃0, i.e.,
𝑝2 ∈ 𝑃𝑅, then 𝑝 ∈ 𝐷, since ∀𝑟 ∈ 𝑃𝑅 : 𝐶𝑒[𝑟, 𝑡] = 𝑌𝑟[𝑝] ≥
−𝐶𝑒[𝑟, 𝑡1] and 𝑝 is the unique input transition of 𝑡. Since
𝐶[𝑝, 𝑡1] < 0, 𝑃𝑟𝑜𝑝1(𝑡1) ≡ 𝑇𝑟𝑢𝑒. ♦

Corollary 21 The number of siphons of 𝒩𝑒 is lower than
or equal to the number of siphons of 𝒩 .

Although the reverse of lemma 20 is not true (i.e., a
siphon of 𝒩 is not always a siphon of 𝒩𝑒) there exists a
close relation between the siphons of both nets. Indeed,
for every siphon in 𝒩 there exists another siphon in 𝒩𝑒
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which contains the same resource places. The next propo-
sition is instrumental; the corresponding lemma follows.

Proposition 22 Let 𝒩 = ⟨𝑃, 𝑇,𝐶⟩, 𝑃 = 𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅,
be an e-Gadara net such that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1, 𝒩𝑒 =
⟨𝑃, 𝑇𝑒 ∪ {𝑡}, 𝐶𝑒⟩ be a conflict expansion of 𝑝 in 𝒩 , and
𝐷 ⊆ 𝑃 . Let 𝒩𝑒𝑡 = ⟨𝑃, 𝑇𝑒, 𝐶𝑒𝑡⟩ be the subnet generated
by restricting𝒩𝑒 to ⟨𝑃, 𝑇𝑒⟩. If 𝐷 is a siphon of𝒩 then 𝐷
is a siphon of 𝒩𝑒𝑡.

Proof:
Let 𝑇 ′ = {𝑡′ ∈ 𝑇 ∣ 𝐶[𝑝, 𝑡′] < 0} and 𝑃𝑟𝑜𝑝2(𝑡2) ≡
[(∃𝑝1 ∈ 𝐷 : 𝐶𝑒[𝑝1, 𝑡2] > 0) ⇒ (∃𝑝2 ∈ 𝐷 : 𝐶𝑒[𝑝2, 𝑡2] <
0)], for every 𝑡2 ∈ 𝑇𝑒. We must prove that ∀𝑡2 ∈ 𝑇𝑒 :
𝑃𝑟𝑜𝑝2(𝑡2). Since ∀𝑡3 ∈ 𝑇 ∖ 𝑇 ′ : 𝐶[𝑃, 𝑡3] = 𝐶𝑒[𝑃, 𝑡3], it
is enough to prove that ∀𝑡2 ∈ 𝑇 ′ ∩ 𝑇𝑒 : 𝑃𝑟𝑜𝑝2(𝑡2).

Without loss of generality, let 𝑡2 ∈ 𝑇 ′ ∩ 𝑇𝑒, and note
that ∀𝑝1 ∈ 𝑃 : 𝐶𝑒[𝑝1, 𝑡2] ≤ 𝐶[𝑝1, 𝑡2]. Suppose that
∄𝑝1 ∈ 𝐷 such that 𝐶[𝑝1, 𝑡2] > 0. Then ∀𝑝1 ∈ 𝐷 :
𝐶𝑒[𝑝1, 𝑡2] ≤ 𝐶[𝑝1, 𝑡2] ≤ 0, i.e., ∄𝑝2 ∈ 𝐷 such that
𝐶𝑒[𝑝2, 𝑡2] > 0, and 𝑃𝑟𝑜𝑝2(𝑡2) ≡ 𝑇𝑟𝑢𝑒. Otherwise,
∃𝑝2 ∈ 𝐷 such that 𝐶[𝑝2, 𝑡2] < 0. Then 𝐶𝑒[𝑝2, 𝑡2] ≤
𝐶[𝑝2, 𝑡2] < 0, and thus 𝑃𝑟𝑜𝑝2(𝑡2) ≡ 𝑇𝑟𝑢𝑒. ♦

Lemma 23 [9] Let 𝒩 = ⟨𝑃, 𝑇,𝐶⟩, 𝑃 = 𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅,
be an e-Gadara net such that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1, 𝒩𝑒 =
⟨𝑃, 𝑇𝑒 ∪ {𝑡}, 𝐶𝑒⟩ be a conflict expansion of 𝑝 in 𝒩 , and
𝐷 ⊆ 𝑃 . If 𝐷 is a siphon for 𝒩 , then ∃𝐷𝑒 ⊇ 𝐷, with
𝐷𝑒 ∖𝐷 ⊂ 𝑃𝑆 , such that 𝐷𝑒 is a siphon of 𝒩𝑒.

Proof:
Let 𝑖 ∈ 𝐼𝒩 the index of the process subnet of𝒩𝑒 to which
𝑝 belongs. Let𝒩𝑒𝑡 = ⟨𝑃, 𝑇𝑒, 𝐶𝑒𝑡⟩ be the subnet generated
by restricting 𝒩𝑒 to ⟨𝑃, 𝑇𝑒⟩. By proposition 22, 𝐷 is a
siphon of𝒩𝑒𝑡. However 𝐷 is not a siphon of𝒩𝑒 iff ∃𝑝1 ∈
({𝑝0𝑖} ∪ 𝑃𝑅) ∩𝐷 such that 𝐶𝑒[𝑝1, 𝑡] > 0.

If 𝑝1 = 𝑝0𝑖 then 𝐷𝑒 = 𝐷 ∪ 𝑃𝑖 is a siphon of 𝒩𝑒,
since the 𝑖-th process subnet is a strongly connected state
machine. Otherwise, 𝑟 = 𝑝1 is a resource place, 𝑟 ∈ 𝑃𝑅,
with 𝑌𝑟[𝑝] > 0. Let 𝐷𝑡 = (ℋ𝑟 ∖𝐷) ∩ 𝑃𝑖. We will prove
that 𝐷𝑒 = 𝐷 ∪𝐷𝑡 is a siphon of 𝐷.

Let 𝑇 ′ = {𝑡 ∈ 𝑇 ∣ ∃𝑝 ∈ 𝐷𝑡 such that 𝐶[𝑝, 𝑡] > 0}
and 𝑃𝑟𝑜𝑝2(𝑡1) ≡ [(∃𝑝1 ∈ 𝐷 : 𝐶𝑒[𝑝1, 𝑡1] > 0) ⇒
(∃𝑝2 ∈ 𝐷 : 𝐶𝑒[𝑝2, 𝑡1] < 0)]. We must prove that
∀𝑡1 ∈ 𝑇 : 𝑃𝑟𝑜𝑝2(𝑡1). Since for every 𝑡2 ∈ 𝑇 ∖ (𝑇 ′ ∪
{𝑡}) : 𝐶𝑒[𝐷, 𝑡2] = 𝐶𝑒𝑡[𝐷, 𝑡2], it is enough to prove that
∀𝑡1 ∈ 𝑇 ′ : 𝑃𝑟𝑜𝑝2(𝑡1) ∧ 𝑃𝑟𝑜𝑝2(𝑡). Since 𝑝 ∈ ℋ𝑟, then
𝑝 ∈ 𝐷 and 𝑃𝑟𝑜𝑝2(𝑡) ≡ 𝑇𝑟𝑢𝑒.

Finally, we will prove that ∀𝑡1 ∈ 𝑇 ′ : 𝑃𝑟𝑜𝑝2(𝑡1).
Without loss of generality, let 𝑡1 ∈ 𝑇 ′, and let 𝑝1 the
output process place of 𝑡1, 𝑝1 ∈ 𝐷𝑡. If 𝐶[𝑟, 𝑡] < 0,
then 𝑃𝑟𝑜𝑝2(𝑡1) ≡ 𝑇𝑟𝑢𝑒 since 𝑟 ∈ 𝐷. Otherwise, if
𝐶[𝑟, 𝑡] = 0 then ∃𝑝2 ∈ 𝑃𝑖 such that 𝐶[𝑝2, 𝑡] < 0. If
𝑝2 ∈ 𝐷 then 𝑃𝑟𝑜𝑝2(𝑡1) ≡ 𝑇𝑟𝑢𝑒. If 𝑝2 /∈ 𝐷 then 𝑝2 ∈ ℋ𝑟

(because 𝐶[𝑟, 𝑡] < 0) and thus 𝑝2 ∈ 𝐷𝑡. Summing up, in
all cases, 𝑃𝑟𝑜𝑝2(𝑡1) ≡ 𝑇𝑟𝑢𝑒. ♦

Next, we will introduce the complete expansion and re-
duction rules, based on definition 16. In order to be able to
undo a conflict expansion after having enforced liveness,
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Figure 4. A CPR net which is the conflict ex-
pansion of place A2 in the net of figure 1

we will need to keep record of the previous steps. The
following definition is instrumental for this aim.

Definition 24 Let 𝒩 = ⟨𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅, 𝑇, 𝐶⟩ be an e-
Gadara net. Its associated expansion record (AER) is a
duple ⟨𝑇𝒩 ,Ψ𝒩 ⟩, where 𝑇 ⊆ 𝑇𝒩 and Ψ𝒩 is a set of
triples in 𝑇𝒩 × 𝑃𝑆 × 𝒫(𝑇𝒩 ) such that ∀(𝑡, 𝑝, 𝜏) ∈ Ψ𝒩 :
(i) ∃𝑝0 ∈ 𝑃0 : 𝑡 ∈ ∙𝑝0, 𝜏 ∈ 𝑝0

∙; (ii) {𝑝} = ∙𝑡 ∩ 𝑃𝑆; and
(iii) ∀(𝑡′, 𝑝, 𝜏 ′) ∈ Ψ𝒩 : 𝑡 ∕= 𝑡′, 𝜏 ∩ 𝜏 ′ = ∅.

Ψ𝒩 registers which conflicts were previously ex-
panded, and how. 𝑇𝒩 is a record of the whole set of
transitions, including those which were removed or cre-
ated at past conflict expansions. The transformations are
formally defined as follows:

Rule 1 (Expansion Rule)
Input: An e-Gadara net 𝒩 = ⟨𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅, 𝑇, 𝐶⟩

such that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1, plus its AER ⟨𝑇𝒩 ,Ψ𝒩 ⟩.
Output: An e-Gadara net 𝒩𝑒 = ⟨𝑃0 ∪ 𝑃𝑆 ∪ 𝑃𝑅, 𝑇𝑒 ∪

{𝑡}, 𝐶𝑒⟩ which is the conflict expansion of 𝑝 in𝒩 , plus its
AER ⟨𝑇𝒩 ∪ {𝑡},Ψ𝒩𝑒

⟩, with Ψ𝒩𝑒
= Ψ𝒩 ∪ {(𝑡, 𝑝, 𝑝∙)}.

Rule 2 (Reduction Rule)
Input: An e-Gadara net 𝒩𝑒 = ⟨𝑃, 𝑇𝑒 ∪ {𝑡}, 𝐶𝑒⟩ plus

its AER ⟨𝑇𝒩 ∪{𝑡},Ψ𝒩𝑒
⟩, such that there exists (𝑡, 𝑝, 𝜏) ∈

Ψ𝒩𝑒
and there also exists an e-Gadara net𝒩 = ⟨𝑃, 𝑇,𝐶⟩

with 𝒩𝑒 being the conflict expansion of 𝑝 in 𝒩 .
Output: The e-Gadara net 𝒩 plus its AER ⟨𝑇𝒩 ,Ψ𝒩 ⟩,

with Ψ𝒩 = Ψ𝒩𝑒
∖ {(𝑡, 𝑝, 𝜏)}.

Thanks to theorem 19, we can enforce liveness di-
rectly over the transformed CPR net. Once enough con-
trol places have been aggregated so as to make it live, we
can apply the reduction rule to obtain a live e-Gadara net.
However, it is worth mentioning that it may be necessary
to move carefully the arcs of some control places before.
This is due to the fact that some transitions were uncon-
trollable in the original net: namely, those belonging to a
conflict in a process subnet.

Finally, lemma 25 introduces a powerful result regard-
ing the potential reachability set (𝑃𝑅𝑆) of the trans-
formed net.

Lemma 25 Let ⟨𝒩 ,𝑚0⟩ be an e-Gadara net with an ac-
ceptable initial marking such that ∃𝑝 ∈ 𝑃𝑆 : ∣𝑝∙∣ > 1,
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and ⟨𝒩𝑒,𝑚0⟩ be an e-Gadara net obtained by applying
the conflict expansion transformation rule over 𝒩 . Then
𝑚 ∈ 𝑃𝑅𝑆(𝒩 ,𝑚0) iff 𝑚 ∈ 𝑃𝑅𝑆(𝒩𝑒,𝑚0).
Proof:
For every 𝑖 ∈ 𝐼𝒩 , let 𝑌𝑆𝑖

denote the unique minimal p-
semiflow of𝒩 induced by the 𝑖-th process subnet of𝒩 . It
is easy to see that 𝑌𝑆𝑖

is also a unique minimal p-semiflow
of 𝒩𝑒, induced by the 𝑖-th process subnet of 𝒩𝑒. On the
other hand, by corollary 17, 𝑌𝑟 = 𝑌 𝑒

𝑟 , for all 𝑟 ∈ 𝑃𝑅.
Let 𝐵 be a matrix of dimensions (∣𝑃𝑅∣ + ∣𝐼𝒩 ∣) × ∣𝑃 ∣

of integers such that the rows of 𝐵 are the set of vectors
{𝑌𝑆𝑖

∣ 𝑖 ∈ 𝐼𝒩 }∪{𝑌𝑟 ∣ 𝑟 ∈ 𝑃𝑅}. Then 𝐵 is a non-negative
canonical basis of p-semiflows both for 𝒩 and 𝒩𝑒.

Finally, since a Gadara net is consistent (by lemma 9)
and conservative (by construction), a non-negative canon-
ical basis of p-semiflows (𝐵) generates the same solution
space than the net state equation. Hence, 𝑃𝑅𝑆(𝒩 ,𝑚0) =
𝑃𝑅𝑆(𝒩𝑒,𝑚0). ♦

Many efficient structure-based liveness enforcing tech-
niques rely on the net state equation. In [15], one of these
is presented for S4PR nets, which is a superclass of CPR.
The result of lemma 25 encourages the application of this
kind of techniques over the transformed net, since the
space solution of the net state equation is equal on both
nets (original and transformed).

5. Conclusions

In this paper, we have presented an overview of Gadara
nets and its limitations for modelling multithreaded con-
trol software. From the structural analysis and synthesis
perspective, we have proved that the syntactic restrictions
introduced in Gadara nets provoke significant constraints
from the point of view of the behaviours allowed in the
allocation of resources. This means that we can bridge
Gadara nets with a subclass of S4PR in which the alloca-
tion of resources internal to a process is deterministic, i.e.,
resources do not participate in the internal choices. Con-
sequently, we can use liveness enforcing methods based
solely on structural information, leaving this class close
to the well-studied S4PR class in that context. Unfor-
tunately, state-space exploration and region theory based
methods can be too consuming for real-world concurrent
control software systems due to their usually huge dimen-
sions. Finally, in [10] we have introduced a more versatile
class for modelling multithreaded software systems. Nev-
ertheless, new, more complex phenomena arise, and fur-
ther study is required to overcome the problems that arise
in this new framework.
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[9] J.-P. López-Grao and J.-M. Colom. Synthesis of live mul-
tithreaded software: A methodology based on Petri nets.
Technical report, Dpt. of Computer Science and Systems
Engineering, Univ. Zaragoza, 2011.
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