Chapter 8

Performance Measures and
Basic Properties
A goal of performance modelling with timed Petri nets (TPN's) is the estimation
of some quantiable performance measures of the system under consideration
by the simulation or analysis of the model of the system behaviour. In order
to do that, responsiveness and utilization performance measures of the system
must be described in terms of average values of operational quantities dened
on the TPN model, like the average marking of a place or the ring frequency
of a transition.
In Section 8.1, the usual average performance indices for TPN models are derived operationally from the basic observable events that were dened in Chapter 3.
Sections 8.2 and 8.3 are devoted to exploit the operational approach for the
denition of performance measures. In Section 8.2, operational analysis techniques are used to partially characterize the behaviour of TPN models. Classical
operational laws, like Little's law are stated in Petri net terms. Additionally,
some operational inequalities are derived that are typical of the presence of
synchronization and that have not been considered before in the framework of
queueing networks models.
Section 8.3 illustrates another aspect of the deep gap, from the analytical
point of view, existing between classical monoclass product-form queueing networks and TPN's. While in Gordon-Newell networks the vector of visit ratios to
the stations can be easily (e ciently) computed from the routing information,
in the case of bounded TPN's the computability of such index is a quite complex
problem. This problem leads to a classication of net models attending to the
dependency of the visit ratios on the net structure and the probabilistic routing,
on the initial marking, and on the ring time of transitions.
Since few operational analysis techniques can presently be used to compute
the performance indices of interest, the classical approach based on stochastic processes must be considered. Section 8.4 introduces also the denition of
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performance parameters on the TPN model as expected values of the random
variables that characterize the behaviour of the model, under some stochastic assumptions. As the reader surely knows, under ergodicity conditions the
average (operationally dened) performance indices are equal to the expected
(stochastically dened) indices, thus the techniques that will be presented later
on for the computation of expected values will be useful to compute the average
performance measures of interest.
Some bibliographic remarks are summarized in Section 8.5.

8.1 Performance Measures Dened Operationally
The basic idea for the operational denition of average performance indices is
to derive them algebraically from the atomic events observed in the behaviour
of the TPN model. For instance, from the instantaneous marking in place p at
time  , p]( ), the average marking in place p during the experiment interval
(0 ) is dened as1 :

Z
1
p] =


0

p]( ) d

Let us assume in the rest of this chapter an innite server semantics for the
timed transitions. The instantaneous enabling degree of transition t at instant
 represents the internal concurrency of that transition at time  :

et]( ) = supfk 2 IN : 8p 2 t p]( )  k Prep t]g
The following relation holds by denitions:

 p]( ) 
et]( ) = pmin
 8t 2 T 8
2 t Prep t]

as:

(8.1)

The average enabling degree of transition t during the interval (0 ) is dened

Z
1
et] =  et]( ) d
0

The average enabling degree represents the average number of active servers
associated with the transition ring during the experiment.
In cases where transition t is persistent (i.e., never disabled before ring)
or t has age memory policy, the average ring time of transition t, st], can
be expressed as the quotient between the total enabling work of that transition
and the total number of rings, Ft (), of t observed from 0 to  (assuming
1 The reader should notice that we write p] for short, while for being more precise we
should write p](), since the average is computed between 0 and .
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Ft () > 0). The total enabling work of transition t is obtained by integration
over the experiment interval of the instantaneous enabling degree of t at instant
 , et]( ).

R et]( ) d
st] = 0
Ft ()

The throughput of transition t is the ring frequency of that transition observed during the interval (0 ):

t] = Ft()

With queueing systems terminology, the relative throughput between transitions is expressed by the vector of visit ratios, normalized, for instance, for
transition t1 :
vt] = tt]]
1
The quantity vt] represents the number of times that transition t is red
per each ring of trasition t1 (in queueing systems terminology, it represents
the number of \visits" of a customer to station t per each visit to the reference
station t1 ). A detailed analysis of the computability of visit ratios for dierent
net classes is presented in Section 8.3.
If (p i) denotes the arrival time of the i-th token in p, then the total number
of tokens visiting place p during the experiment interval is:

Np () =

1
X

i=1

#((p i)  )

where for an arbitrary predicate P , the function # is dened as:
#(P ) =

1

if P = true
0 otherwise

If (p i) denotes the departure time of the i-th token from p, then for all
place p such that Np () > 0, the average token residence time in place p during
the interval (0 ) is the following:
NX
p( ) Z
1
(#((p k)   ) ; #((p k) <  )) d
rp] = N ()
p
k=1 0

An alternative denition of the above indices may be given in a unied
way in terms of reward functions, or index functions dened over the reachable
markings of the PN system. First, let us denote by i () the proportion of time
spent by the system in a given reachable marking, mi, during the interval (0 ):
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Z
1
#( ( ) = mi) d
i ( ) = 
0

A reward function over reachable markings is a function:
r : RS ;! IR+
m
r(m)
From that function, an operational average reward between 0 and  can be
computed as the weighted sum:
X
r() =
r(mi ) i ()
m 2RS
i

Dierent average performance indices can be computed as operational average rewards by giving dierent interpretations to the reward function. For
instance, the proportion of time during the experiment interval that a given
predicate on the marking, P (m), holds can be dened using the following reward function:

P (m) = true
r(m) = 10 ifotherwise
The average marking in place p during the interval (0 ) can be redened
using the following reward function:
r(m) = n if and only if mp] = n
The equivalence of both denitions of average marking can be easily shown:
Z
X
X
r() =
r(m ) () =
m p] 1 #( ( ) = m ) d =
m Z2RS

= 1

i

0

X

i

m 2RS

i

i



Z
1
mip] #( ( ) = mi) d = 
m 2RS
i

i

0

0

p]( ) d =

= p]()
In a similar way, other average performance indices can be dened as operational average rewards.
i

8.2 From Performance Measures to Operational
Laws
Operational analysis is a conceptually very simple way of deriving mathematical equations relating observable quantities in queueing systems. In this section
operational analysis techniques are applied to derive linear equations and inequalities relating interesting performance measures in timed Petri net models.
The rst result is the enabling law which is the Petri net counterpart of the
well-known \utilization law" in queueing systems literature.
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t]  st] = et] 
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Figure 8.1: Maximum throughput law.

Property 8.1 (Enabling Law) For all transition t 2 T with at least one input place and of type either persistent or age memory or immediate and for all
experiment interval (0 ) with  > 0 and Ft () > 0
et] = t]  st]

Proof Sketch:

Trivial substitution of the denitions.
}
From the enabling law it follows that if the average ring time of a transition
is known, then its throughput is proportional to its average enabling degree. Of
course in case of immediate transitions st] = 0, so immediate transitions are
never enabled for non-null intervals of time.
The main conceptual dierence between basic queueing networks (using the
terminology introduced in Chapter 1) and Petri net models (or extended queueing networks ) is the presence of a synchronization primitive in the latter, therefore the following operational inequalities derived for synchronization elements
have no counterpart in operational laws for basic queueing networks.

Property 8.2 (Maximum Throughput Law) For all transition t 2 T with
at least one input place and of type either persistent or age memory or immediate
and for all experiment interval (0 ) with  > 0 and Ft () > 0

 p ] 
t]  st]  min
p2 t Prep t]

Proof:

Equation (8.1), that is valid in each instant of the experiment, implies that
8p 2 t, 8 : 0    , et]( )  Prep](pt )] .
Therefore 8p 2 t, et]  Preppt] ] , and applying the enabling law the result
follows.
}
This inequality establishes an upper bound for the average enabling (hence
for the transition throughput once the ring time is dened) in the case of
transitions with more than one input place that model a synchronization. As
depicted in gure 8.1, the instantaneous enabling degree of a transition cannot
be bigger than the marking of its input places (divided by the arc weight),
therefore the same applies for the average values.
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Property 8.3 (Minimum Throughput Law for single input transitions) For all transition t 2 T with exactly one input place p and of type either
persistent or age memory or immediate,

Prep t] + 1
t]  st]  p] ;Pre
p t]

(8.2)

Proof:

First dene some auxiliary punctual marking functions:
8p 2 P 8

0,

v p]( ) = max(0 p]( ) ; v )

u p]( ) = l p]( ) ; u p]( )
8p 2 P 8
l
Consider now the following properties of the auxiliary function 8k 2 IN : k >

0 

(k+1)w ;1
kw;1

p]( )  w

Moreover, notice that the k-th server in transition t is enabled if and only if
p]( )  1 in case w = Prep t]. Therefore,

(k+1)w ;1
kw;1

8t 2 T : t = fpg 8k  1 8

ekt]( )  Pre1p t]

(k+1)Prept];1
kPrept];1

p]( )

where ekt]( ) is the instantaneous enabling of k-th server in t, i.e., the characteristic function that evaluates to 1 if and only if the k-th server in transition t
is busy at time  (ek t]( ) = if et]( )  k then 1 else 0).
Hence, 8t 2 T : t = fpg:

1
X
p]( ) ; Prep t] + 1
1
(k+1)Prept];1

p
](

)
=
k
Pre

pt
]
;
1
Prep t] k=1
Prep t]
Finally, taking the average over the experiment interval and applying the enabling law, the result follows.
}
Observe that in the case that the right-hand expression in (8.2) is negative,
a trivial inequality holds: t]  st]  0.

8 et]( ) 

Corollary 8.4 (Throughput Law for ordinary, single input transitions)
For all transition t 2 T with exactly one input place p and of type either persistent or age memory or immediate, and such that Prep t] = 1,
t]  st] = p]
Proof Sketch:

Combining Properties 8.2 and 8.3.

}
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The above result is nothing more than the well-known expression for the
average number of customers at delay stations in queueing networks terminology
(remember that since we are considering innite server semantics, the case of a
transition with only one input place with ordinary incidence arc models a delay
server).
In the particular case of bounded nets, the above minimum throughput law
can be improved, as stated in the next results.

Property 8.5 (Minimum Throughput Law for single input transitions
in bounded nets) For all transition t 2 T with exactly one input place p and
of type either persistent or age memory or immediate, if 8 : p]( )  bp and
9k 2 IN : k Prep t]  bp < (k + 1)Prep t], then
Prep t] + 1
t]  st]  k bpp];;kkPre
p t] + 1
Proof:
Firstly note that 8t 2 T , 8j 2 IN

Z
et]  j 1 ejt]( ) d
0

where ej t]( ) is dened as in the proof of Property 8.3.
Secondly, note that the marking in the input place p can be expressed as the
sum of two components:
8

p]( ) = Prep t]

1
X

j =1

ej t]( ) +  p]( )

where the component  p]( )  Prep t] ; 1 represents the portion of marking
not used to enable the transition. Now taking the integral and dividing by 
one obtains:
p] = Prep t] et] +  p]
This equation shows that the average enabling depends only on the mean
values of the input place marking and of the unused portion of the marking.
The worst case from the point of view of enabling the transition k times
occurs when the place is marked with Prep t]k ; 1 tokens most of the time and
with bp tokens for the rest of the time, since this case maximizes the unused
portion of the average marking in the input place. From these considerations
the result follows.
}

Property 8.6 (Minimum Throughput Law for binary synchronizations with ordinary arcs in bounded nets) For all transition t 2 T of
type either persistent or age memory or immediate with t = fp1  p2 g and
Prep1 t] = Prep2 t] = 1, if 8 : p1]( )  bp1 and p2]( )  bp2 , then
t]  st]  p1] + bbp1 p2] ; bp1
p2
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Proof:

Similarly to the previous case, two equations can be written relating the average
marking, the average enabling, and the average portion of unused marking for
each of the two input places:

et] = p] ;  p1]
et] = p2] ;  p2]
Now, upper bounds on the unused part of the marking can be computed as
follows. The maximum fraction of time during which  p1 ]( ) may be greater
than zero is equal to the minimum time during which p2 ]( ) = 0 (otherwise
the transition would be enabled and the marking of p1 would contribute to the
enabling instead) since place p2 is bp2 {bounded, this fraction of time is less
than or equal to 1 ; bpp22 ]  moreover during this maximum time, the maximum
value of the marking in p1 is less than or equal to bp1 . Hence

 p1]

 bp1



1 ; bp2 ]
p2



and from this the result trivially follows.

}

Property 8.7 (Minimum Throughput Law in bounded nets) For all
transition t 2 T of type either persistent or age memory or immediate with
t = fp1 p2  : : :  pk g, if 8j : 1  j  k, 8 : pj ]( )  bpj and bp1  bpj , then
 t] + 1 ; bp maxj (fj )
t]  st]  p1] ; Prep1Pre
p1  t]
1

Prepj t]+1
where 8j : 2  j  k, fj = 1 ; bppjj;];Pre
pj t]+1

Proof Sketch:

Similar to the previous ones writing the upper bound for the quantity  p1 ]. }
The next property is the analogous of Little's law in queueing systems.

Property 8.8 (Little's Law) For all place p 2 P :
1. For all experiment interval (0 ) with  > 0 and Ft () > 0:

!

X
rp] m0p] + Postp t]t] = p]
t2 p

Notice that, even if it is not made explicit in the notation, rp], t], and
p] are functions of the duration of the experiment interval .
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2. If the limits



p] = lim !1 p] and  t] = lim

!1

9

t] exist, then:

p]
t2 p Postp t] t]

rp] = lim
rp] = P
!1



Proof Sketch:

It follows taking into consideration the corresponding denitions and exchanging
sum and integral signs in the denition of average token residence time.
}

8.3 Visit Ratios Computability: A Net Hierarchy
In a classical monoclass queueing network, the following system can be derived
by equating the rate of ow of customers into each station to the rate of ow
out of the station:
j = 0j +

m
X
i=1

i rij 

j = 1 : : :  m

where i is the limit throughput of station i, i.e., the average number of service
completions per unit time at station i, i = 1 : : :  m rij , is the probability that
a customer exiting center i goes to j (i j = 1 : : :  m) and 0j is the external
arrival rate of customers to station j (j = 1 : : :  m), i.e., the average number of
customers arriving at station j per unit of time.
If the network is open (i.e., if there exists a station j with positive external
arrival rate, 0j > 0 and also customers can leave the system), then the above
m equations are linearly independent, and the exact throughput of stations can
be derived (independently of the service times, si , i = 1 : : :  m). This is not the
case for closed networks. If 0j = 0, j = 1 : : :  m, then only m ; 1 equations
are linearly independent, and thus only relative throughputs can be determined,
i.e., the visit ratios, denoted as vi , for each station i.
Unfortunately, concerning timed Petri net models, the introduction of synchronization schemes can lead to the \pathological" behaviour of models reaching a total deadlock, thus with null visit ratios for all transitions, in the limit. In
other words, for these models it makes no sense to speak about steady-state behaviour. Therefore, in the rest of this chapter only deadlock-free Petri nets are
considered. Even more, in most systems that will be studied, deadlock-freeness
implies liveness of the net, in other words, the existence of an innite activity
of all the transitions is assured.

8.3.1 The Visit Ratios Computation Problem

The counterpart of routing of customers in queueing networks consists both on
the net structure N and the relative routing rates at con icts, denoted R, in

10
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p1

p3

t1

t3

p2

p4

t2

t4

Figure 8.2: A net system whose visit ratios depend on the structure, on the
routing at conicts, on the initial marking, and on the ring times.
strongly connected marked graphs
mono-T -semiow nets
live and bounded free choice nets
simple nets

v = 1 fconstantg
v = f(N )
v = f(N  R)
v = f(N  R m0 s)

Table 8.1: Computability of the vector of visit ratios and net subclasses.
timed Petri nets. Unfortunately, in the general Petri net case it is not possible to
derive the visit ratios only from N and R. Net systems can be constructed such
that the visit ratios for transitions do depend on the net structure, on the routing
rates at conicts, but also on the initial marking (distribution of customers),
and on the distribution ring time (thus, in particular, on the average ring
time) of transitions:

v = f(N  R m0 s)

where v is normalized, for instance, for transition t1 .
As an example, let us consider the net system depicted in Figure 8.2. Transitions t1 and t3 are immediate (i.e., they re in zero time). The constants
r1  r3 2 IN+ dene the conict resolution policy, i.e., when t1 and t3 are simultaneously enabled, t1 res with relative rate r1 =(r1 + r3) and t3 with r3 =(r1 + r3 ).
Let s2 and s4 be the average ring times of t2 and t4 , respectively. If m5 = 1
(initial marking of p5 ) then p1 and p3 are implicit, hence they can be deleted
without aecting the behaviour! Thus a closed queueing network topology is
derived. A product form queueing network can be obtained and the visit ratios, normalized for transition t1 can be computed: v = (1 1 r3 =r1  r3 =r1 ). If
m5 = 2 (dierent initial marking for p5 ) then p5 is now implicit, hence it can
be deleted two isolated closed tandem queueing networks are obtained and
v0 = (1 1 s2=s4 s2=s4). Obviously v 6= v0 , in general.
In this section, we consider those nets whose associated vector of visit ratios
for transitions can be computed from the net structure and the routing rates
at conicts. Since the existence of strictly positive visit ratios requires liveness
of the net and we are looking for an structural computation, the presentation
is restricted to structurally live Petri nets. On the other hand, unless otherwise explicitly stated, structurally bounded nets are considered. Under these
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mono-T-semiflow nets
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FRT-nets

structurally
decision-free
marked graphs

deterministic systems of
sequential processes *

free choice nets
state machines

Figure 8.3: Inclusion relations among FRT-net subclasses ( these are marked
nets).
restrictions, a characterization of the class of nets for which the vector of visit
ratios can be computed without any behavioural analysis (i.e., from structure
and routing rates at conicts) in terms of a rank condition over the incidence
matrix of the net is presented. These nets are dened as having freely related T semi ows and denoted, for short, as FRT-nets. This means that they can have
several independent T -semiows but the vector of visit ratios, which is always
a linear combination of the minimal T -semiows, is computed as an \average
T -semiow" from local free choices among transitions, governed by the routing
rates.
A particular class of FRT-nets is that of mono-T -semi ow nets, which have a
unique minimal T -semiow. They include choice-free nets (if strongly connected
and consistent) and, in particular, the well-known net subclass of marked graphs.
FRT-nets include also free choice nets. This last class includes marked
graphs, thus intersecting with mono-T -semiow nets. State machines are also
included in the class of free choice nets and constitute the Petri net counterpart
of monoclass queueing networks.
Another well-known subclass of marked FRT-nets is that of deterministic
systems of sequential processes, that is, 1{bounded state machines communicating through private buers non-disturbing local decisions at state machines.
In fact, FRT-nets communicating through private bu ers non-disturbing local
decisions are also FRT-nets. In this sense, FRT-nets can be recursively dened.
Inclusion relations among above mentioned subclasses are depicted in Figure 8.3.

8.3.2 FRT-Nets
In the following paragraphs the class of structurally live and structurally
bounded nets whose vector of visit ratios for transitions can be computed just
from the net structure and the routing rates at conicts is dened. Nets belonging to this subclass are said to have freely related T -semi ows and called
FRT-nets.
Before giving a formal denition, let us remark that the vector of visit ratios

12
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for transitions of any net should verify the two following conditions:
1. The vector of visit ratios v (normalized, for instance, for transition t1 )
must be a non-negative right annuller of the incidence matrix:

Cv =0
2. The components of v must verify the following relations with respect to
the routing rates for each subset of transitions Ti = ft1 : : :  tk g T in
generalized free (or equal) con ict (i.e., having equal pre-incidence function: Pre t1 ] = : : : = Pre tk ]):

r2 vt1 ] ; r1 vt2 ] = 0
r3 vt2 ] ; r2 vt3 ] = 0


rk vtk;1 ] ; rk;1 vtk ] = 0
Expressing the former homogeneous system of equations in matrix form:
RTi]  v = 0, where RTi] is a (k ; 1) m matrix. Now, by considering
all generalized free conicts T1 : : :  Tr : R  v = 0, where R is a matrix:

0 RT ] 1
1
R=B
@ ... CA
RTr ]

R is a routing matrix with  rows and m = jT j columns, where  is the
dierence between the number of transitions in generalized free conict and
the number of subsets of transitions in generalized free conict ( < m) or, in
other words, the number of independent relations xed by the routing rates at
conicts. Given that ri 6= 0 for all i, it can be observed that, by construction,
rank(R) = . The above remarked conditions together with the normalization
constraint for transition t1 , vt1 ] = 1, characterize a unique vector if and only
if the number of independent rows of the matrix

C
R

is m ; 1.
The class of structurally live and structurally bounded nets verifying the
previous rank condition is introduced now. In order to do that, an equivalence
relation on the set of T -semiows of the net is dened. After that, the class
of FRT-nets will be dened as nets having only one equivalence class for this
relation.
Denition 8.9 (Freely connected T -semiows) Let N be a Petri net and
xa, xb two di erent T -semi ows of N0 . xa and xb are said to be freely connected
by places P 0 P , denoted as xa P^ xb , i 9ta 2 kxak tb 2 kxb k such that:
Pre ta] = Pre tb] and ta = tb = P 0.

8.3. VISIT RATIOS COMPUTABILITY: A NET HIERARCHY
p2

p1
t1

t2

t3

p5

p4

t5

p6

p7

t6

p8

p9

t9

t 10
p 12
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Figure 8.4: A live and structurally bounded FRT-net.

Denition 8.10 (Freely related T -semiows) Let N be a Petri net and xa,
xb two T -semi ows of N . xa and xb are said to be freely related, denoted as
hxa  xb i 2 FR, i one of the following conditions holds:
1. xa = xb ,
2. 9P 0 P such that xa P^0 xb , or
3. 9x1  : : :  xk T -semi ows of N and P1  : : :  Pk+1 P , k  1, such that
xa P^1 x1 P^2 : : : P^k xk Pk^+1 xb.
From the above denition the next property trivially follows:

Property 8.11 FR is an equivalence relation on the set of T -semi ows of a

net.

The introduction of this equivalence relation on the set of T -semiows induces a partition into equivalence classes. FRT-nets are dened as follows:

Denition 8.12 (FRT-nets) A Petri net N is a net with freely related T semi ows (FRT-net, for short) i the introduction of the freely relation on the
set of its T -semi ows induces only one equivalence class.

Note that FRT-nets are necessarily connected. Therefore, in what follows,
unless otherwise explicitly stated, we consider only connected nets.
As an example, let us consider the net depicted in Figure 8.4. It is a live
and structurally bounded net. Its minimal T -semiows are:

x1
x2
x3
x4

=
=
=
=

(1 0 0 0 0 0 1 0 0 0 1 0 1 0)
(0 1 1 0 0 0 0 1 0 0 0 0 1 0)
(0 0 0 1 1 0 0 0 1 0 0 0 0 1)
(0 0 0 0 0 1 0 0 0 1 0 1 0 1)

(8.3)
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Then, the net is an FRT-net because:

x1 fp^1g x2 fp^2g x3 fp^3g x4
From the denition of FRT-nets, it may appears that a direct checking of
the membership of a given net to this net subclass is not a polynomial problem
on the net size. This is because the number of T -semiows of a net can grow
exponentially with the number of places and transitions. However, if structural
liveness and structural boundedness are assumed, a nice characterization of the
FRT-nets subclass can be obtained and checked in polynomial time. Before
the presentation of that result, a second equivalence relation, now on the set of
transitions of the net, is introduced.
Denition 8.13 (Equality conict relation) Two transitions ta and tb are
said to be in equality con ict relation, denoted by hta  tb i 2 ECR, i Pre ta ] =
Pre tb ].
Since the equality conict relation is based on the equality of vectors, the
next property follows:
Property 8.14 ECR is an equivalence relation on the set of transitions.
Each equivalence class will be called equality con ict set, ECS for short. Let
D be an ECS, the number D = jDj ; 1 is called number of non-redundant free
con icts of D. The reason of the name lies on the fact that D is exactly the
number of independent relations among the throughput of transitions belonging
to D that can be derived from the routing rates dening the resolution of the
conict. The number of non-redundant free con icts of a net,Pdenoted as , is
the sum of all D corresponding to the ECS's of the net:  = D2T=ECR D .
Theorem 8.15 Let N be a structurally live and structurally bounded net. Then
N is a FRT-net if and only if rank(C) = m ;  ; 1, where C is the incidence
matrix of N , m = jT j, and  is the number of non-redundant free con icts of
the net.
Due to its considerable extension, we do not include here the proof of the
above Theorem. The interested reader is referred to the bibliography.
An important conclusion is stated in the next Corollary.
Corollary 8.16 If N is structurally live and structurally bounded, deciding if
N belongs to the class of FRT-nets is polynomial on the net size.
Structural boundedness of a net can always be checked in polynomial time
(i 9y  1 such that y  C  0). Unfortunately, structural liveness of FRT-nets
cannot be decided (so far) e ciently. Nevertheless, a necessary condition for a
net to be structurally live structurally bounded and FRT-net can be checked in
polynomial time, looking for the consistency, conservativeness, and rank condition over the incidence matrix, because structural liveness and structural boundedness implies consistency and conservativeness.
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The next result gives a polynomial time method for the computation of the
vector of visit ratios for transitions of a live and structurally bounded FRT-net,
from the knowledge of the net structure and the routing rates at conicts.
Theorem 8.17 Let hN  m0i be a live and structurally bounded FRT-net system. Let C be the incidence matrix of N and R the previously introduced routing
matrix. Then, the vector of visit ratios v normalized for transition t1 can be
computed from C and R by solving the following linear system of equations:

C

R  v = 0 vt1 ] = 1

(8.4)

Proof:

We only have to check that the above system has a unique solution. By Theorem 8.15, the number of independent rows of matrix C is m ;  ; 1. Therefore,
the m ;  ; 1 independent conditions given by C  v = 0 plus the  independent
conditions given by R  v = 0 plus the normalization condition vt1 ] = 1 are
enough to determine exactly the m components of the vector v.
}
The reader can notice that a rank condition over the incidence matrix C
exists underlying Theorem 8.17: the system of equations (8.4) has a unique
solution v if and only if rank(C) = m ;  ; 1, where  is the rank of R.
From the above theorem, for structurally live and structurally bounded FRTnets we have:
v = f(N  R)
and the next complexity result follows:
Corollary 8.18 The computation of the vector of visit ratios for transitions of
a structurally live and structurally bounded FRT-net is polynomial on the net
size.
As an example, let us consider again the net depicted in Figure 8.4. The
vector of visit ratios must be a right annuller of the incidence matrix, hence a
linear combination of a basis of T -semiows:

v=

4
X

i=1

i xi

(8.5)

where xi , i = 1 : : :  4, are the minimal T -semiows (8.3) of the net. If r1 , r2
are the routing rates of t1 , t2 in the conict at p1  r3 , r4 the routing rates of t3 ,
t4 in the conict at p2  and r5 , r6 the routing rates of t5 , t6 in the conict at
p3 , then v must satisfy:
r2 vt1 ] = r1 vt2 ]
r4 vt3 ] = r3 vt4 ]
r6 vt5 ] = r5 vt6 ]
And together with the normalization requirement:
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vt1 ] = 1

(8.6)

the four parameters i , i = 1 : : :  4, can be determined.
Another interesting qualitative property follows from Theorem 8.17, that
does not hold for general nets:

Property 8.19 Let N be a structurally live and structurally bounded FRT-net.
Then N is live if and only if it is deadlock-free.

Proof Sketch:

The \only if" direction is always true by denitions of liveness and deadlockfreeness. The other direction follows from Theorem 8.17. The vector of visit
ratios for transitions is univocally determined in that theorem and all its components are non-null. If an innite behaviour of the net always occurs (i.e., if
the net is deadlock-free) the limit throughput of transitions must be proportional to the vector of visit ratios, which is strictly positive. Therefore, the net
is live.
}

8.4 Ergodicity and Stochastic Denition of Performance Indices
In Section 8.1, performance measures were dened operationally from the basic
observable events in the evolution of the model behaviour. In particular, we
saw how transient performance indices can be dened from the following time
average :

Z
1
#( ( ) = mi) d
i () = 

(8.7)

i () = E ()]

(8.8)

0

The above value represents the proportion of time spent by the system in a
given reachable marking, mi, during the interval (0 ).
If instead of a single execution of the model, an innite number of sample
paths is considered, a sample average between 0 and , ~i (), can be dened as
the average of i () over all the sample paths.
Even if the above operational denition is the natural way of dening performance indices, few analysis techniques for the computation of such indices
are presently known (one of them will be presented in Chapter 17). An alternative (classical) approach is to quantify the ocurrence of the observable events
as random variables, therefore the sequences of observable events are stochastic processes for which, under certain assumptions, e cient analysis techniques
exist (they will be presented in Chapters 9, 10, and 11). Thus, the stochastic
counterpart of the above time average (8.7) can be dened as:
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where i () represents the expected value (mathematical expectation operator)
of (), the state distribution of the system at time .
An important fact is that the sample average and the expected value are
equal:
i () = ~i ()

The above values correspond to the transient behaviour, i.e., to the state
of the system in a nite interval (0 ). The corresponding limit or steadystate behaviours can be dened also in both the operational and the stochastic
framework. Concerning the operational framework, the limit ( ! 1) of the
time average can be dened as:
i = lim
i ()
!1

(8.9)

i = lim
i ( )
!1

(8.10)

On the other hand, within the stochastic framework, the existence of the
following limit expected value can be considered:
If the system is ergodic, the above limit exists and it is independent of the
initial state. Moreover, if the system is ergodic the limit time average (8.9) and
the limit expected value (8.10) are equal:
i= i

An important consequence of the above equality is that a single (innite)
sample path characterizes the expected behaviour of the system.
The steady-state probability distribution i can be used to compute the
expected performance measures as average rewards, if the corresponding reward
functions are properly dened.
The expected marking in place p can be computed as the following average
reward:
p] =

X

m 2RS

r(mi ) i

i

where the reward function is:

r(m) = n if and only if mp] = n
The throughput of transition t can be derived from the following reward

function

r ( m) =


0

t if t is enabled in m

otherwise

(where t is the ring rate of transition t, i.e., the inverse of its average service
time) as the average reward:
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t] =

X
m 2RS

r(mi ) i

i

In general, the steady-state probability of a given predicate on the marking,

P (m), can be computed from the corresponding reward function:

r(m) = 1 if P (m) = true
0 otherwise

In Chapters 9, 10, and 11, the computation of the steady-state distribution
will
be addressed, for the particular case where the marking process of the
i
model is a Continuous Time Markov Chain.

8.5 Bibliographic Remarks
Operational analysis is a conceptually very simple way of deriving mathematical equations relating observable quantities in queueing systems. A classical
work is 13]. In 12] the reader can nd some nice examples of how the application of operational analysis techniques can help in explaining and providing
fundamental results in queueing network analysis.
The rst specic work on the operational analysis topic within the timed
Petri nets context appeared in 10] and it was applied to the computation of
performance bounds in 9] (see Chapter 17). Both the operational denition of
performance indices and the derivation of operational laws presented in Sections
8.1 and 8.2 have been taken from those papers.
The study of the computability of the visit ratios for Petri nets and the
denition of the FRT-nets class, presented in Section 8.3, were considered rstly
in 2] and later in 8]. The particular cases of marked graphs, mono-T -semiow
nets, and free choice nets were previously studied in 3, 4, 5, 6, 7].
Concerning ergodicity concept and ergodic theory, the reader is referred
to the literature on stochastic processes. A good introduction is the book by
Karlin and Taylor 14]. With respect to the denition of performance measures
as reward functions over the marking, the reader is referred to 11] or 1].
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