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Abstract—Autonomous transport of objects may require multiple robots when the object is large or heavy. Besides, in the case
of deformable objects, a set of robots may also be needed to maintain or adapt the shape of the object to the task requirements. The
task we address consists in transporting an object, represented as
a two dimensional shape or contour, along a desired path. Simultaneously, the team of robots grasping the object are controlled to
the desired contour points configuration. Since the mobile robots
of the team obey nonholonomic motion constraints, admissible
trajectories are designed to keep the integrity of the object while
following the prescribed path. Additionally, the simultaneous
control of the object’s shape is smoothly performed to respect
the admissible deformation of the object. The main contribution
lies in the definition of the grasping robots’ trajectories dealing
with the involved constraints. Different simulations, where the
deformable object dynamics are modelled with consensus-based
techniques, illustrate the performance of the approach.

I. INTRODUCTION
The robotic manipulation of deformable objects is a complex task that brings a number of challenges [1]: Model
of the system, estimation of the states, controller design,
kinematic and dynamic constraints, grasp configuration, etc.
Additionally, several robots may be needed to perform the task
depending on the object properties (e.g., size, weight, fragility,
complex shapes). Although multirobot systems provide the
ability to collectively carry out such complex tasks, they also
pose new challenges [2].
Robotic manipulation of soft objects is still a complex and
challenging problem of great interest. Possible applications
span many areas such as surgery, food industry, manufacture of goods, or textile industry. In the context of medical
applications, the task of deforming soft tissues into desired
shapes has been addressed by means of an online estimationrecalibration algorithm to model local deformations [3]. The
shape of the object was represented with Fourier series,
and its physical properties were unknown. The control of
elastic objects to achieve certain positions or shapes is also
solved by using estimations of the Jacobian of the deformable
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object [4]. The idea of Indirect Simultaneous Positioning [5]
consists in controlling the position of points lying within the
contour of a 2D deformable shape. The interest points are
classified into grasping points and points which are controlled
with a PID control. Another approach to control deformable
objects whose model is unknown is based on learning their
deformation parameters during visual-servo control and using
these parameters for control predictions [6]. Certain objects,
such as cables, can be considered as one-dimensional. The
problem of deforming a cable with two manipulators has been
solved by means of a local deformation model of the cable,
which is based on Fourier series and estimated on-line [7].
Objects such as nets or fabrics can also be approximated by
cables and modelled with the catenary curve equation [8].
Deformation tasks have also been studied using multirobot
formation techniques [9].
Certain tasks require not only the control of the object’s
shape with multiple robots, but also its transport along a desired path. An example can be a sheet of a fragile material that
needs to be transported through a narrow corridor or doorframe
without compromising its integrity. Another example is a large
piece of foam that needs to be transported and packed by
deforming its shape to fit a box.
Transport of rigid and heavy objects with multiple mobile robots has already been studied [10], [11]. However,
complexity greatly increases if the object is not rigid [12],
[13], [14]. Autonomous transport of a deformable object has
been performed with collaborative mobile manipulators [15],
[16]. That task was solved with a two-level controller where
the high-level control focuses on the motion planning and
the low-level control handles collision avoidance and shape
maintenance. In this paper, rather than shape maintenance, we
focus on shape control while performing the transport task. An
important challenge for these tasks is dealing with the motion
constraints of the mobile platforms. For example, nonholonomic constraints were considered for a task of collaborative
perception of a mobile target in [17].
In this paper, we consider the problem of simultaneously
deforming and transporting a deformable object with multiple
robots. The task is defined by a target shape for the object and
a desired path to be followed. In this problem, we assume the
position of each robot is known or can be estimated with a
proper perception system. For a given set of grasping points,

of target contour points cj ∈ R2 with c ∈ R2×M expressed
in a global reference frame in their centroid:

Shape
matching

c = {cj = (cxj , cyj )T , j = 1, . . . , M } .

(2)
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Fig. 1. Diagram of the main blocks of the proposal. The task is defined by
the target shape of the object and the desired path to follow. The outputs are
the appropriate trajectories for the grasp robots of the team.

we define the forward direction to move the team of robots
with the object. Then, the main contribution is the definition
of the admissible trajectories for each mobile robot grasping
the object while taking into account the nonholonomic motion constraints of the platforms and the desired deformation
process on the object.
The diagram in Fig. 1 presents the main blocks of the
proposal. First, the initial and desired shapes of the object
are matched (Section II-A). The procedure to compute the
best direction to move forward and transport the object along
the desired path is presented in Section II-B. The deformation
control of the object (Section II-C) and path planning with
nonholonomic motion constraints are jointly studied to define
the trajectories that each robot has to follow (Section III).
We consider isotropic and elastic materials and, in order to
simulate the object deformation, we also propose a novel
consensus-based model in Section IV. Several simulations in
Section V test the proposal performance. Finally, conclusion
is provided in Section VI.
II. S HAPE CONTROL OF THE OBJECT
Let us consider a two-dimensional shape defined by sampling the object’s contour with M points qj ∈ R2 expressed
in a global reference frame in their centroid:
q(t) = {qj (t) = (qxj , qyj )T , j = 1, . . . , M } ,

(1)

where qj are stacked in matrix form as q ∈ R2×M . Similarly,
let us define the desired final shape of the object with the set

In order to perform adequately the shape control, we need
first to match each of the contour grasping points of the initial
shape with a corresponding point on the target shape. This
matching can be effectively performed by taking advantage of
the orthogonal Procrustes shape-alignment problem [18].
In particular, let us consider the two sets of points are the
initial shape q defined by each of the discretized contour points
of the object qj and the desired shape c defined by contour
points cj . We evaluate M different sets of correspondences
by matching q1 with each cj . In each set, the rest of correspondences directly follows since the order of the sequence
of points is fixed, i.e. {(q1 , cj ), (q2 , cj+1 ), (q3 , cj+2 ), . . . }.
For each set of correspondences, the shape-alignment problem
is solved by computing the rotation matrix R ∈ SO(2)
that minimizes the dissimilarity between q and c by solving
arg minR ||q − Rc||F with F denoting the Frobenius norm.
Finally, the set of correspondences that provide the minimum
residue is selected. Note that more sophisticated approaches
can be found, for instance by explaining deformations of the
prescribed shape by means of elastic forces acting on the shape
boundary and minimizing the area of mutual non-overlap [19].
Figure. 2 shows examples of current and desired object shape.
B. Selection of forward direction of motion
Once the object is grasped, the direction of translation needs
to be defined. Since the mobile robots transporting the object
obey nonholonomic motion constraints, the direction to carry
out the forward motion should be properly selected. In general,
this decision can be inherently provided by the particular
task. For instance, for traversing a narrow corridor with an
elongated shaped object, it would be appropriate to translate
along the larger dimension of the object. However, if there is
no particular prescribed direction of motion, we can seek the
best direction of motion in order to minimize the individual
motion of the mobile grasp robots by taking into account the
specified deformation. We describe how to do this next.
The grippers for shape control or cooperative transport
tasks are usually considered as point robots firmly attached to
the deformable object [8], [13], [20]. Similarly, we consider
that each grasping point consists of a mobile robot, with
unicycle kinematics, mounting a robotic tool able to firmly
grasp the object imposing the translational degrees of freedom
of each grasp with free orientation. This robotic tool could
be a manipulator arm, or just a rotary gripper on the mobile
platform as proposed here. Considering M grasping points, we
compute the error matrix e ∈ R2×M defined as the difference
of the matched contour points between the initial q and target
c shapes:
e = q − Rc .
(3)
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θqi = atan2(qyi , qxi )
θci = atan2(cyi , cxi )

Now, we impose an exponential evolution to the grasping
points on the object’s contour from the initial configuration
(ρqi (t = 0), θqi (t = 0)) to the desired one (ρci , θci ), i.e.,
ρ̇qi = −kρ (ρqi − ρci )
θ̇qi = −kθ (θqi − θci )

(6)

being kρ and kθ positive control gains. Therefore,
ρqi = ρci + (ρqi (t = 0) − ρci ) exp(−kρ t)
θqi = θci + (θqi (t = 0) − θci ) exp(−kθ t)
0
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We propose the computation of the object direction of motion
by means of Principal Component Analysis (PCA). Thus, we
1
subtract the mean for each dimension ē = e − M
e 1M ×M on
the error components. Then, the singular value decomposition
ē = U S VT gives the matrix V that contains the eigenvectors
of ē ēT and the columns of V are the principal components of
e. Finally, the best orientation to perform the translation of the
object, in terms of minimizing the path followed by the robots
for the deformation process, is given by α = atan2(V2,1 , V1,1 )
with Vn,m the element of n-row and m-column of V, and
atan2 : R2 → (−π, π] is a four-quadrant arctangent function.
Figure 2 displays several examples where the selection of the
orientation α follows the proposed method.
C. Shape control
Let us consider N mobile robots and the corresponding N
grasping points to control the shape of an object. Choosing
a good grasp configuration is a complex task that involves
evaluation of quality measures [21]. Here, the grasping points
are selected beforehand within the set of contour sampled
points of the object qj such that N ≤ M . Adequate grasping
points selection will heavily depend on the complexity of the
object shape but, in general, an equally spaced distribution
around the contour shape will suffice. Here, we assume the
robots are initially positioned in their corresponding selected
grasping points. The robots’ states in a fixed global reference
frame are given by xi (t) = (xi (t), yi (t))T and φi (t), with
i = 1, ..., N . The robots obey unicycle kinematics

III. PATH PLANNING FOR GRASP ROBOTS
Simultaneously to the object deformation, the centroid of
the object is also required to follow a desired path defined
by a virtual robot with position xt (t) = (xt (t), yt (t))T and
orientation φt (t). We assume that the motion of the virtual
robot is defined with its linear and angular velocities, vt (t)
and ωt (t), and that the produced trajectory along the desired
path obeys unicycle kinematics
ẋt = vt cos φt ,

ẏt = vt sin φt ,

φ̇t = ωt .

A. Reference trajectories design
Taking into account the desired deformation control process
(Section II-C) and the desired path to be followed (8), the
trajectories to be tracked by each of the grasp robots are
defined in the following. The reference trajectory for robot i is
denoted with xri (t) = (xri (t), yri (t))T and orientation φri (t),
with i = 1, . . . , N . In order to create feasible trajectories we
impose unicycle kinematics
ẋri = vri cos φri , ẏri = vri sin φri , φ̇ri = ωri ,

(9)

where vri (t) and ωri (t) are the linear and angular velocities
that generate the reference trajectories to be tracked by the
grasp robots.
Given the target path to be followed (xt , yt , φt ) or, alternatively, the velocities vt and ωt , we express the coordinates of
each robot (4) with respect to the target path:
xri = R(φt ) qi + xt ,

(4)

with vi (t) and ωi (t) being the linear and angular velocities.
The position of the robots in the current grasping points set
qi , and the desired shape points ci , can be expressed in polar

Using polar coordinates (5), (10) reduces to


cos(φt + θqi )
xri = ρqi
+ xt ,
sin(φt + θqi )

φ̇i = ωi ,

(8)

The choice of this constraint on the desired path implies that
such path can be followed by mobile platforms with unicycle
kinematics.

where R(φt ) ∈ SO(2) is a rotation matrix


cos(φt ) − sin(φt )
R(φt ) =
.
sin(φt )
cos(φt )

ẏi = vi sin φi ,

(7)

300

Fig. 2. Examples with the selected orientation to define the forward motion
direction for the object translation. Both the initial and target shapes are drawn,
respectively, in blue and red colours. The grasping points are plotted with
dots, and these dots are linked with thin straight lines showing the desired
deformation. The black arrow represents the computed orientation α.

ẋi = vi cos φi ,

(5)

(10)

(11)

(12)

Calculating the time derivative of this vector yields


∂R(φt + θqi )
ρqi (ωt + θ̇qi )
ẋri =
+ ẋt .
−ρ̇qi
∂(φt + θqi )

Working out the i term of the Lyapunov function with (17),
(18), and (20), yields
(13)
V̇i

with ẋt in (8), ρ̇qi , θ̇qi defined in (6) and


∂R(φt + θqi )
− sin(φt + θqi ) − cos(φt + θqi )
=
.
cos(φt + θqi ) − sin(φt + θqi )
∂(φt + θqi )
(14)
The reference orientation φri is then obtained as φri =
arctan(ẏri / ẋri ), with φri (t = 0) = φt (t = 0). Finally, the
reference velocities for the robots are computed with
q
2
(15)
x2ri + yri
vri =
ωri

= φ̇ri

d
ẏri
=
arctan
.
dt
ẋri

(16)

B. Tracking control
In order to perform the tracking of the reference trajectories
produced by vri and ωri (15)-(16) we define the tracking error
in position xei (t) = (xei (t), yei (t))T and orientation φei (t),
with i = 1, ..., N ,
xei

=

T

(17)

φei

= φi − φri ,

(18)

(R(φri )) (xi − xri )

Next, we compute the grasp robots velocities based on
the tracking control law presented by Morin and Samson
[22](chapter 34):
1
(vri − kr |vri |(xei + yei tan φei )) ,
cos φei
ωi = ωri − (ky vri yei + kφ |vri | tan φei ) cos2 φei ,
vi =

(19)
(20)

being kr , ky , and kφ positive control gains. Notice that, for this
tracking to be feasible, the following assumption is required:
Assumption 1: The velocities vt and ωt are bounded differentiable functions with bounded derivative, and vt does not
tend to zero over time until the end of the desired path.
C. Stability Analysis of the tracking control
The stability of the tracking control (19)-(20) can be analyzed through the Lyapunov function [22](chapter 34)
V =

N
X

Vi

(21)



1
xTei xei +
tan2 φei .
ky

(22)

i=1

with
Vi =

1
2

The derivative of Vi is
V̇i = xTei ẋei +

φ̇ei tan φei
.
ky cos2 φei

(23)

T

φ̇ei tan φei
ky cos2 φei

=

(xi − xri ) (ẋi − ẋri ) +

=

xTei (R(φri )) (ẋi − ẋri )
kφ
−vri yei tan φei −
|vri | tan2 φei .
ky

T

(24)

Finally, using (11), (4), and (9) with (19) in (24) we have
V̇i

= −kr |vri | (xei + yei tan φei )2
kφ
− |vri | tan2 φei .
ky

(25)

Therefore, since V̇i ≤ 0, V̇ is negative semi-definite. In
this system, the evolution with time of vri is bounded with
bounded derivative (as a consequence of (12) and (15) with
Assumption 1). Then, using Barbalat’s lemma [23], we have
V̇ → 0 when t → ∞ and, since vri does not tend to zero
(Assumption 1), we have φei = 0 and xei = 0. Besides, since
φ̇ei = ωi − ωri and from (20) we have yei = 0. Therefore, the
tracking control is globally asymptotically stable.
IV. C ONSENSUS - BASED DEFORMATION MODEL
One of the simplest approaches to simulate deformable
objects is the mass-spring model. For example, discrete networks of mass-spring-damper elements are used to model a deformable object controlled from the initial to the final shape by
manipulators [20]. Mass-spring-based models are generally not
accurate for large deformations and flips of the mesh can be
produced during deformations. A classical alternative to model
elastic objects is the Finite Element Method (FEM) [24].
Nevertheless, FEM models are computationally expensive and
usually require a great effort in defining the initial parameters
of the system and are sensitive to the mesh discretization.
Opposed to these methods, the Meshless Shape Matching
(MSM) approach provides advantages such as controllability
and computational efficiency. In particular, recent approaches
are able to learn the deformability object properties without
performing force measurements using MSM methods [25].
Next, we present a simple and novel deformation model
based on consensus techniques [26] [27]. The proposed model
is intended for isotropic and elastic materials assumed to be
initially at rest. The main idea is that some points of the object
will be grasped and moved away from the equilibrium state
and the rest of the object, represented by a mesh of nodes, will
evolve following a consensus based algorithm. Thus, we model
the matter interaction with a communication graph between
nodes and the tuned properties of a consensus algorithm. A
main advantage of this approach is the possibility of taking
advantage of the well-established formalization techniques in
the field of consensus algorithms. The validity of this model
is illustrated in Section V where some simulations show good
visual performance of the object deformation.
Consider the object of interest defined by a set of nodes
xn ∈ R2×P evenly distributed over the shape surface where
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Fig. 4. Each column shows a different example. From top to bottom: Initial
shape with the desired contour shape; Final contour shape error as a function
of the number of object grasps; Final object deformation as a function of the
number of object grasps.
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Fig. 3.
Each column shows a different example of object deformation.
From top to bottom: Initial shape with the desired contour shape; Final shape
after the deformation control; Evolution over time of the contour shape error;
Evolution of the object deformation over time measured with the arc lengths
of the object mesh.

each node has coordinates xnp = (xnxp , xnyp )T , with p =
1, . . . , P . Note that this set of points includes the contour
points q ∈ R2×M . A set of points qi with i = 1, . . . , N
of the contour is selected as grasping points to actuate on the
object. A triangular mesh is also defined between the nodes
xn . Then, the system can be represented by an undirected
graph G = (V, E), where V = 1, . . . , P is the node set and
E ⊆ V × V is the edge set, where the edges are those of the
triangular mesh. The Laplacian matrix of G is L = D − A
where D is the degree matrix and A is the adjacency matrix
of the graph.
At every sampling instant k (so t = k T with T the sampling
time), we compute the imposed deformation of the grasp
contour points from (7):


ρqi (k) cos θqi (k)
qi (k) =
, with i = 1, . . . , N . (26)
ρqi (k) sin θqi (k)

We define x̃n as xn updating the values of the contour
grasping points with qi (k) from (26). The consensus algorithm
is then executed m = floor(T /δ) times (with floor the round
function towards minus infinity),
xn (m + 1) = x̃n (m) − δ K L (x̃n (m) − xn (m)) ,

(27)

where the time step is δ and K is a positive gain. The consensus algorithm is initialized each k T with x̃n (m = 0) = x̃n (k)
and xn (m = 0) = xn (k). Then, the evolution of the object
deformation is given by the state of the nodes computed
at every sampling instant k with the consensus algorithm
(27). Properties of the deformable object, such as elasticity or
plasticity, can be modelled by tuning the consensus parameters
(δ, K), but comprehensive analysis is left for future work.
V. S IMULATIONS
The following simulations illustrate the performance of the
proposal. Some basic shapes are expressly defined for some of
the examples, and the rest are selected from dataset MPEG7 [28]. The first examples show the control of the object
deformation from the initial to the desired contour shape
(Fig. 3). In this case, the number of grasping points is selected
as N = M . The evolution of the boundary error  presents
the expected behaviour as the object is deformed. This error
is defined as follows
||cj − qj (t)||
, j = {1, . . . , M } .
(28)
j = 100
||cj − qj (t = 0)||
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Fig. 5. Example of object deformation where the number of grasping points is different in each row of the figure: N = {5, 10, 20, 40}. From left to right:
Initial shape with the desired contour shape and the selected grasping points marked with asterisks; Final shape after the deformation control; Evolution over
time of the contour shape error; Evolution of the object deformation over time.

being qj and cj the M boundary points as defined in (1)
and (2). The plot of the object deformation presents statistical
results on how the object is stretched or compressed by
measuring the length of the arcs in the triangular mesh.
In particular, we define the object deformation (stretch or
compression) as follows


||xnr (t) − xns (t)||
σrs = 100
−1 ,
(29)
||qnr (t = 0) − qns (t = 0)||
where r 6= s with r, s ∈ {1, . . . , P } and ∀(r, s) ∈ E. In
the first example of Fig. 3 only a small part of the object
is compressed as seen in the deformation plot. In the second
example, the object deformation is more distributed.
The tests in Fig. 4 are similar to the ones of the previous
case, but now the number of grasping points is modified
to show the variation in the results. Different simulations

are carried out with different number of grasps. Namely,
N = {3, 9, 15, 21, 27, 33, 39, 45, 51, 57}. For each case,
the grasping points are evenly distributed around the object
boundary. As the number of grasping points increases, the final
error decreases, and the object deformation increases since the
action is performed in more object points. In these previous
tests, the final result after each execution is depicted. The
example in Fig. 5 also focuses on the effect of the number of
grasps showing the results evolving over time for a particular
shape. The results show that increasing the number of grasps
results in less dispersion on the deformation error and more
homogeneous deformation.
The proposed method for object deformation and transport
is illustrated in Fig. 6. The examples show the motion of
the object following the target path (an eight-shape depicted
with thick red line) while performing the desired object
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Fig. 6. Two different examples of object deformation and transport following an eight-shape trajectory. Black icons on top show the initial and desired object
deformation. Plots on the second row depict the path followed by the grasping points while performing the object deformation with starting position at (0,0);
Third row shows the evolution over time of the contour shape error; and the evolution of the object deformation during the transport and shape control.

deformation. In these simulations the tracking control is not
evaluated, and perfect data measurements is assumed as well
as perfect robot control. The first example is the shape of a
hat performing some deformation and the second one is an
I-shape deformed to a C-shape.
A video attachment is provided to show several examples
of the approach1 . It also includes an illustrative case where
the object is deformed to pass through a narrow corridor and
it subsequently recovers its initial shape.
VI. C ONCLUSIONS
In this paper, the task of transporting an object while
simultaneously performing shape control is addressed. We
design appropriate trajectories that take into account both
the nonholonomic motion constraints of the robots grasping
the object and the smooth deformation requirements. The
proposed trajectories for the grasp robots are successfully
followed with a tracking control law, while the proposed
model of the deformable object to evaluate the proposal with
consensus-based techniques shows good performance. Our
proposal brings several aspects worth to further investigate.
Future work may include the study of an automatic procedure
to select adequate number of grasps and their location on the
object. Another open issue is to investigate procedures to check
the feasibility or reachability of a particular deformation. The
study of the properties of the consensus-based deformation
model is also a promising research line. For example, it is
1 http://webdiis.unizar.es/%7Eglopez/videos.html

worth to investigate if the deformation model can be used for
prediction during the control.
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