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Abstract—This paper presents a method for robot and land- the scene can be treated as bearing-only data. Similarly in
marks 2D localization, in man made environments, taking profit omnidirectional images for the radial lines, which came from
of scene planes. The method uses bearing-only measurementsygiacted scene vertical landmarks [3]. As it is known, typi-
that are robustly matched in three views. In our experiments v th isiti f diff t iti fthe beari
we obtain them from vertical lines corresponding to natural cally three acquisitions from difierent positions of the egrlng-
landmarks. With these three view line-matches a trifocal tensor S€Nsor are needed to recover robot and landmark localization.
can be computed. This tensor contains the three views geometry The trifocal tensor gives a closed formulation to relate those
and is used to estimate the aforementioned localization. As it three views. Recently a work has appeared proposing a way
is very usual to find a planar surface, we use the homography 1, aygid the need of these three first acquisitions. It is based

corresponding to that plane to obtain the tensor with one match . lti-hvbotesis id 4 ith d f for th
less than the general case method. This implies lower computa-In multi-hypotesis ideas [4], with good performance for the

tional complexity, mainly when trying a robust estimation, where SLAM, but it increases a little the complexity of the problem
we see a reduction in the number of iterations needed. Another and they still need several acquisitions until they have a defined
advantage of obtaining an homography during the process is that estimation of landmarks position.
it can help to automatlcqlly detect singular situations, such us The 1D trifocal tensor was previously presented [5], to-
totally planar scenes. It is shown that our proposal performs th ith lgorithm t t tion f it | d
similarly to the general case method in a general scenario and gether with an a}gorl M 1o compute motion from 1tin a_cosg
better in case that we have some dominant p|ane in the scene. Thisform. The 1D trlfocal tensor haS a.ISO been Used fOI’ Callbl’atlon
paper includes simulated results proving this, as well as examples of 1D cameras [6]. Also in its application to omnidirectional
with real images, both with conventional and omnidirectional cameras we can find some previous related works, about
cameras. _ _ localization [3] and about radial distortion correction [7]. This
Index Terms 1D trifocal tensor, scene planes, bearing-only,nsor can be computed linearly from seven matches although
data, localization, SLAM initialization. with calibrated cameras five matches are enough [5]. The use
I. INTRODUCTION of constraints imposed by the scene can reduce the number of
Most robot autonomous tasks can not be acomplishQSC_TsslirY n:r?tches. :e'ltrem Wg _sdt;ldy :]he sﬁuatlon v;/gh a planif
just using the odometry information, due to its well-knowij YaIlad’e In € scene. 1hese ideas have been used in case
neral 3D scenes, following the well known two view plane-

limitations. Laser range and vision sensors are mostly use f fruct d extending it t X haot
provide the robot with scene information to carry out tho araflax constructions and extending It to more Views, chapters
; an 15 in [8]. The trifocal tensor and multi-view constraints

autonomous tasks. Mobile robots work many times on plan X o
Y P pgsed on homographies were studied in [9].

surfaces. To define the scene or the situation in this case, T. i thi that tai t least
to be localized, three motion parameters for a robot location N thiS paper, we SUppose a sceneé tnat contains at ieast one
lane, more exactly three coplanar feature-matches, which is

and two more for each feature are needed. This is the task W@ i
are dealing with in this work (Fig.1). quite usual when a robot moves on man-made environments.

i e e yeas, many Simutancous Locazaton ol 101,200 10 St e 10 teeer o oy o
Mapping (SLAM) algorithms have been proposed as a go . . _
pping ( ) alg prop g ained from that tensor. One goal of this work is to show

method to achieve those tasks in unknown scenes, us ; q th tati | t of . thod
different sensors, e.g. [1]. We are going to focus in the calgay to reduce the computational cost of previous methods

of using bearing-only data. In this case, the SLAM metho ming the same, by taking profit of the existence of a plane in
¥ M scene. This may be very useful in real time applications.

can bee seen as an iterative process that need to be ini th dvant f obtaini h hv during th
ized somehow, because just with one bearing-measurem er advantage ol obtaining an homograpny during the

acquisition we can not directly estimate the distance for tREOCESS 1S that it can help to automatically detect singular

observed landmarks. In case of planar motion this initializatiosﬁtuat'ons’ such us totally pla_nar SCEnes. We proof _the _good
rformace of the proposal with experiments both with simu-

can be done with linear methods using three different initi f“: d dat d with i Th tests with binhol
acquisitions, as explained in [2]. When working with image ated data and with real images. There are 1ests with pinnole

the projection in a 1D virtual retina of vertical landmarks i ameras, where we use thg prolec'go_n Of. vertu;al Iandmgrks
in the scene, as well as with omnidirectional images, with

This work was supported by project MCYT/FEDER - DPI2003 07986. the advantage in this case that the camera calibration is not



needed. The external parameters are the translatitins [t ,¢.]7,

xr vz
. 0’ sind’
t” = [t/,#/]" and rotationsR’ o
P —singd’ o |
Il. PLANAR TRIFOCAL TENSOR st sing” sin/ cos
R’ = _sind” cosg” | Made by the sensor from the

second and third position 1n relation to the first (Fig. 1).
The projection equations (1) from the three locations can
be written in the following way

Landmar'l_(}:')x‘)(= X, X, X;1

M u 0 0
M 0 W 0 |[x-A=)N,-\TT=o0 )
M’ 0 0 u’

s

As neitherx nor the scale factors can be null, it originates
M u 0 0
M 0 u O
M’ 0 0 u”

=0 3)

that can be written as the trifocal constraint for 3 views [6]:

2 2 2
Fig. 1. The goal is to obtain the relative localization of the robot Tiipuiu’u) = 0. 4)
0, ¢ = [t,,t.]; 0", " = [t!,¢!]) and the position of the landmarks)( ZZZ R

from the three view matchesi(u’ u”’) of natural landmarks. =1 =1 k=1

This can be developed as

The bearing-only data obtained by a robot moving on Tllluluilu:li+T112u1u:1ui2:+T121u1uj2ui1;+T122u1u:2u:2:+
a planar surface can be converted to measurements in 1Dl211u2uyuy + Thizuzuiuy + Tonuuguy + Thazususuy =0, )
perspective cameras using a projective formulation. Thus, W&, here T

i ¢ a beari ¢ ik 6,5,k = 1,2) are the eight elements of the
can €asily convert a bearing measurementrom a SCene , . o . 9 yifocal tensor whose components are thex 3

feature to its projective formulation in a 1D virtual retinaminors of the6 x 3 matrix [M M’ M”]7, in such a way that
— T _ : T i R = ! -

asu = (tan.a’l) or u = (sina,cosa) : which are to obtainT;;;, = [i j k] we take theith row of M, the jth row

projectively equivalent. In our case, the bearing-only data & M’ and thekth row of M meaning- a mapping from

particularized to vertical lines detected in images. We CTT 2] to [2,-1] (@ would meanz"'d row and? would meantst

consider only thex line coordinate in the image is reIevantTo;N with s’ign changed)

Therefore they can be treated as elements ofth@rojective Being v the number of views, antithe number of bearing-

space and so we are in the same 1D case. With three Vieﬁﬁ’@ measurements we hawé equations. We have 3 motion

from different positions a trifocal tensor can be linearly co% ameters to compute for each robot location (except for the
puted, and robot and landmarks localization can be obtaing t one, because we locate it in the origin) and 2 parameters

(Fig. 1). . for each landmark. So the number of parameters to estimate is
Let us name the homogeneous representation of a featg(g_ 1)+ 20— 1 (—1 because we can only get the results up

in P2 space asx = [r1,79,23]7 and its homogeneous
representation in th@! projective space as = [uj,us]’.
This projection toP! projective space can be expressed by
2 x 3 matrix M in each image, in such a way that

to a scale factor). If the number of images is 2, the problem
is unsolvable, even with infinite number of landmarks$ £
$H-3+2— 1). The minimum number of views necessary to
solve this problem is 3, with at least 5 measurements.

The 1D trifocal tensor has 8 parameters up to a scale, so it
can be estimated from 7 corresponding triplets. With calibrated

where )\, ) and )" are the respective scale factors. cameras the following additional constraints apply [5]:

Let us suppose all the scene features in a common reference —Ty11 + Thos + Toig + Taat =0
frame placed in the first robot location. Then, the projection Ti12 + Ti21 + To11 — To22 = 0, ©
matrixes relating the observed features in the scene and in {hen only five three-view matches are needed.

corresponding image a®l = K[I|0], M’ = K[R'[t'] and  ysing five matches and the calibration conditions is com-
M” = K[R"|t"], for the first, second and third robot locationgtationally more efficient and it gives better results in motion
respectively. These matrixes are composed by internal a@glimation than the classical seven degrees of freedom tensor
external parameters. The internal ones are enclosed in %puted from seven matches [10]. The computation of the
calibration matrixk = [ {; ¢ },Wheref is the focal length trifocal tensor can be carried out as explained above using
in pixels andc¢y is the position of the principal point. In Singular Value Decomposition (SVD). With more matches
case of omnidirectional images, the calibration matrix usedtizan the minimal case, that procedure would give the least
the identity. Supposing squared pixels, the only parameterdguares solution, which assumes that all the measures could
calibrate is the center of projection, what can be automaticalbg interpreted with the same model. This is very sensitive to
done from the radial lines. outliers, so we need robust estimation methods to avoid them.

Au = Mx; MNu' = M'x; ANa'' = M"x 1)



In our work we have chosemansac[11], which makes a search It is known that 3 matched features at least are needed
in the space of solutions using random subsets of minimwm compute 1D homographies from visual data in two 1D

number of matches. projections [14]. The corresponding coordinates in the pro-

jective spaceP! of the matched features in first and second
[1l. SCENE PLANE AND THE1D TRIFOCAL TENSOR images @ = [ug,us]? and u' = [u},u)]T) are related
When the robot moves in man-made environments, matiyough the homographyis;: [ Z} } = Hoyy [ Z; } with

times there are planes in the scene which can be used in the { hi1  hi2 } what 2rovides one equation to

computation of the trifocal tensor, then the number of matche$* ha21  h22 | P q

needed may be reduced. This idea has been applied in the @a?é\ée Hor: hi

of three 3D views, with the 2D trifocal tensor, e.g. [12] [9]. In [wndy w) w,  wse ] hz | _ g

this section, we study that situation for the 1D trifocal tensor. 2 2 ! ! ha1 '

. . ; . . h
It is shown in the literature of multiple view geometry [13]_ With the coordinates of at Ieas?t ree bearing-only mea-

that there exist a relation between the projections of a line &yements, in our case three vertical lines, we can construct
three images, the tensdrdefined between the three views and 3,4 A matrix. The homography solution corresponds to the
two homographiest,, (from image 1 to 2) andis, (from  gjgenvector associated to the least eigenvalue of Afied
image 1 to 3) corresponding to a transformation through theiy and it can be solved by singular value decomposition
same plane but between different couple of images. There hay&gatrix A. Similarly to obtainHs; .

been developed for line features in a 3D scene. We transferl-he coplanarity condition reduces in one the minimum

those constraints to point features in a 2D scene With 1R her of matched features needed to compute the tensor.
projections. These new constraints are obtained as followS:perefore; the tensor, in the calibrated case, can be computed
If we have a point projection in three views,u andu”,  om 4 matched features, three of them being coplanar in the
and 2 homographiesi,, andHs,, the following relations are gone This tensor gives a general constraint for all observed
known for any point in the plane of the scene: landmarks from the three robot positions, independently of its
U = Hou . U = Haru @) location in the scene. This reduction of the minimum number
214, 31 . . . .
of matches is specially convenient due to the robust technique
On the other hand, the constraint imposed by the 1D trifocased. In this case instead of doing a random search in a 5
tensor (5) can be reordered as, degrees of freedom (d.o.f.) space of solutions, we have to do a
Ul(Tlll’Uz/lU/; +T112u,}u,?: " T121u/?u'1' n T122U/?Ul2l)+ search ina 3 d.o.f. space, to rob_ustly estimate the homogra_lphy
us (Tor1uhw)! + Torow,ull + Toorulu!! + Toszulull) = 0. and the features belonging to it, plus a second search in a
T Ti To Tows 1 d.o.f. space of solutions, to esumz_ate _the tensor with the
If we nameT; = [ Tist  Tiz } andT, = [ Toor  Toos } homography plus a feature match wh|.ch |s'out of the plape.
this equation can be written agus] [ u:;Tlu” o For instance, let us suppose a situation with 40% of outliers.
) u ! Tou” If we execute the algorithm for the 5 matches tensor, the ransac
Therefore, e have the following equality up to a sca® ( gjgorithm needs to perform 57 iterations to get a result with
[ - } = { ST } . and substituting with (7) we get 99% probability of being correct. On the other hand, if we
choose the 4 matches tensor estimation, the ransac algorithm
[ uy } ~ { UT';ElequHmU } _ @® Wwill just need 19 (for homographies) + 6 (for tensor) iterations
b —UTH: TiHs for the same level of confidence. To sum up, around twice
From (8) we obtain 4 additional constraints for the 1D tensomore time required for the classical way of estimating the
e First, equation (8) must be certain for any point So tensor. However, we should notice that this big difference is
let us consider thati could be in the formu = [0 u,]” realistic only in the case that the plane is dominant in the
oru = [u; 0]T7. Replacing in that equation with in these scene. Otherwise we should consider higher level of outliers
two special forms and developing the expressions we det the plane based method than for the general ones. Then,
two new constraints (to simplify the expressions, let us nartlege outliers would be not only the wrong matches but also

B, = HI TyHs3 andBy = —HZ TiH3 ): many matches which do not belong to the plane. If we suppose
Bi(2,2) = 0 a 50% of outliers in that search, the number of iterations
B;(l’l) —0 (9) obtained (35+7 iterations) would still be lower than the 5

. matches tensor, with the advantage that the estimation of the
where B, (a,b) means (rowa, columnb) of the matrixB,.  homography can give us some clue about singular situations
e Moreover the scale factor must be the same_for hoth(e.g. when all the scene is explained by it because it is totally

. U"HY ToHsu . —u"HI TiHsu
components in (8), therefore ™ = planar).

must be true. Developing this expression we get the other two

new constraints: IV. ROBOT AND LANDMARK LOCALIZATION
Bi(1,1) = B(2,1) + Ba(1,2) When the motion is performed on a plane, 6 parameters,
B3(2,2) = B1(2,1) + B1(1,2). (10) up to a scale factor for translation, should be computed:



0',t',0” ¢t (Fig. 1). The algorithm we use to compute motion
recovers the epipoles with a technique proposed for the 3B
case [15], also applied for the 2D case in [2]. We have aIsZoz
used it in a general scene with omnidirectional images [3].%15

Here we explain a summary of this method to get the
localization parameters from the 1D trifocal tensor: £

e The directions of translation are given by the epipoles and*

a)gRotation Errors —Mov A

= Mean with tensor 5
= Mean + Std with tensor 5
s Mean with tensor 4
+ Mean + Std with tensor 4

Anglé error (degrees)

dz} gotation Errors — Mov B

= Mean with tensor 5 o
° Mean + Std with tensor 5
+ Mean with tensor 4

+ Mean + Std with tensor 4 |,

% o2 0. ~ —F
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/ . &ois °
-
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the rotations between robot positions are obtained by trigonos
metric relations between the epipoles. To get the epipoles
we first obtain the intrinsic homographies of the tensorzs

04 05 06
Noise Level (pixels)

b) traslation Directions Errors— Mov A

corresponding to th& and Z axis of the images. From these
homographies, we compute the corresponding homologies Eor
the tree images. The epipoles are the eigenvectors mapped't
themselves through these homologies. _ .

e Once the rotation and translation between the camers
have been obtained, the landmark localization is computeti
solving the system of the 3 equations (two are enough) which

, - Mean with tensor 4

-©Mean with tensor 5
° Mean + Std with tensor 5

* Mean + Std with tensor 4

Angle/error (degrees)

Noise Level (pixels)

e) Traslation Directions Errors— Mov B
8

~

o Mean with tensor 5 o
Mean + Std with tensor 5

- Mean with tensor 4

* Mean + Std with tensor 4

o

»

IS

w

~

project them inP! (1) in the three images.
The method provides two solutions for the motion paramer

01 02 03 04 05 06 07 08 09
Noise Level (pixels)

-© Mean with tensor 5
= Mean + Std with tensor 5

ters, defined up to a scale for the translations and landmarks|: veanwith tensor4

location. This scale and ambiguity problem can be solved

+ Mean + Std with tensor 4

<) Reprojection error in the three images — Mov A

[

01 02 03 04 05 06 ?,7 08 09 1
Noise Level (pixels,

f) Reprojection error in the three images — Mov B
3

= Mean with tensor 5
= Mean + Std with tensor 5
-+Mean with tensor 4
* Mean + Std with tensor 4

easily with some extra information. It can be obtained fof . &
example from odometry or from other previous knowledge cgf =

the scene.

V. EXPERIMENTAL RESULTS

In this section we show several experiments with simu-
lated data to show the trifocal tensor performance in motidig. 3.
computation, when estimated with 5 matches or with a sc

05 2 1

0

01 02 03 04 05 06 07 08 09 1
Noise Level (pixels)

01 02 03 04 05 06 07 08 09 1
Noise Level (pixels)

Dominant Plane case20 matches in the plane and 10 out of it.

eﬂgocal Tensor estimated with 5 and with 4 matches (100 executions for

edch case with different random matches). RMS error in rotation, translation

plane and 4 matches. There are shown also experiments Witction and reprojection for MovA (left) and MovB(right) of Fig. 2.
different types of real images, to show the performance in
robot localization and landmarks reconstruction.

A. Simulation Experiments

Measurement errors were simulated as gaussian random
noise (of zero mean and standard deviations varying from 0 to

First, some tests were run with simulated data to establigtpixel) added to features image coordinates. Each experiment
the performance of motion estimation through the trifocalas repeated 100 times. The evaluation parameters shown for
tensor. We implemented a simulator of 2D scenes which asgch of them are: the RMS (root-mean-square) error in the
projected into 1D virtual cameras with field of view®#° and  computation of the rotation angle$’ @ndé”), the RMS error
1024 pixels. We present the results for two different simulate the directions of translatior’(and¢”’) and the average RMS
movements, MovA and MovB. The first one could fit a comfeatures reprojection error in the three images.
mon multi-robot configuration, and the second one representSye took into account that there is a plane in the scene
a typical situation with a mobile robot going forward. In Fig. ?supposing the features that belong to the plane are known. In

we can see the position of the cameras, its field of view aggs situation, we can estimate the tensor with 1 match less than
the localization of the features in each movement.

o Camera center

o Camera center
o Landmark

optical axis
field of view

+ Landmark

field of view

\’ ——— optical axis

En S0 = o B 0 s ES En E

s

in a general case, as explained in Section Ill. We considered
a plane parallel to the first image, placed 20 units ahead the
origin, in both scenarios (Fig.2).

We evaluated the performance in the localization with the
two ways to estimate the tensor, with 4 matches or with 5.
There were different cases of study, depending how many
matched features belong to the plane: most of them in the
plane (dominant plane in the scene), equally distributed (no
dominant plane) or all of them in the plane.

Simulating a general scenario (when there is no dominant

Fig. 2. MovA and MovB Two simulated scenarios, showing landmarks an@lane, but still a plane exists), we obtained very similar results

3 camera positions with their corresponding field of view.

for both tensors. In these simulations we generated 10 matches



a) Rotation Errors — general case
14

4 ‘= Mean with tensor 5
1.2l| © Mean + Std with tensor 5
| Mean with tensor 4

d) Rotation Errors - only Plane matches
25

we want to show the results with a scene where the plane
is dominant. In the second one, when it is not. The scale

* Mean + Std with tensor 4

factor was solved using data from the ground truth (only one
known distance is necessary). The line matching is not the
subject of study here, we used methods developed in previous
works, both for conventional images [10] and omnidirectional
ones [3]. They are based in nearest neighbor search over the
descriptors of the region around each line, and in checking
some topological consistence similarly to the work in [16].
1) Using conventional cameras (1R)n this experiment
we used a conventional camera with known calibration matrix.
We automatically extracted and matched vertical lines in three
views. These 3 images with the line matches (the ones used to
estimate the plane are in red) and a scheme of these features
reconstruction is shown in Fig. 5. In this case, as the plane
is dominant in the scene, it is possible to estimate robustly
which features belong to a plane. The tables at the bottom of
the same figure contain the localization errors: rotatidgtis (
6") and direction of translations’( "), as well as the feature
reconstruction errors: in the image reprojection and in the
2D reconstruction in the scene. The ground truth motion for
this experiment was obtained with the aid Bhiotomodeler
software, where a set of points are manually given to get a
e photogrammetric reconstruction. Similarly to the simulation
o * results, we observe better performance in the results from
Za the tensor computed through a homography (TT4). We made
007 Pl Level pixels T % %7 7 08 00 T different tries using more or less matches from out of the
Fig. 4. Trifocal tensor estimated with 5 and with 4 matches (100 executioﬁéane' As COUId_ be eXpeCted’ the more we decreased those set
for each case with different random matches). RMS error in rotation, trarfdf matches which do not belong to the plane, the more the
lation direction and reprojection for MovA of Fig. 2. LefBeneral casel0 errors with the TT5 increased.
e e lane & 20 outof o dominart plane) RMmalches 3) Using omidirectional cameras (2R)Next we show
an example with omnidirectional images. In this case the
calibration of the camera is not necessary. If we suppose

on the plane and 20 or 30 out of it. In all the cases erropguared pixels, it is only required the center of projection. It
were similar between methods, an examp|e is shown in F|gdrpes not coincide with the center of the image, but we estimate
However, when the plane is the predominant element in tﬁeautomatically from the radial lines [3]. The trifocal tensor
scene (most matched features are on it), we found sof@é this kind of image is also robustly computed from the
advantages in the use of the 4 matches tensor. In Fig. 3 we g4pjected radial lines (vertical landmarks of the scene). With
see the comparison between results from the tensor using plHg kind of images, the segmentation of the lines belonging to
constraints (with 4 matchesensorj and from the general the same plane in the three views is a more difficult task. This
tensor (with 5 matchestensor§. In these simulations, we is due to the wide field of view from the scene, what can make
generated 20 random matches on the plane and 10 out ofhigt many planes are visible all the time. Also the number
We can observe for MovA thaensor4behaves better thanOf lines belonging to one specific plane may be too small,
tensor5 specially when the noise increases. Computing theventing from their automatic detection. In this cases, the
4 matches tensor has another advantage, as the intermedigf8ography/plane inliers are obtained using a priori knowl-
estimation of the homography can give us a clue about beifgge about the scene. This problem has to be deeply studied in
in singular situations. For example, if the whole scene can Béure works. In this experiment we selected them manually. In
explained with the homography (all the matches fit it), we hafdg. 6 the three views used are shown with the matched lines.
a planar scene and then there is no sense to continue with thée lines used to estimate an homography are marked in red.
tensor estimation, as it does not exists in those cases. We di§gre we see also the scheme of the reconstruction, where
tried the localization estimation if all the matches belong tée¢ good performance of the proposal can be appreciated.

the plane, and the expected bad results can be seen in FigR@sults from both tensors, as expected from the simulations,
are quite similar, with the before mentioned advantages of the

B. Real images Experiments intermediate estimation of an homography. The errors in the
We show two examples with real images, one with convemstation ¢’, 6”) and translation directiont/( t"”) estimation
tional and other with omnidirectional cameras. In the first orere shown in a table at the bottom of the figure, together with
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