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Preliminary comments (1)

 Interest of bounding techniques
— preliminary phases of design
* many parameters

A

are not known accuracy exact
solution
accurately
e quick evaluation and
rejection of those bounds
clearly bad .
complexity
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Preliminary comments (2)

* Net-driven solution technique

— stressing the intimate relationship between
gualitative and quantitative aspects of PN’s

— structure theory of net models

‘ » efficient computation techniques
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Outline

* Introducing the ideas. Marked Graphs case
o Generalization: use of visit ratios

* Improvements of the bounds

e A general linear programming statement
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Introducing ideas. MG'’s case (1)

t2 p4
p2 > >
o7 Ol O\ t4 generally distributed service times
D D_ (random variables X. with mean [t:] )
\ t3 / | j
O—L >C)pS

p3

we assume infinite-server semantics

exact cycletime (random variable): X = X, + max{ X,, X3} + X,

average cycle time: G=38[t,] + E[max{ X5, X5}] +5[t]
but (non-negative variables): Xo, Xz £ max{ Xy, X3} £ X5 + X4
therefore: S[y] + max{S[t,],8[ ]} +5[ty] £ GES[Y] +3[t,] +S[t;] +5[1,]
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Introducing Ideas. MG's case (2)

Thus, the lower bound for the average cycletimeis
computed looking for the slowest circuit

&3 ‘s[ty o)

t.1C -

G3 max Q | _ .
Ci{circuitg #tokensin C—

of thene} € 7}

| nterpretation:

an MG may be built synchronising circuits,
so we look for the bottleneck
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Introducing ideas. MG’ s case (3)

e Computation:

1 G3 maximum yxPrexs A
subjectto y>xC=0
yxmg=1

\_ y: 0 Y

v

solving alinear programming problem

(polynomial complexity on the net size)

(S isthe vector of
average service times)

(the proof of this comeslater for amore general case)
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Introducing ideas. MG’ s case (4)

* Evenif naif, the bounds are tight!
* Lower bound for the average cycletime

max{s[t,],S[t3]} £ E[max{ X5, X3}]
— It Isexact for deterministic timing

— It cannot be improved using only mean values
of r.v. (it isreached in alimit case for afamily
of random variables with arbitrary means and

variances)
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Introducing ideas. MG’ s case (5)

e with probability 1- e P (L- a)?
i . e=
Xms (@) i n% +1_a9 with probability e n?(l- a)2 +s?
T e e g
(0£a £1)

E[Xm,S (a)]: m; Var[Xms (a )]: s?

\
IimE[maxX a), X a ]:max N
a®1 ( ms (2), Xmgs )) (mmﬂ) they behave “ as deterministic”
for the ‘max’ and ‘+' operators
E[Xms (@) + Xmgs @) |=m+mt * 0£a <1 | inthelimit(a®1)
\§ /
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Introducing ideas: MG’ s case (6)

 Upper bound for the average cycle time

{GE@SM}
tIT

— It cannot be improved for 1-live MG’ s using
only mean values of r.v. (it isreached in alimit
case for afamily of random variables with
arbitrary means)
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Introducing ideas. MG's case (7)

i Lo with probability 1- €
X! (e) = -
() "M \ith probability €
te!
(O<ex<)) Eéxim(e)u_m. E€x/ (e)zu_ﬁ
& a e M™ g

eI

If X. = Xé'l(e), "1 I T, thenfor varying (decreasing) values of e:

E[max(X;, Xj)] =9§[t;] +§[tj] +0(e)
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Generalization: visit ratios (1)

 Vigit ratios = relative throughput
(number of visitsto t, per each visit to t,)

_clt _
Vit =y = Al el

average interfiring time of t,
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Generalization: visit ratios (2)

e For some net classes v can be computed as.

o > () P1 P fo0)
ty ty tg )
Py Py
P3O O O (OPs
P12
o R ——1 ts — ty
P, (O Ps
t8 t9
90) o O P
tio0— tqq

Cx =0
nv[ta] =rovitq];
RV[ts] = ravita];

v[t1] =1
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Generalization: visit ratios (3)

o Little'slaw (L=1 W) applied to a place p:
Mol =(Pre[p,T]x) T[pl

Assume that timed transitions are never in conflict (conflictsare

modelled with immediate transitions), then either all output

transitions of p are immediate or p has a unique output transition,
say t,, and t; istimed, thus:

nipl =(Pre[pT]>x) T[pl=Pre[p,ti] c[t] T[p]

m
3 Pre[p, ] c[ty] S[ty] = _élpre[p,tj] c[tj] 9tj]
J:
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Generalization: visit ratios (4)

m m
Then:  dty] g3 _élPre[p,tj] Glt1] c[t;] §t;j]= _élPre[p,tj] v[tj] St
J= 1=

Hence: dt;] m3 PrexD where D[t] =3[t]v[t] isthe average service demand of t

Premultiplying by a P—semiflowy (y>C=0, y3 0, thusyxm=yxmg),

Jyl3  maximum yrrexd dt]3  maximum yxprexd
yxmgo q
subjectto y>xC=0 <—> subjectto y>xC=0
1x>0 1xy>0
y3 0 g=Yyxmo
y:O0
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Generalization: visit ratios (5)

Since y-m,> 0 (live system), we change y/q toy and we obtain
(1-y >0 isremoved because y-m,=1 implies1.y > 0):

7 _ — )
dt1]3 maximum y>xPrexD

subjectto y>xC=0
yxmg=1
y:O0

_ /

again, alinear programming problem
(polynomia complexity on the net size)
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Generalization: visit ratios (6)

I nterpretation: slowest subsystem gener ated by P—semiflows, in isolation

— @0

tq t2

p

Py 1 N,
P12 tg
P3| el e

N 4 P7
t8 tSTK\
t1o tio N
3

minima P—semiflows

y, =(101,1,0,0,1,0,1,0,0,0)
y,=(0,1,0,0,1,1,0,1,0.1,0,0)
y,;=(0,0,0,0,0,0,0,0,1,1,1,0)
y, =(0,0,0,0,0,0,0,0,0,0,0,1)

dt]® max{ (3[ts]+Hte] +Jt10])/3
(Slte] + S t7] +Yt11])/ 2,
S t10] +St11],
Jts] }

2;§f Properties and Bounds on P/T Nets

Javier Campos bl

Tutorial of PNPM’99 — PAPM’ 99 — NSMC'’ 99, Zaragoza (Spain), Sep. 6-10, 1999 p. 17 Y



Generalization: visit ratios (7)

o Upper bound for the average interfiring time

dt1] £ & Vv[t] §t]= & D[{]

T tiT

remember the marked graphscase (v=1): G£ & §[t]
T
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| mprovements of the bounds

e Structural Improvements

bounds still based only on the mean values (not
on higher moments of r.v., insensitive bounds)

 |ower bound for the average interfiring time:
use of implicit placesto increase the number of
minimal P—semiflows

 upper bound for the average interfiring time:
use of liveness bound of transitions to improve the
bound for some net subclasses
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Use of implicit places (1)

dts] = gstz] +(1- Q)Ft4]

Jt1]3 maximum yxPre>xD
subjectto y>xC=0
y><mO:1

y:0

dts] * ma{ats]. (1- O)yta]}
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Use of implicit places (2)

Jt1]3 maximum yxPrexD
subjectto y>xC=0
y><ITlO:1

y:0

te] = g3t 1- )9t
Qlts] = gdltz] +(1- Q)9 ta] Glts] * max{ gslts], (1- Q)tal, aS[ts] +(1- I t4] }

In this case, we get the exact value!
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Use of implicit places (3)

In generdl...
P1 Jt]3 maximum yxPrexD
‘ A subjectto  y>xC=0
P2 P3 y Mo =1

ys0

Jt7]® max{ gs[ts] +9 1] +5[t7],
(1- g)sts] +S[ts] +H17] }
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Use of implicit places (4)
In general, the bound is non-reachable

Gt7] 2 max { os[tg] +t] +3[t7],
t2 (1- 9)Fta] +3[ts] + 7],
gs[ts] + (1- q)s[t4] +9t7] }
Jt7] = amax{Hts], t3] + Htel} + (1- q) max{t4] +3[t5], te]} + S[t7]
? /: max { qg{ts] +Jtg]+3[t7],
(1- 9)3ts] +3[ts] + Ht7],

(deterministic qst3] +(1- q)s[ts] +(1- Q)is] +astg] + Ht7],

timing) _ _ _
os{ts] + (1- Q)s[te] + 7] }
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Use of liveness bounds (1)

e upper bound for the average interfiring time:

p4

2
pl t1 }270 >I:ll >O\ t4
I A GE & 9[t]
O—{] >C>p5 i

p3

reachable for 1-live marked graphs, but...

2;§f Properties and Bounds on P/T Nets
Tutorial of PNPM’ 99 — PAPM’ 99 — NSMC'’ 99, Zaragoza (Spain), Sep. 6-10, 1999




Use of liveness bounds (2)

It can be improved for k—{ive marked graphs

t2
i1 ° >
CT)—’D< a P GEYy]+ 1= Sto] 2] +3[ta] + Jta]

03 O—L >C>p5 l

liveness bound of t,
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Use of l1veness bounds (3)

« Definitions of enabling degree, enabling bound, structural
enabling bound, and liveness bound

— Instantaneous enabling degree of atransition at a given marking

e[t](m):sup{d N:“p Tt mig®k Pre[p,t]}

@ @
o

e[t](m) =2
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Use of liveness bounds (4)

— enabling bound of atransition in a given system:
maximum among the instantaneous enabling degree at all
reachable markings

eblt] =supl kT N: $mo¥%@m, " pi " t, m[p]° k Pre[p,t]%
I

t2

(O—] eb[t,] = 2
> >
T p3 PS5
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Use of liveness bounds (5)

— liveness bound of atransition in a given system:
number of serversavailableint in steady state

Ib[t] =sup} kT N: " m¢mo¥%3:® mesm,meva4® mU” pl " t,m[p]® k Pre[p,t]%
|

pl t to p2
& ’ Ib[t] =1<2=eb[t]
3
2
ts
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Use of l1veness bounds (6)

— structural enabling bound of atransition in a given system:
structural counterpart of the enabling bound
(substitute reachability conditionby m=m,+C -s;m,s » 0)

seb[t] = maximum Kk
subject to mqg[p] +C[p,T]>s 2 k Pre[p,t], " pl P
s30

Property: For any net system seb[t] 2 eb[t] 3 Ib][t], for all t.

Property: For live and bounded free choice systems,
seb[t] = eb[t] = Ib[t], for all t.

2L§T Properties and Bounds on P/T Nets Javier Campos § r i
Tutorial of PNPM’ 99 — PAPM’ 99 — NSMC'’ 99, Zaragoza (Spain), Sep. 6-10, 1999 p. 29 &




Use of l1veness bounds (7)

Improvement of the bound for live and bounded free
choice systems:

Vit S _ , Dl
G[t]JEtTaT seb| 1] tTaT seb|t]

this bound cannot be improved for marked graphs
(using only the mean values of service times)
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A general LP statement (1)

° The |dea alinear function
e v N

maximize [or minimize] f(mc)

subject to any linear constraint that we are able to state
/‘ for m ¢, and other needed additional variables

A\ /

linear operational laws
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A general LP statement (2)

e A set of linear constraints:
m=mo+Cs (state equation)

Q cltl Post[p,]* § clt] Pre[p,t], "plP

tp tl p

é c[t] Post[p,t] = é c[t] Pre[pt], " pl P bounded (flow balance equation)

tt p th p
ct] _ cltj] "tj,t; 1 T behavioural free choice
o r (e.g. Pre[P,tj] = Pre[P, tj])
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A general LP statement (3)

c[t] Jt]£ ——— _mpl T, "plt (maximum throughput law)
Prel p, t]
i "t1 T persistent, age memory or
clt] 13 m p] Pre[p,t]+1’ P ag - y
Pre[p,t] immediate: ‘t={p} (minimum throughput law)
Ya Ya
moc,s30
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A general LP statement (4)

e |t can be improved using second order
moments

e |t can be extended to well-formed coloured
nets
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A general LP statement (5)

e [tisimplemented in GreatSPN
— select place (transition) object (O] ([ =1)
— click right mouse button and select “ show”

— click again right mouse button and select
“Average M.B.” (“LP Throughput Bounds’)

— click left mouse button for upper bound
— click middle mouse button for lower bound
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Properties and Bounds on P/T Nets

More technical detaills

look at the bibliography
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