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1. Introduction

In many manufacturing systems, production of parts proceeds in stages. Each stage may be
seen as a production/inventory system composed of a manufacturing process and an output
buffer. The manufacturing process may consist of a single machine or a subnetwork of several
machines. It contains parts which are currently being processed in the stage (either being
waiting for or receiving processing) and are referred to as the Work In Process (WIP) of the
stage. The output buffer is a storage area that contains parts that have completed processing in
the stage and are referred to as finished parts of the stage. The manufacturing system is fed by
raw parts, and releases finished parts to customers.

An important managerial concern is how to control the flow of parts through the stages. This
can be done by implementing a pull control policy for which production is triggered by actual
customer demands. Pull systems are motivated by the concept of Just-In-Time (JIT) whose
aim is that products should be produced only when ordered and in the quantities needed.

In this paper, we are interested in four pull control systems: the Base Stock Control System
(BSCS) the Kanban Control System (KCS), the Generalized Kanban Control System (GKCS)
and the Extended Kanban Control System (EKCS). The BSCS in a simple pull control system
(e.g. see [3]) which depends only on one parameter per stage, namely the initial stock of
finished parts, called base stock, of each stage. The most well known pull control system is
the KCS, for which a number of authorization cards, called Kanbans, is used to limit the WIP
in each stage. The KCS depends only on one parameter per stage, namely the number of
kanbans. The GKCS (see [12] and references therein) is a better performing but more complex
control system. In [7] Y. Dallery and G. Liberoupolos developped a new pull control system
called the EKCS. Both the GKCS and the EKCS include the KCS and the BSCS as special
cases and depend only on two parameters per stage, the initial base stock and the number of
kanbans. We refer to [7] and references therein for details on the principles of these four
mechanisms in the case of manufacturing systems in series. The extensions of the KCS and
the EKCS for assembly systems are studied in [10] and in [6] respectively. In this paper, we
define the extension of the GKCS for assembly.

All these pull control systems have already been studied in the case of serial manufacturing
systems. They can be modeled as queueing networks with synchronization stations models
(see [7] and references therein). Petri nets are also widely used for the modeling of
manufacturing systems (see [15] and references therein), and in particular for kanban systems
(e.g. see [11] and [1]). The purpose of this paper is to provide a common modeling approach
based on Petri nets for these control systems in the case of assembly manufacturing systems.
Details pertaining to the control mechanisms can be found in [3], [7] and [6].

The pull control systems presented in this paper are modeled using Generalized Stochastic
Petri Nets (GSPN) [1]. These models include timed transitions and immediate transitions.
Timed transitions correspond to time-consuming activities such as processing. We will also
use timed transitions to model the customers demands processes. Immediate transitions
correspond to synchronization constraints. They are depicted as thick black bars whereas
timed transitions are depicted as thick white bars (Figure 1). Note that for the seven models of
Figure 4 to Figure 10, only tokens in MPi and idleMPi, i=1,...,R represent logical conditions: i-
stage machine is busy or idle. In all other places, tokens represent physical entities. We could
model multi-servers stages by increasing the initial marking of the place idleMPi.
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(a) (b)

Figure 1: Timed transition (a) and immediate transition (b)

Let us describe the assembly manufacturing systems we are interested in. Figure 2 ill ustrates
the topology of a system having assembly stages (stages supplied by several raw parts buffers)
and manufacturing stages (stages supplied by a single raw parts buffer). This topology is a tree
structure.

assembly stagemanufacturing or
assembly stages

Figure 2: General topology for assembly manufacturing systems

For the sake of simplicity, we restrict our study to assembly systems having (R-1)
manufacturing stages supplying a single assembly stage (Figure 3). However, the results in
this paper can be easily extended to general topologies.

stage 1

stage 2

stage R−1

stage R

assembly stage(R−1) manufacturing stages

Figure 3: R-1 manufacturing stages supplying a single assembly stage

We will adopt as much as possible the same notations as in [7] and [6]. Indeed these notations
have been defined to homogenize the description of the different control mechanisms.

The rest of the paper is organized as follows. Section 2 describes the Petri net model for the
BSCS. For the three kanban based control systems, namely the KCS, the BSCS and the
EKCS, two kanban release mechanisms are defined. In section 3 we describe the Petri net
models for these two mechanisms for the traditionnal KCS: the Simultaneous Kanban Control
System (SKCS) and the Independent Kanban Control System (IKCS). In section 4 we define
the extension of the GKCS for assembly and give the Petri net models for the Simultaneous
Generalized Kanban Control System (SGKCS) and the Independent Generalized Kanban
Control System (IGKCS). The Petri net models for the Simultaneous Extended Kanban
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Control System (SEKCS) and the Independent Extended Kanban Control System (IEKCS) are
given in section 5. In section 6, we discuss some properties of the control systems previously
described. Finally we compare these systems in section 7.

2. Base Stock Control System for Assembly

The Base Stock Control System (BSCS) is a simple pull control mechanism for coordinating
multi -stage manufacturing systems (e.g. see [3]). Figure 4 shows the Petri net model of a
BSCS for an assembly system. For all places of the model of Figure 4, Table 1 shows the
signification of the marking.

When a customer demand arrives to the system, it is immediately transmitted to all stages
(tokens in places Di, i=1,...,R+1). Places Ii and Pi, i=1,...,R, represent the input and output
buffers respectively. The initial marking of Si tokens in Pi, i=1,...,R corresponds to the base
stock of stage-i finished parts.

Place Marking
Ii, i=1,...,R-1 stage-i raw part
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1)
MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle (available)
Pi, i=1,...,R stage-i finished part
Di, i=1,...,R demand for stage-i production of a new part
DR+1 demand for delivery of a finished product

Table 1: Places and signification of their marking for the BSCS model

M P1
P1

M PR-1

D1

PR-1

M Pi

DR-1

PiDi

DR

M PR
PR

DR+1

parts to
customer

customer
demands

stage 1

stage i

stage R-1

stage RI1

Ii

IR-1

IR

idle MP1

idle MPi

idle MPR-1

S1

Si

SR-1

SR

idle MPR

Figure 4: Petri net model for the BSCS
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3. Kanban Control System for Assembly

Kanban Control System is the most well known pull control mechanism. In the KCS each
stage has a certain number of authorization cards called kanbans. Production is driven by
customer demands. Demands for production are transferred upstream in the system to recover
stocks. Performance analysis of kanban controlled assembly systems is developped in [10].
There are two ways of defining kanban control systems, depending on the mechanism for the
release of kanbans: the Simultaneous Kanban Control System (SKCS) and the Independent
Kanban Control System (IKCS). In the sequel, Petri net based models are defined for these
two mechanisms.

3.1. Simultaneous Kanban Control System

Figure 5 shows the SKCS Petri net model. For all places of the model, Table 2 shows the
signification of the marking.

When a delivery is performed, one multiple demand (one demand for the assembly operation,
one demand for production of a stage-i part for i=1,...,R-1) together with one authorization
card for assembly operation are transferred upstream in place DAR. When (R-1) parts enter the
assembly stage, together with a stage-R kanban, one demand for production of one stage-i part
together with one authorization card for stage-i is transferred upstream in place DA i, for all
i=1,...,R-1.

The initial marking of K i tokens in PA i, i=1,...,R corresponds to the initial base stock of stage-
i finished parts. Thus at the initial state, all the kanbans are attached onto an equal number of
finished parts.

It is worth observing that releases of kanbans for all stages occur together with the transfer of
demands. Moreover, for stages i (i=1,...,R-1) releases of kanban take place simultaneously as
soon as the following conditions are satisfied: there are at least one demand for assembly, one
kanban for assembly, one stage-i finished part together with a stage-i kanban, for i=1,...,R-1
(that is places DAR and PAi, i=1...,R are marked).

Place Marking
Ii, i=1,...,R-1 raw part with one stage-i kanban attached onto it
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1) with one stage-R kanban

attached onto it
MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle (available)
PAi, i=1,...,R stage-i finished part together with one stage-i kanban attached onto it
DA i, i=1,...,R-1 one demand for stage-i production and one stage-i kanban
DAR, 1) R-tuple of R demands (for stage-i production, i=1,...,R) and 2) one stage-R

kanban
DR+1, (R+1)-tuple of demands: 1) one for delivery of f inished products and 2) one

for stage-i production, i=1,...,R

Table 2: Places and signification of their marking for the SKCS model

3.2. Independent Kanban Control System

Figure 6 shows the Petri net model of a SKCS for an assembly system. For all places of the
model, Table 3 shows the signification of the marking.
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When a delivery is performed, a multiple demand (one demand for the assembly operation,
one demand for the production of a stage-i part for i=1,...,R-1) together with one authorization
card for assembly operation are transferred in place DAR. The demand for an assembly
operation is then split i nto R-1 demands (i =1,...,R-1), the stage-R kanban is split i nto R-1 
kanbans and they are immediately transferred upstream in places DAR,i (i=1,...,R-1), together
with a demand for a stage-i operation. When all Bi are marked, the entry of the R-1 parts to be
assembled takes place and the R-1 bits of kanban are merged into one stage-R kanban.

The initial marking of K i tokens in PA i corresponds to the initial base stock of stage-i finished
parts (i=1,...,R). Thus all kanbans are initially attached onto an equal number of finished parts.

DA1
MP1 PA1

DAR-1
MPR-1 PAR-1

DAi
MPi PAi

MPR PAR

DR+1

parts to
customer

customer
demands

stage 1

stage i

stage R-1

stage RI1

I i

IR-1

IR

DARidle MP1

idle MPi

idle MPR-1

K1

Ki

KR-1

KR

idle MPR

Figure 5: Petri net model for the SKCS

It is worth observing that, as was the case for the SKCS, releases of kanbans occur together
with the transfer of demands. The difference is that stage-i kanbans, i=1,...,R-1, may be
independently released. Release of a stage-i kanban occurs under the following conditions:
there are at least one demand for assembly, one bit of kanban for assembly and one stage-i
finished part together with a stage-i kanban (that is places DAR,i and PAi are marked).
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Place Marking
Ii, i=1,...,R-1 stage-i raw part with kanban attached onto it
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1) with one stage-R kanban

attached onto it
Bi, i=1,...,R-1 pair of 1) i-stage finished part together with 2) one split stage-R kanban

corresponding to authorization for an assembly operation using one stage-i
finished part

MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle (available)
PAi, i=1,...,R stage-i finished part together with one stage-i kanban attached onto it
DA i, i=1,...,R-1 one demand for stage-i production and one stage-i kanban
DAR, 1) R-tuple of demands (for stage-i, i=1,...,R) and 2) one stage-R kanban
DAR,i i=1,...,R-1 1) pair of one demand for assembly operation, and one demand for stage-i

production and 2) one split stage-R kanban corresponding to authorization
for an assembly using one stage-i finished part

DR+1, (R+1)-tuple of demands: 1) one for delivery of a finished product and 2) one
for stage-i production, i=1,...,R

Table 3: Places and signification of their marking for the IKCS model

4. Generalized Kanban Control System for Assembly

The GKCS is a generalization of the KCS for which each stage has a fixed number of
kanbans. Initially, these kanbans are stored in the entry of the stage, and there is also a base
stock of finished parts in the output buffer of the stage.

In the sequel we defined the extension of the GKCS for assembly systems. As was the case for
the traditional KCS, there are two ways of defining GKCS for assembly systems, depending
on whether the releases of the kanbans at assembly stages are done simultaneously (SGKCS)
or independently (IGKCS).
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DA i M Pi

M PR PAR
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stage R-1
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KR-1
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Figure 6: Petri net model for the IKCS
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4.1. Simultaneous Generalized Kanban Control System

Figure 7 shows the Petri net model of a SGKCS for an assembly system. For all places of the
model, Table 4 shows the signification of the marking.

When a part finishes its processing, the kanban attached onto it is stored in a separated buffer:
place PA i of the SKCS model is separated into places Pi and A i. Also, place DAR is separated
into places DAR and DR-1 and place DR+1 is separated into places DR+1 and DR. Therefore,
transfer of f inished parts downstream (to the assembly stage or to the customer) and transfer
of demands upstream (to stages i, i=1,...,R-1 or to stage R) are no longer synchronized.
Transmission of demands depends on the presence of kanbans: for exemple, when DR and AR

are marked, then a multiple demand (one demand for the production of a stage-i part for
i=1,...,R-1) is transferred in place DR-1 and one demand for assembly together with one stage-
R kanban are transferred in place DAR.

The initial marking of Si tokens in Pi, i=1,...,R corresponds to the initial base stock of stage-i
finished parts. Also, at the initial state, all the kanbans are stored in place Ai, i=1,...,R.

It is worth observing that, as for the SKCS, releases of kanbans for all stages occur together
with the transfer of demand. The main difference is that now releases of kanbans do not
depend on the presence of demand for the next stage (assembly, or delivery). Moreover stage-i
kanbans, i=1,...,R-1, are simultaneously released. Release of a stage-i kanban occurs under the
following conditions: there are at least one multiple demand for production of stage-i part,
i=1,...,R-1, (place DR-1), and one stage-i kanban available for i=1,...,R-1 (places Ai).

Place Marking
Ii, i=1,...,R-1 raw part with one kanban attached onto it
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1) with one stage-R kanban

attached onto it
MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle
Pi, i=1,...,R stage-i finished part
A i, i=1,...,R stage-i kanban
DA i, i=1,...,R one demand for stage-i production and one stage-i kanban
DR+1 demand for delivery of a finished product
DR, R-tuple of R demands for stage-i production, i=1,...,R
DR-1, (R-1)-tuple of demands for stage-i production, i=1,...,R-1

Table 4: Places and signification of their marking for the SGKCS model

4.2. Independent Generalized Kanban Control System

Figure 8 shows the Petri net model of a IGKCS for an assembly system. For all places of the
model Table 5 shows the signification of the marking.

As was the case in the SGKCS, when a part finishes its processing, the kanban attached onto it
is stored in a separated buffer: place PA i of the IKCS model is separated into places Pi and A i.
Also, places DAR,i are separated into places DAR,i and Di (i=1,...,R-1) and place DR+1 is
separated into places DR+1 and DR. Therefore, transfer of f inished parts downstream (to the
assembly stage or to the customer) and transfer of demands upstream (to stages i, i=1,...,R-1
or to stage R) are no longer synchronized. As was the case in the IKCS, demands for assembly
as well as stage-R kanbans are split when transferred to stage R, and releases of kanbans for
all stages occur together with the transfer of demand.
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The initial marking of Si tokens in Pi, i=1,...,R corresponds to the initial base stock of stage-i
finished parts. Also, at the initial state, all the kanbans are stored in place Ai, i=1,...,R.

Releases of kanbans are still i ndependent on the presence of demand for the next stage
(assembly, or delivery). The difference between the SGKCS and the IGKCS is that stage-i
kanbans (i=1,...,R-1) are now independently released. Release of a stage-i kanban occurs
under the following conditions: there are at least one demand for production of stage-i part
(place Di), and one stage-i kanban available (place Ai).

DA1
M P1 P1

M PR

DAR-1

PR

M PR-1 PR-1

DA i
M Pi Pi

DR+1

stage 1

stage RI1

parts to
customer

customer
demands

IR

DAR

A1

stage i

stage R-1

Ii

IR-1

A i

AR-1

DR-1

AR

DR

idle MP1

idle MPi

idle MPR-1

K1

Ki

SR-1

KR

idle MPR

S1

Si

KR-1

SR

Figure 7: Petri net model for the SGKCS

Place Marking
Ii, i=1,...,R-1 raw part with one kanban attached onto it
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1) with one stage-R kanban

attached onto it
Bi, i=1,...,R-1 pair of 1) i-stage finished part together with 2) one split stage-R kanban

authorizing an assembly using one stage-i finished part
MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle (available)
Pi, i=1,...,R stage-i finished part
A i, i=1,...,R stage-i kanban
DA i, i=1,...,R-1 one demand for stage-i production and one stage-i kanban
DAR, 1) R-tuple of R demands (for stage-i, i=1,...,R) and 2) one stage-R kanban
DAR,i i=1,...,R-1 1) one demand for assembly and 2) one split stage-R kanban authorizing an

assembly using one stage-i finished part
Di, i=1,...,R-1 demand for stage-i production
DR+1 demand for delivery of finished products
DR, R-tuple of demands for stage-i production, i=1,...,R

Table 5: Places and signification of their marking for the IGKCS model
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Figure 8: Petri net model for the IGKCS

5. Extended Kanban Control System for Assembly

Extended Kanban Control System has been recently introduced in [7] for manufacturing
systems in series. The extension for assembly manufacturing systems is described in [6]. The
EKCS can be viewed as a combination of the BSCS and the KCS. As was the case in the
BSCS, when a customer demand arrives to the system, it is immediately transmitted to all
stages. As was the case for the KCS, a fixed number of kanbans is associated to each stage of
the system. The extension to assembly systems leads to the definition of two kanban release
mechanisms: the Simultaneous EKCS and the Independent EKCS.

5.1. Simultaneous Extended Kanban Control System

Figure 9 shows the Petri net model of a SEKCS for an assembly system. For all places of the
model, Table 6 shows the signification of the marking.

When a delivery is performed, one stage-R kanban is released and transferred in place AR.
When (R-1) parts enter the assembly stage, together with a stage-R kanban, stage-i kanbans
are simultaneously released and transferred upstream in places A i (i=1,...,R-1). The initial
markings of Si tokens in PA i and K i-Si tokens in A i (i=1,...,R ) correspond respectively to the
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initial base stock of stage-i finished parts and the initial number of stage-i kanbans which are
available. Thus at the initial state, at stage i, Si kanbans are attached onto Si finished parts.

Releases of kanbans now depend on the presence of demand for the next stage (assembly or
delivery). Moreover stage-i kanbans, i=1,...,R-1, are simultaneously released under the
following condition: there are at least one demand for assembly (place DR-1), and one stage-i
finished part with one kanban attached onto it for i=1,...,R-1 (places PAi).

Place Marking
Ii, i=1,...,R-1 raw part with kanban attached onto it
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1) with stage-R kanban

attached onto it
MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle
PAi, i=1,...,R stage-i finished part together with one stage-i kanban attached onto it
A i, i=1,...,R stage-i kanban
Di, i=1,...,R demand for stage-i production of a new part
DR+1 demand for delivery of a finished product

Table 6: Places and signification of their marking for the SEKCS model

D1

M P1 PA1

M PR-1 PAR-1

M Pi PA i

M PR PAR

DR+1

parts to
customer

customer
demands

stage 1

stage i

stage R-1

stage RI1

Ii

IR-1

IR

AR
A1

Di

DR-1
DR

A i

AR-1

idle MP1

idle MPi

KR-SR

idle MPR

S1

Si

SR

K1 -S1

K i -Si

KR-1-SR-1

SR-1

idle MPR-1

Figure 9: Petri net model for the SEKCS

5.2. Independent Extended Kanban Control System

Figure 10 shows the Petri net model of a IEKCS for an assembly system. For all places of the
model, Table 7 shows the signification of the marking.

As was the case in the SEKCS, when a customer demand arrives to the system, it is
immediately transmitted to all stages (tokens in places Di and DR,i for i=1,...,R-1, and in place
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DR+1). Any demand for assembly operation (place DR) is immediately split i nto R-1 demands
DR,i . When a delivery is performed, one stage-R kanban is released and transferred in place
AR. It is then immediately split i nto R-1 authorization cards for assembly using stage-i
finished part which join places AR,i i=1,...,R-1. The R-1 bits of kanban are merged into one
stage-R kanban when all Bi are marked and the entry of the R-1 parts to be assembled takes
place. When a stage-i finished part (i=1,...,R-1) enters the assembly stage in place Bi together
with its corresponding bit of stage-R kanban, stage-i kanban is released and transferred
upstream in place Ai. Thus stage-i kanbans, i=1,...,R-1, may be released independently.

The initial markings of Si tokens in PA i and K i-Si tokens in A i (i=1,...,R) correspond
respectively to the initial base stock of stage-i finished parts and the initial number of
available stage-i kanbans. Thus, at stage i, Si kanbans are initially attached onto Si finished
parts.

Place Marking
Ii, i=1,...,R-1 raw part with one kanban attached onto it
IR, (R-1)-tuple of stage-i finished parts (i=1,...,R-1) with stage-R kanban

attached onto it
Bi, i=1,...,R-1 1) i-stage finished part together with 2) one split stage-R kanban

corresponding to authorization for an assembly operation using one stage-i
finished part

MPi, i=1,...,R i-stage machine busy
idleMPi i=1,...,R i-stage machine idle
PAi, i=1,...,R stage-i finished part together with one stage-i kanban attached onto it
A i, i=1,...,R stage-i kanban
AR,i i=1,...,R-1 split stage-R kanban corresponding to authorization for an assembly

operation using one stage-i finished part
Di, i=1,...,R-1 demand for stage-i production of a new parts
DR demand for an assembly operation
DR,i i=1,...,R-1 split demand for an assembly operation using a stage-i finished part
DR+1 demand for delivery of a finished product

Table 7: Places and signification of their marking for the IEKCS model

6. Properties

Some properties can be easily studied with Petri net models. In this section, we present briefly
some properties of the four pull control systems described previously. All the models of the
control systems presented in this paper are connected marked graphs (see Figure 4 to Figure
10). This observation is a key argument for the following.

We will denote by M(Q) the current marking of any queue place Q1 in the system.

6.1. Vanishing markings

A vanishing marking is a marking which enables at least one immediate transition. In the Petri
net models defined previously, all immediate transitions express some synchronization
conditions. The following basic properties express the fact that some sets of places are never
marked in any tangible marking.

                                                          
1 M(Q) varies with time and should also be a function of time. However, for simplicity, and insofar as
we are interested in invariants or instantaneous relations, we will omit this dependence on time.
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Figure 10: Petri net model for the IEKCS

Unlimited sources of raw parts are implicitly assumed for all the systems, thus,

• in the BSCS, places Di, i=1,...,R-1 are never marked in any tangible marking (Figure 4),

• in the SKCS, IKCS, SGKCS and IGKCS, places DAi, i=1,...,R-1 are never marked in any
tangible marking (Figure 5 to Figure 8),

• in the SEKCS and IEKCS, places Di and Ai, are never marked together in any tangible
marking: M(Ai).M(Di) = 0, i=1,...,R-1 (Figure 9 and Figure 10).

Similarly, arrivals in the input buffer IR of assembly stage occur under synchronization
constraints which imply the following:

• for the BSCS, M(DR).∏
i=1

R-1
M(Pi) = 0,

• for the SKCS, M(DAR).∏
i=1

R-1
M(PAi) = 0,

• for the SGKCS, M(DAR).∏
i=1

R-1
M(Pi) = 0,

• for the SEKCS, M(DR).M(AR)∏
i=1

R-1
M(PAi) = 0,
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• for the IKCS, IGKCS, IEKCS,∏
i=1

R-1
M(B i) = 0.

For the simultaneous kanban release mechanisms SKCS and SEKCS, releases of stage-i
kanbans are synchronized with arrivals in IR. It not the case for the GKSC and all the
independent kanban release mechanisms for which we have,

• for the IKCS, M(DAR,i).M(PAi) = 0 i=1,...,R-1,

• for the SGKCS, M(DR-1).∏
i=1

R-1
M(A i) = 0,

 M(DR).M(AR) = 0,

• for the IGKCS, M(A i).M(Di) = 0 i=1,...,R-1,
 M(DR).M(AR) = 0
 M(DAR,i).M(Pi) = 0 i=1,...,R-1,

• for the IEKCS M(AR,i).M(PAi).M(DR,i) = 0 i=1,...,R-1.

A machine begins its processing as soon as it is available and there is one part in its input
buffer. Therefore, for all the systems studied and for all stages i=1,..,R we have,

• M( I i).M( idleMPi) = 0.

Delivery of f inished part to customer can occur as soon as there is one finished part in the
output buffer of stage R and there is one demand for delivery. Thefore,

• in the BSCS, M(PR).M(DR+1) = 0,

• in the SKCS, IKCS, M(PAR).M(DR+1) = 0,

• in the SGKCS, IGKCS, M(PR).M(DR+1) = 0,

• in the SEKCS, IEKCS, M(PAR).M(DR+1) = 0.

6.2. Liveness and invariants

A key property of marked graphs is the token invariance property (see [13] for details): the
token count in any directed circuit is invariant.

All the modeled systems are live since each directed circuit is marked at the initial state.

Invariants (or P-invariants) are described for the SEKCS and the IEKCS in [6]. For systems
controlled by kanbans, these invariants ensure the limitation of the WIP in all stages. It is not
the case for the BSCS.

Next, we give invariants only for the SGKCS, IGKCS, SEKCS and IEKCS. For the lack of
space, we omit the proofs.

In the SGKCS model of Figure 7 the following holds:

• M(idleMPi) + M(MPi) = 1, i=1,...,R,
• M(DA i) + M( Ii) + M(MPi) + M(Ai) = Ki, i=1,...,R,
• M(A i) - M(Pi) + M(DAR) - M(DR-1) = Ki - Si, i=1,...,R-1,
• M(AR) - M(PR) + M(DR+1) - M(DR) = KR - SR.

In the IGKCS model of Figure 8 the following holds:

• M(idleMPi) + M(MPi) = 1, i=1,...,R,
• M(DA i) + M( Ii) + M(MPi) + M(Ai) = Ki, i=1,...,R-1,
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• M(DAR,i) + M(Bi) + M( IR) + M(MPR) + M(AR) = KR, i=1,...,R-1,
• M(A i) - M(Pi) + M(DAR,i) - M(Di) = Ki - Si, i=1,...,R
• M(AR) - M(PR) + M(DR+1) - M(DR) = KR - SR,
• M(DAR,i) + M(Bi) - M(DAR,j) - M(Bj) = 0, i, j ∈ {1,...,R-1}.

In the SEKCS model of Figure 9, the following holds:

• M(idleMPi) + M(MPi) = 1, i=1,...,R,
• M(A i) + M( Ii) + M(MPi) + M(PAi) = Ki, i=1,...,R,
• M(A i) - M(Di) + M(DR) = Ki-Si, i=1,...,R-1,
• M(AR) - M(DR) + M(DR+1) = KR-SR,
• M(PAi) - M(DR) + M(MPi) + M(Di), = Si, i=1,...,R-1,
• M(PAR) - M(DR+1) + M(MPR) + M(DR) = SR.

In the IEKCS model of Figure 10, the following holds:

• M(idleMPi) + M(MPi) = 1, i=1,...,R,
• M(A i) + M( Ii) + M(MPi) + M(PAi) = Ki, i=1,...,R-1,
• M(AR,i) + M(Bi) + M(MPR) + M(PAR) = KR, i=1,...,R-1,
• M(A i) - M(Di) + M(DR,i) = Ki-Si, i=1,...,R-1,
• M(AR,i) - M(DR,i) + M(DR+1) = KR-SR, i=1,...,R-1,
• M(PAi) - M(DR,i) + M(MPi) + M(Di) = Si, i=1,...,R-1,
• • M(PAR) - M(DR+1) + M(Bi ) + M(MPR) + M(DR,i) = SR, i=1,...,R-1,
• M(AR,i) + M(Bi) - M(AR,j) - M(Bj) = 0, i, j ∈ {1,...,R-1}.

6.3. Evolution equations

For lack of space, we will not give the evolution equations which govern the dynamics of the
pull control systems described in this paper. Evolution equations for the EKCS and the GKCS
in the case of manufacturing systems in series are given in [7] and in [6] for the SEKCS and
the IEKCS. The dynamics of these systems are expressed by recursive evolution equations
that utili ze the operators ‘+’  and ‘max’  only. Evolution equations for the BSCS, SKCS, IKCS,
SGKCS, and IGKCS could be obtained in a rather similar way.

It is worth observing that properties of monotonicity with respect to the initial marking and
with respect to the holding times can be proven [2].

7. Comparison of the mechanisms

In this section, we give some elements of comparison between the seven mechanisms: the
BSCS, the SKCS and the IKCS, the SGKCS and the IGKCS, the SEKCS and the IEKCS.

We base the comparison mainly onto the production capacity which is the maximum demand
rate that the system can meet. To determine the production capacity we study the saturated
version of the system which is the original system under the assumption that there are an
infinite number of raw parts and customer demands. Note that the production capacity is the
only performance mesure of interest for the saturated systems.

The saturated versions of all the kanban systems we study lead to strongly connected marked
graph (SCMG). For SCMGs it is possible to obtain bounds for the performance of the steady
state [4], [5]. In particular, we can calculate an upper bound for the throughput of the system
which depends only on the mean values of the distribution functions associated with the timed
transitions.
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SCMGs are equivalent to Fork-Join Queuing Networks with Blocking [9]. Then, according to
Theorem 5.3 of [9], the throughput of a SCMG containing N distinct elementary cycles
depends only on the fixed number of tokens in each cycle. We will use this result to study the
production capacity.

For lack of space, we give the Petri net model of the saturated system only for the SEKCS.
Models of the saturated versions of the other systems are obtained in a similar way.

For each system, performance mesures can be obtained. In [12] an approximation analytical
method for performance evaluation of Kanban Controlled Systems (in series) is presented. In
[10], M. Di Mascolo and Y. Dallery develop a similar method for performance evaluation of
both SKCS and IKCS.

7.1. The BSCS

An advantage of the BSCS is its simplicity. The system depends only on one parameter per
stage, namely Si. Si influences the transfer of parts downstream the system. Unlike the other
mechanisms, the WIP is not bounded.

The production capacity of a BSCS depends only on the process times of the stages and is thus
independent of Si, i=1,...,R.

7.2. The SKCS and the IKCS

The introduction of kanbans in the SKCS and the IKCS guarantees the limitation of the WIP.
These simple control mechanisms depend only on one parameter per stage, namely K i. K i

influences the transfer of parts downstream the system and the transfer of demands upstream
the system. We will see in subsection 7.4 that the production capacity of the SKCS
(respectively the IKCS) is the same as the production capacity of the SEKCS (respectively the
IEKCS).

7.3. The SGKCS and the IGKCS

The SGKCS and the IGKCS are more complex systems than the previous three. Both the
SGKCS and the IGKCS with K i = ∞ and Si ≥ 0 (i=1,...,R) are equivalent to the BSCS having
the same Si values (see [3] for series systems). The SGKCS (respectively the IGKCS) with
K i = Si (i=1,...,R) is equivalent to the SKCS (respectively the IKCS) having the same K i

values.

At each stage, the WIP is bounded by K i and the number of f inished parts is bounded by Si

(i=1,...,R). These bounds follow directly from the invariants presented in section 6.

The advantage of these two generalized systems over the traditional kanban systems is that the
transfer of demands upstream is not completely synchonized with the transfer of f inished parts
downstream.

The production capacity of the SGKCS and the IGKCS depends on two parameters per stage,
namely Ki and Si.

7.4. The SEKCS and the IEKCS

Extended Kanban Systems are also defined as combinations of the traditional Kanban and
Base Stock Control Systems. Both the SEKCS and the IEKCS with K i = ∞ and Si ≥ 0
(i=1,...,R) are equivalent to the BSCS having the same Si values [6]. The SEKCS (respectively
the IEKCS) with K i = Si (i=1,...,R) is equivalent to the SKCS (respectively the IKCS) having
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the same K i values [6]. Thus in the two special cases, when K i = ∞ and Si ≥ 0 and when
K i = Si (i=1,...,R), both SEKCS (respectively IEKCS) and SGKCS (respectively IGKCS) are
equivalent to each other.

Figure 11 shows the Petri net model for the saturated SEKCS having R stages (R−1
manufacturing stages and a single assembly stage). Figure 11 is obtained from Figure 9 as
follows:

− By definition of the saturated SEKCS, places Di, (i=1,..., R+1) have an infinite number of
tokens (demands).

− Therefore these places play no role in the firing condition of the immediate transitions they
are connected to, hence, they can be eliminated.

− Once Di has been eliminated, A i remains the only place constraining the firing of the
transition at the entry of stage i (i=1,...,R-1). Similarly, once DR+1 has been removed, PAR

remains the only place constraining the firing of the transition output of stage R.

Note that we would obtain the same Petri net model for the saturated SKCS. Only the initial
marking is different, but the total number of tokens in each cycle of the model remains the
same. Therefore, SKCS and SEKCS have the same production capacity.

The production capacity of the SEKCS depends only on the fixed number of tokens in each
cycle and not on the initial allocation of these tokens. Parameters Si only affect the initial
allocation. Therefore, the production capacity of the SEKCS depends only on parameters K i

(i=1,...,R).

Similar results can be obtained for the IEKCS.

An important advantage of the EKCS relatively to the GKCS is the clearly separated role of
parameters Si and K i which are the base stock level and the number of kanbans for stages i,
i=1,...,R. The parameters Si are related to the satisfaction of demands whereas K i are related to
the production of new parts. Thus, parameters K i should be designed first to obtain a desirable
production capacity and then parameters Si should be designed to obtain a desirable customer
satisfaction level [7].

For systems in series, Y. Dallery and G. Liberopoulos show in [7] that customer demands are
satisfied earlier in the EKCS than in the GKCS. This result is obtained using the evolution
equations of the systems and could be extended to the case of assembly systems. This does not
necessarily mean that the SEKCS (respectively the IEKCS) has an overall better performance
than the SGKCS (respectively the IGKCS), since the inventory storage costs are not taken into
account. In fact, the SEKCS (respectively the IGKCS) is li kely to incur higher inventory
storage than the SGKCS (respectively the IGKCS) does. In the SEKCS and the IEKCS, the
number of f inished parts (places PA i) is bounded by K i, i=1,...,R, whereas in the SGKCS and
the IGKCS (places Pi) it is bounded by Si where Si ≤ K i, i= 1,...,R. The WIP in stage i is
bounded by K i (i=1,...,R) in both systems. These bounds follow directly from the invariants
presented in section 6.

Finally SEKCS and IEKCS are compared in [6]. Using the evolution equations, it can be
proven that customer demands are satisfied earlier in the IEKCS than they are in the SEKCS.

To perform a more accurate comparison, an analytical performance evaluation is suggested. A
future work will apply the approximation method presented in [10] and [11].
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Figure 11 : Petri net model for the saturated SEKCS
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